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Knight of the moiſt honourable Order 
| of the Bath, F. R. S. &c. 


SI. 


S there is an undiſputable Propriety in de- 
dicating to a competent Judge of a Science, 
an Attempt to familiarize the Elements of it, I hope 
that propriety will plead an excuſe for this Pre- 
ſumption; eſpecially, as the Subject is ſo nearly 
connected with the buſineſs of Your Perſonal Station, 
and too highly important to the Public, in genera], 
to conceive, that any attempt at a clearer Inveſti- 
cation*can be beneath the notice of the Surveyor- 
General of his Majeſty's Ordnance, and one of the 
Repreſentatives of the People. 


How far my Method of treating the Elements of 
Geometry may merit Your Approbation, I preſume 
not to imagine; farther than, as I flatter myſelf, the 
ſimplicity with which I have endeavoured to elucidate 

=. the 


- 


ear t o n 
the firſt Principles; to render the knowledge and the 
uſe of Geometry more general, and practically uſeful 
in common Lite, where it is moſt wanted, may prove 
an additional inducement to your excuſing the liberty 
I have taken, in thus ſoliciting Your Patronage and 
Protection; for a Work, whoſe Subject, alone, is 
ſufficient to juſtify the attention You may pleaſe to 
honour it with; whatever may be thought of the 
manner in which I have treated it; having been, 
frequently (in order to comprize the whole Elements 


in leſs compaſs) under the neceſſity of deviating, 
conſiderably, from the Path of Euclid, 


I am, 
S I R, 
with I reſpect, 
Your moſt obedient 


humble Servant 


THOMAS MALTON, 
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ADVERTITI T NM 


T may appear ſomewhat ſtrange, to call ſo copious a Work 
1 as this, an Abridgment; which, on examination, and com- 


paring with thoſe who have tranſcribed Euclid, will be found to 
be a great abridgment of the Elements; both in the number 
of Theorems and length of the Demonſtrations. 


But, they will find, in this Work, particularly in the 2nd, 
the 3rd, the 6th, 7th and 8th Books, ſeveral valuable Theorems 
which are not Euclid's; ſome of which are elementary, and 
really neceſſary to be known, Upon the whole, there are upwards 
of eighty other Theorems and Problems, excluſive of the Ellipſis. 


In reſpe& of the practical Part, with the Introduction, it may 
be deemed a compleat Work of itſelf ; which, with the Appendix, 
is more than one third part of the whole, 

The Applications, Notes and Remarks, neceſſary to a young 
Student, and the length of ſome (in the Fifth Book particularly) 


have ſwelled the Work conſiderably. The much greater number 


of Terms defined ; various ways of performing the ſame Problem, 
and alſo of demonſtrating ſome Theorems ; the number of Fi- 
gures, and the Preamble to each Book, &c. alſo the manner of 
printing, in order to have the Figure always in View; ſo that, 
many Pages are not near full, All which have concurred to ex- 
tend the Work, greatly beyond my firſt Deſign; yet, when 
compared with the cloſe printing of others, the Elements will 
be found abridged, almoſt half; nevertheleſs, it contains the 
whole in Subſtance. The full and perfect knowledge of all, 
and more than is contained in Euclid, may be acquired in 
a third part of the Time, and with infinitely more Eaſe, 
Pleaſure, and Satisfaction to the Learner (having no Aſſes 


Bridge to get over, but the Road ſmooth and even) con- 


ſequently, it may, with great Propriety, be called an Abridgment. 


AN 
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Shewing where to find the Propoſitions of Euclid; 
in the Firſt, the Third, the Fifth and Sixth, the 
Eleventh and Twelfth Books; in caſes of Refe- 
rence, to Euclid, by Authors in the Mathematics. 

In the ſecond and fourth Books, the Propoſitions 
follow in the Order of Euclid. 


Part; amongſt other, ſelect Problems, in Practical Geometry. 


N. B. The Problems, of Euclid, are collected together, in the firſt 


Note. The Numbers in the Firſt Column are Euclid's; and, 
oppoſite to them, on the Right Hand, is ſhewn where each 
Propoſition may be found in this Work. 


Book l. 


Prop. 


1 Prob. — 11. 
2 Prob, — 2. 


3 Prob. — 3. 


8. 


4 
8 . 
8 7. 
9 Prob. . 
10 Prob. — 8. 
11 Prob. — 6. 
12 Prob. — 7. 
13 I. 
14 — Cor.1. 
15 2. 
16 and 17 — 10. 
18 — 12. 
19 — Cor. 1. 
20 13. 
21 14. 
22 Prob. — 14. 
23 Prob. — 4. 
24 and 25 are 


in Cor. to the 8th. 
26 Tis 
27 4. 


28 — Cor. 2. 
29 — Cor. 1. 


ö 


Book V. 
Prop. Prop. Prop. 
30 5.9 — Cor. to 5. 1 — 1. 
31 Prob. — 5. 10 Ax. 4. 7 Ax. 4. 
32 10. 11 and 12 — 7.| 9 Ax. 5. 
33 Cor. to 15.13 Ax. 6.110 Ax. 6, 
34 15.14 3.11 — Ax. 13. 
35, 36, 118.015 4˙(12 2. 
37 & 38.1 16 8.114 — AX. 12. 
39 and 40=Cor.|17 Prob. — 42.115 - Ax.7&8. 
41 + 17.118 — Cor. 3. 8.16 4. 
42 Prob. — 20.19 — Cor. 2. 8.17 7. 
43 — 19.20 9.118 ———— 6. 
44 Prob. — 23.2 1 I0.[19 —— 3. 
45 Prob. — 22.22 11.22 - 9s 
24, 20, & 21.25 Prob. 40.23 10. 
46 Prob. — 17. 20 and 27 — 10.24 Cor. to 3. 
47 20. 28 25 —— II. 
er. 20 Cor.. of 3. 5 
30 Prob. — 8. Book VI. 
„„ 
1 Prob. — 39.133 Prob. 44. 2 ——— 2. 
2 — Ax. 5.34 Prob. 433 ——— 
1.35 „ 
2.36 16. 5 — Cor. 1. 
5 &6 — Ax. 3.37 Converſe, | 6 5. 
7 5 8 7· 
8 6. 9 Prob. 3. 
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Prop. 
10 Probe 3 6. 


1 * K 
Book VII. Prop. | Book VIII. 


— 


11 Prob. 31. Prop. 19 — Cor. 1. Prop. 


12 Prob. 32. 1 —— Ax. 1.20 and 22 —13.| , 
13 Prob. 30. 2 


14.6 


Ax. 4. z f 12. 2 — Cor. 1. De. 


14 and 15 — 8.] 3 — 1.3 ſee NB. 2nd. 5 and 6 — 6. 
9.14 2.124 14.0 > 3. 

—— Cor.] 5 Cor. z 5 15-18 To 
18 Prob. 16. 6 3-1-6 d ſee NB. | 9 8. 
— 12. 7 Ax. 3, 27 10 5 
13.8 — Cor. to 3.123 16011 Cor. 1 K 2. ö. 

Ax. 9 4.09, 30 and 31 12 Cor. 1 & 2. 7. 


8 
11.11 Prob. — 1.32 <a 


Cor. 1. 15 — Cor. to 8. 


24 — 17.2 Prob. — 2.133 

26 Prob. 38.13 
5 

26 —Cor. to 17.14 

27— 18.15 


Cora * 18 — Cor. to g. 


6.35 —— 22. 
7.136 — 23. 


— 16.16 


8. — 246. 
10.38 — Cor. 2. 9. 


19.117 
An INDEX © the APPENDIMXEC- 


Article Page 


1. How the Area of a Square is obtained, 


O OW 0 ety 


3 
. Of any Rectangle whatever. 3. Of the Triangle. — 4 
All Figures, having equal circuit, are not equal in area. 4 
A Square contains a greater Area than any other } _ 
Rectangle, the Sums of whoſe Sides are equal. — 5 
The Difference between a Rectangle and other Parallelogram 6 
How the Areas of regular Poligons are obtained. * 
Of the Circle. g. The — 4 Circles, and Poligs. 7&8 
- That a Circle has a greater Area than a Square, 


or any other Figure, having equal Circuit, _ 10 


11. The Area of a Rectangle aſcertained, and accounted for, 11 


12. By Duodecimals, or Feet and Inches. 


12 


13. By Decimal Parts; the difference explained, —— 14 


16. Of irregular Figures; as a Field, &c. 
17. How to divide any right-lined Figure into two equal 


14 and 15. The Conſtruction and uſe of Scales, for mea- 15 
ſuring or delineating; in Decimals and Duodecimals. 16 


17 
Parts, by a Right Line, from any Point in any Side. 18 


18. How to obtain the Area of a Triangle, from the) 


18. Of cylindrical Surfaces. 


meaſuro of its Sides only, without a Perpendicular, F 19 


Of curved Surfaces. 


21 

19 and 20. Of conical Surfaces, — 22 
21. Of the Surface of a Sphere, and any Segment, | 

or Portion between parallel Circles, — — 2 


; of 


Þ 


Article Of Solids . 


1. How the Area of a Cube is obtained. 
2. Of other right-angled Parallelopipeds. | 
3. Of any Parallelopiped, Priſm or Cylinder whatever. — 24 


4. Of Pyramids and Cones, 
5. How the Area of a Sphere is 
6. Of the Segment of a Sphere, 


bo | 23 


aſcertained. — 26 


Ke. þ 


7. Of Guaging Velizls, Barrels, * 
8. Of irregular Solids. . 28 
A mechanical demonſtration of Theo. 20. 1. 47 Euclid, 29 
Line of Chords, conſtructed and explained. — 30 
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Notwithſtanding all my care and vigilance in re- 
viling the Preſs, ſome errors have eſcaped me; a clear 
proof of fallibility. If the following are corrected, 


I am in hopes that few more (literary errors excepted) 
will be found in the Work, | . 


Practical Geometry. | 


| Page. Line. 


23.— 9. Art. 4. for, Circles, read, 
Circumferences. 
30.— 1. Prob. read, To draw a 
Right Line. 
38.— 8. for, CDAB, read,CDbB. 
41.—10. for, interſecting F, read, 
interſecting at F. 
47.— 2. N. B. for, CDG, read, 
CDG 


67. 4. read, to the fourth 
75.— 3. Par. 2. for, AC, read, aC 
98.—11. for, Def. 15. and 16. 7th. 
read, 1 and 6. 8th. 
104.— 7. Prob. 7. for, H, read, K; 
and, for, K, read, H 
107.16, for, and, read, i.e, that is 


In the Elements. 


135.— 5. Theo. 2. for, BAG, 
read, EAG 
147.13. for, Hyp. AB, read, AC 
156.— 9. Th. z. for, AE, read, AD. 
14. for, Ax. 3. read, 2. 
172.— 5. . 
182.—13. for, Det. 42 read, 43. 
183.— 7. Cor.2. for, in A, read, in H 
190.—10. Theo. 8. for, D in DG, 
read, DG in D. 
195.—11. or, croſs each, read, croſs 
each other, 


Page. Line. 


223.— 5 · B. ſor AF H= FB , read, 
AF Sg AEAT EFA 

225.— 8, Cor. for, Decagon, read, 
Duodecagon 

240.—7. B. for equality of Ratios, 
read, Ratio of Equality 

244.2 and 4, Bottom. for, Ratio, 

| read, Increaſe 
257.—1 1. for, Def. 6. read, Ax. 6. 
—19. for, Ag B, read, if A: B 

258, 7, Poſt. for, Axiom, read. 
Poſtulate. 

261,10, Theo. for, to a, as A to B, 
read, to a, as B to A. 

268.— 2. DEM. for, A and B, 
read, A and C 

329.—10. for, 8. 4. read, 9. 4. 

347.—10. DEM. read, Draw other 
Right Lines 

349.— 3. DEM. for, on, read, 
or the other. 

358.— 3. DEM. for, BK, read, BL 

365.— 6. for, Ax. 4. 5. read, 5. 5. 

391.— 3. for, Ax. II. 7. read, Def. 

408.—13. DEM. read, and having 
equal Altitudes 


In the Appendix. 


19.—5 & 6. Par. 4. Vor, K, read, F 
25.—1, 3&4, Par. 3. or, G, read, E 
32.— 6, for, Chord of go, read, bo. 
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J .. mathematical World will doubt not, be ſurprized at 
; 3 a freſh publication of the Elements of Geometry, by one entirely 
I unknown; and, on a plan very different from that of others who 
I have wrote on the Subject. I hope they will ſuſpend their opinion, 
# and not paſs a too haſty cenſure, on account of the obſcurity of 
Y the Author, till after they have given it a fair and candid peruſal, 
and then proceed to judgment with candour and impartiality. 
| I do not pretend to much knowledge in the Mathematics, ha- 
ving been brought up in a way of life, very different from mv in- 
f clination; yet, what time I could ſpare from buſineſs and the 
; demands of my family, I choſe to employ in ſuch ſtudies ; and 
a have, by dint of ſtudy, only, and without any other inſtruction, 
made ſome progreſs in mathematical Sciences; of which, Geo- 
metry is the firſt, and a ſure key to the reſt,® 
# Since I have made myſelf, by ſelf-application, a Proficient in 
Geometry, and have made ſome branches of the Mathematics my 
þ Study and Profeſſion, I have often been ſurprized at the negligence 
5 nd deficiency of our common Schools, for the cultivation of 
Wouth who are intended to fill the middle ſphere of Life, in 
echanic Trades, &c. They, almoſt in general, purſue one com- 
mon Plan or track of Learning. Aſter the firit and neceſſary 
I ranches, Reading, Writing, and Arithmetic ; which, indeed, 
1 ight be acquired in half the time it uſually is; the next ſep (it 
me Pupil has made a progreſs thro' Arithmetic in any reafonable 
me) is the Grammar of the Latin Tongue through which, he 
Fv-cats and labours to little purpoſe. If the Pupil has three or four 
; ears to ſpare, beſore he goes out to buſineſs, he perhaps gets into 
"Fe Cordery or Eraſmus ; or, if he reaches —— Nepos, he 
looked on as a prodigy. 
Now, it may reaſonably be aſked, for what purpoſe all this 
ime has been ſpent ? which might have Leen employed to much 
A | better 


il e. 


etter purpoſe, For, what has mechanic Trades to do with Latih ? 
any more than a common Porter or Carman with Logic ; it may 
indeed complete him a Pedant or Coxcomb, but can never be of 
real uſe in his Profeſſion ; even ſuppoſe he had made a tolerable 
proficiency, it could anſwer no purpoſe but to ſet him above his 
Employment, without being of any ſervice 1n it. 

On the contrary (ſuppoſing no particular avocation is intended for 
the Student) if, inſtead of Latin, Geometry and Menſuration, &c, 
were introduced in all public, common Schools, I would aſk 
any perſon, who has conſidered theſe things, and their uſes in Life, 
which is moſt likely to turn to the Pupil's advantage ? Is there a 
mechanic Profeſſion in which Geometry or Menſuration may not 
be of ſome uſe ? in ſome particular ones it is well known to be of 
the greateſt, the foundation of it; and yet, altho' the Youth was 
particularly intended for that Profeſſion, it was, perhaps, never 
once ſo much as thought on; until, by too late experience, he 
finds the want of it: I mean all ſuch Trades as relate particu- 
larly to Building, in general. Had ſome Builders, whom I have 
known, been converſant in the Mathematics, or only in plane 


Geometry; inſtead of plodding on in a low ſphere of Employment, 


they would, if their natural, mechanical genius had been properly 
cultivated, have filled a more elevated ſtation. 


For the uſe of ſuch, I have been at the trouble of compoſing this 


"Treatiſe, If only the practical part is well inculcated, it will be 
of more ſervice, in common Life, than a proficiency in Latin can 
poſſibly be. If the young Pupil has a genius, and diſcovers a reliſh 


for mathematical Science, let him go on with the Elements; and 
if he acquires a competent ſhare of knowledge therein, it will then 


be time to conſider, what particular Profeſſion he either wiſhes or 
is deſtined for. In chooſing of which, regard oughtparticularly to be 
had to the Boys genius and diſpoſition, which will, ere this, be diſ- 
cernable, But, at all adventures, inſtead of flogging and driving 
a uſeleſs dead Language into a ſtupid Boy, which only renders 
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him more ſo, let the practice of Geometry be introduced in its 2 


ſicad, in every common School; there is ſomething entertaining 


to 
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5 
bf ' to the Mind, more than in burdening the memory with As in præ- 
"A enti, and other rules of the Latin Grammar. 
of 5 Accuſtoming Boys, early, to handle the Compaſſes and other 
Ne 3 drawing utenſils, in delineating all the Diagrams, as they proceed, 
Us 2 will be an entertainment to them, and of great utility, rather than 
4 a perplexing ſtudy, and gradually enure them to Demonſtration z 
or = which, under a proper Tutor, they would ſcon have a reliſh for, 
and then they would proceed with pleaſure : beſides, it is an in- 
* troduction to Drawing. A foundation being once laid in Geo- 
ie, Z metry, they are then qualificd to purſue any other branch of the 
EY 4 Mathematics, ſuitable to the Profeſſion they are intended for; ſuch 
bon 1 as Menſuration, Trigonometry, Navigation, Gunnery, Fortifica- 
of 4 tion, Architecture, naval or domeſtic, Surveying, &c. In ſhort, 
"_y 4 all the uſeful and neceſſary Employments, in the mechanic Arts, 
9 have their foundation in this moſt neceſſary Science; which, 
he 1 being acquired, will, moſt probably, make its Poſſeſſor ſtrike 
cu» cout of the common and vulgar track, and make him eminent and 
. 3 diſtinguiſhable, in whatever Profeſſion he is caſually fixed in ; as 
ane pe will have laid a ſolid and permanent foundation, in Theory 
wes 9 whereon, may, very probably, be erected, a laſting monument :o 
rly 1 his future Fame. 

Ih have peruſed ſeveral Authors on the Subject, and find, that 
this Y ſome have treated it in a manner ſcarce intelligible to a beginner, 
| be F unleſs he has ſome knowledge of Algebra; others would be bet- 
can F ter underſtood and approved, if they did not dwell too much 
lifh on ſelf - evident Propoſitions, which are, in themſelves, perfect 
and 3 Axioms. Perhaps, I ſhall be blamed for cenſuring, as uſeleſs, 
hen 'Þ ſeveral Propoſitions in that famous Geometrician, Euclid ; but 
$05 3 muſt own, I cannot conceive of what uſe is all that tedious 
o be round about method, in the 2nd Problem, Book 1. viz. ** To 
dil- b put a right Line, at a given point, equal to a given Line,” 
ving 3 unleſs ſome particular direction, in reſpect of the other Line, was 
den alſo given. 
| its 


In Problem 3d. where the 2nd is applied, I aſk, for what uſe? 
bing and why, after having taken the line C inthe Compaſles, as Radius, 
; A 2 ve 


we may not as well cut off from the given 
Line (AB) at once, the meaſure of C, 
(at E) without firſt placing it from A to 
D? (See the Figure) nor can JI per- 
ceive that the Demonſtration is, at all, 
the clearer for it, | 

As the knowledge I have acquired, in ſuch ſtudies, has been 
entirely from Books, without any other aſſiſtance; I may, per- 
haps, have been able to ſee deficiences or ſoperſtuities in them, 
better than thoſe who have ſtudied under a Tutor; and, I dare 
venture to aſſirm, that very few, who are not already tolerably 
verſed in Geometry, will be able to form any Idea of what the 
7th Propofition, Book I. attempts to prove ; who, from in- 
ſpeRion only of a proper Figure, might be fully convinced of the 
truth of it. 

I have, in this Treatiſe, endeavoured to render every Propoſition 
eaſy and intelligible, to any capacity; and have omitted none that 
are uſeful, or neceſſary to demonſtrate the reſt; and, Iwill be bold to 
affirm, that thoſe who cannot, from it, acquire a knowledge of 
all that is requiſite, inPlane Geometry, will never be able to at- 
tainit at all, Where there is not a capacity to underſtand, they 
had better deſiſt from the undertaking. An equal talent is not 
given to all ; and, for ſuch as have not a talent and a natural 
propenſity, to expect to attain any tolerable ſhare of knowledge, 
in Geometry, is aiming at impoſſibilities. 

The 16th and 17th Propoſitions, Bock 1, are entirely uſeleſs; 
for ſince, in the 32nd, the external Angle is proved to be equal 
to the two remote Angles of the Triangle; and, that all the 
three Angles, of every Triangle, are equal to two right ones; it 
ſeemsabſurd to prove, before hand, thatany two of the Angles are leſs 
than two right Angles, and, that the external Angle, is greater 
than either of the remote ones. As if one ſhould undertake, 
firſt, to prove that five is greater than either two, or three, 
and afterwards, that it is equal to them both. I have, therefore, 
made free, to alter, in ſome meaſure, the Elements of the firſt 
Bock; that, by a different arrangement, in tranſpoſing the places 


of 
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cous, in darkneſs and obſcurity, I have always fbund more 


us 
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of ſome Propoſitions, others, which dépend on them, may with 


more eaſe and elegance be demonſtrated. 


4 


IJ ſhall ever be of opinion with Tacquet, and ſome others, 
® that, to attempt a formal Demonſtration of Propoſitions which 


are ſelf- evident, is involving a thing, in itſelf clear and conſpicu- 


difficulty in demonſtrating, to another Perſon, ſelf-evident Pro- 
1 than the moſt intricate of others; and, when done, 
have only confuſed the Idea which the Pupil had more perfectly 
from inſpection of the Figure. If a knowledge of ſeveral proper- 
| ties of Figures be acquired, which is neceſſary to elucidate other 


I more ſublime Propoſitions, is not the eaſieſt method the molt 
© eligible? certainly it is; and, barely to be told ſeveral properties 
$ of Triangles is ſufficient for attaining the reſt, Therefore, in 
; this Work, I have reduced ſome Propoſitions into Corollaries; as 


# tney are but a certain conſequence of the preceding Propoſition, 


or of ſome other. 


Dr. Keill, in his Preface to his Tranſlation of Commandine, 


and alſo Mr. Cunn ſeems to think it an unpardonable fault in 
| Tacquet, to omit the Demonſtrations of the 5th Book ; and 
J 2 aſſerts, that not one Demonſtration, in the 6th, 11th and 12th, can 


be obtained without it. But, I muſt beg his pardon, for differing 


from him in opinion, and am, myſelf, a living witneſs againſt 


# ſuch his aſſertion ; for, I do aver, that, without any other de- 


i monſtration of the 5th Book, than what Tacquet has delivered, 
#1 have been able to go through all the other; and, without vanity, 
bu think I underſtand them; but, of that, let this Treatiſe bear 
witneſs. I never could, at firſt, have had patience to go through 


4 the dry and tedious Demonſtrations, delivered in 25 Propoſitions, 


1 


Jof the 5th Book of his Euclid ; and, had it firſt fallen in my wav, 
#1 ſhould certainly have lain it aſide before I had got through a 
$ fourth part of it; yet, L muſt acknowledge, that Tacquet is as 


4 much too brief as the other is tedious. 


I cannot think it abſolutely neceſſary, in order to obtain a com- 


* 
petent knowledge in Geometry, and of Proportion in particular, 
to tread exactly in the ſame ſteps with Euclid ; therefore, I have 
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made free to deviate, where I think it for the better, a readier 
or clearer way of inveſtigating. I have, likewiſe, ſeparated the 
Problems from the Theorems ; making, of them, a diſtin& and 
ſeparate Book, for the uſe of Schools and for Mechanics in gene- 
ral; the full Demonſtration, of which, may be obtained from the 
Elements, to which I refer where it is neceſſary. J have given it 
the firſt place, contrary to ſome others who have made it the laſt 
Book, or otherwiſe diſpoſed of it. By which means, we are 
frequently at a loſs in the References, and are told to form Con- 
ſtructions, before we have learned how. | 

My reaſon for ſeparating Practical Geometry from the "Theorems 


is, that there are numbers of People, to whom it may be of great 


uſe, who either have not leiſure or inclination to go through, or, 
perhaps, a capacity to underſtand the Demonſtrations of the pre- 
vious Propoſitions, which diſcourages them from proceeding. But, 
fuch as are not inclined to take it on credit, will readily obtain the 
Demonſtration from the Theorems. 


To make the Work more compleat I have added, after Practi- 


cal Geometry, a brief Theory of the nature and conſtruction of 
an Ellipſis, that moſt uſeful and valuable Figure, And alſo, as 
an Appendix to the whole, I have given a conciſe Theory of 
menſuration of Superficies and Solids; ſhewing their immediate 
and abſolute dependence on Geometry, 


I have for ſome time debated, with myſelf, whether I ſhould 


publiſh a tract of Geometry or not; from which I have been de- 
terred, through the perſuaſions of ſome particular Acquaintance 
alledging, that there are more learned Treatiſes already publiſhed, 
than any I could produce: the truth of which, I readily aſſent to; 
but, I don't find that they are more intelligible for that, and have, 
therefore, determined to publiſh, My chief reaſon, for which, is 
to bring the whole Elements into leſs compaſs, and to abridge it of 
that tedious prolixity, which is in many Authors, on that Subject; 
in dwelling too long on ſuch Propoſitions as are clear and evident 
of themſelves ; and, by that means, to render the ſtudy of Geome- 
try more pleaſant and entertaining. *Tis enough to deter any one 
from the purſuit of a Science, who find, in the Rudiments of it, 
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ſo much perplexity ; for, I am perſuaded, that, unleſs a Perſon has 


* a ſtrong inclination to it, and a good natural Capacity, tis not a 


very pleaſing Study, at the firſt, until they begin to feel the ſublime 


Truths it contains; and am therefore of opinion, that, the eaſier 
it is made in the begining, the more entertaining to young 
Students. | 

Can there need Demonſtratien, that any two ſides of a Triangle, 
are greater than the third ? is there a Perſon fo ignorant as not to 
know it? it is implanted in us by Nature; cyery common Porter 
knows it, or practices it every Day, Who ever ſaw one of them 
traverſe two ſides of a Square, when he could croſs the Diagonal ? 
and why is it? but, becauſe he knows it to be ſhorter than the 
two Sides, Is it not obvious, that the greateſt Angle of every 
Triangle, muſt be oppoſite to the greateſt Side? and can there be 
any need to demonſtrate the converſe ? that the greater Side ſubtends, 
or is oppoſite to the greater Angle; is not the one contained in the 
other? it is trifling, to no purpole ; for, all converſe Propoſitions 


may be Corollaries to the former, If two Sides of a Triangle, equal 


to two Sides of another Friangle, contain a greater or leſs Angle, the 
Baſe will be greater or leſs ? Are not all theſe, and ſeveral more, 
obvious and clear, from a bare inſpection of the Figure? nay even 
without it; 'tis enough to be told they have ſuch proper- 
ties, and not to loſe time in trying the patience of the Student, 
with a tedious and puzling Demonſtration of what he ſaw clearer 
before; for, if the thing is ſeen or known, what needs there more? 
is it intended to perplex, only, where it can be of no uſe? to diſ- 
guſt the beginner, before he is able to ſee any of the Beauties it 


contains! Yet, I do not omit theſe entirely, becauſe the whole 


Elements depend on them; but have endeavoured to treat them in 
as ſimple a manner as the nature of the Subject will admit of; if L 
have been conciſe, I doubt not I ſhall be excuſed, if I have but 
ſaid enough. 

But, as I think I have ſaid enough, in this place, T ſhall ſtraight- 
way proceed to the Subject; through which, if the Reader be in- 
Clined to follow, with an intention to learn what it contains, I am 

much 
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much miſtaken if he loſes his labour; and, for ſuch as peruſe it 
only with intent to cavil, I hope they will be greatly diſappointed, 
and find but little to cavil at. I am not ſo vain as to ſuppoſe it is 
without defect, or that it will pleaſe all, for that I know is im- 
poſſible; but, if | have made it intelligible and uſeful to common 
capacities, it is what I aimed at, and ſhall reſt ſatisfied in the ſup- 
poſition that my labour 1s not entirely loſt, 

The greateſt fault in Tacquet is, that his Figures are too ſmall 
and trivial; and it is a general fault, that they are often incorrect 
and frequently contradict the deſcription. Correct and well adap- 
ted Schemes are certainly of ſome conſequence, in which, I have 
been very particular; and have, alſo, carefully reviſed the letter 
preſs, ſo that, I hope there are but few errors have eſcaped my 
obſervation. For, Errors, in miſplacing the Referrences to the 
Schemes, and ſometimes omitting them entirely (which is better of 
the two) is unpardonable in mathematical Works; having fre- 
quently experienced, in moſt Authors that I have peruſed, the 
perplexity it occaſions ; eſpecially, when the ſubject is quite new 
to the Student. But, if any ſhould remain unnoticed, I hope the 
candid reader will impute it to human fallibility, and not quarrel 
with it on that account, for J am certain he will not meet with 
many. 

Although I have, in this Treatiſe, deviated greatly from Eu- 


clid, in many particulars, I have endeavoured to make it gene- 


rally uſeful; by putting his Numbers after mine, to each Pro- 
poſition, and alſo by means of an Index, I have ſhewn where to 
find any Propoſition of Euclid ; which, in caſe of reference, to 
Euclid, in other Works, may be readily turned to. 

I have well conſidered and digeſted every Propoſition, have 
carefully reviſed them over and over with the ſtricteſt attention, 
and I am fully convinced, that there is no omiſſion of any thing 
that is eſſential, or neceſſary to be known. Notwithſtanding, I 
have abridged the whole Elements, particularly the firſt, the 
third, the fifth, and the eleventh Books; yet, I dare venture to 
affirm, that I have not omitted the ſubſtance of any Propoſition 
which will ever be referred to, by Authors in any other Science. 
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Ontaining a full Definition of the Terms peculiar to, 
made uſe of in that Science, with explanatory Notes 
and Remarks, where it is neceſſary to illuſtrate or enlarge. 

Likewiſe a ſhort Theory of Plane Angles; in which they 
are more fully explained than in any other Work of the 
kind, that I have ſeen, Indeed, moſt Authors in Geometry 
are entirely deficient in that reſpect; for want of which, the 
young Geometrician is frequently at a loſs, to conceive a clear 
Idea of Angles. I have therefore, been explicit on that Head. 

It alſo contains an Explanation of all the Abbreviations 
made uſe of in this Work ; many of which are explained in 
Engliſh Grammars, and other ſchool Books, and ought to 
be known to every Engliſh Reader ; yet, as I know that their 
true ſignifications are not ſo generally underſtood, it may 
not be thought impertinent, or ſuperfluous here. 

Nor have I omitted any thing, that is neceſſary to eluci- 
date the Subject I am about to treat on; at leaſt, I think I 
have not; for, in the courſe of my own ſtudy of it, and in 
teaching others, I have been enabled to diſcover what is 
needful to moſt Capacities ; and if I have any pretence to 
merit in this Work, it is chiefly on that account ; in render- 
ing an intricate, yet generally uſeful and moſt necellary 
Science, attainable to ordinary Capacities ; and, at the ſame 
time, I hope, not exceptionable to thoſe of acuter talents, 

I flatter myſelf that it will not be leſs acceptable to any, 
for being eaſy to be attained ; to write only for Proficients, is 
to little purpole, By ſuch I may, in ſome caſes, be thought 

B rather 
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rather prolix ; yet, I preſume, not tedious; a repetition is 
ſometimes neceſſary to young Minds, and is more agreeable, 
in genera], than turning back, which they are too frequent- 
ly obliged to do; it being impoſſible to retain, in memory, 
all that is paſſed over on the firſt peruſal, 


GEOMETRY, according to its original derivation, 
ſignifies to meaſure the Earth, It is a Science which con- 
templates continued Quantity, Extenſion or Magnitude, 
abſtractedly conſidered; it teaches the nature and properties 
of Lines, Angles, Figures, Surfaces and Solids, 

Geometry is in two parts, ſpeculative and practical; the 
firſt demonſtrates the properties of Right Lines, Figures, &c. 
in ſpeculation ; from which is deduced the practical part for 
various uſes, for the benefit of mankind, in mechanic 
Arts, &c. | 

Euclid has judiciouſly divided the Subject into Books or 
Sections; each of which, treats of different Figures, or dif- 
ferent properties of Figures, the power of Lines, Proportion, 
&c. which ſome Authors have thought proper to deviats 
from, though without any juſtifiable reaſon for ſo doing. 

It treats, in the firit, third, fourth, and fixth Books, of 
Plane Figures, and thence is called Plane Geometry ; and 
afterwards, in the 1xth and 12th of Euclid, the 7th and 
8th of theſe Elements, of Planes and Solids. 

Each Book contains ſundry Propoſitions; from which, 
are deduced Corollaries, Scolia, &c. the ſignification of all 
which I ſhall firſt beg leave to explain or define; and then 
proceed to the Definitions of the more eſſential Terms, 
which are the Subject of Geometry. 


A DEFINITION is the defining or explaining the full 
ſignification of any Term or particular Word, peculiar to, 
or made uſe of, in that Science of which we are about 


to treat. 
A PROPO- 
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A PROPOSITION is either a Theorem, propoſed to 


be proved or demonſtrated, contemplatively ; or, it propoſes 
ſomething to be done, problematically or mechanically, 


A CONVERSE PROPOSITION is the contrary of the 
other; that, which in the foregoing was the Concluſion, 
drawn from the Premiſes of it, 

e. g. If a Triangle have two equal Sides, the Arfgles 
which they ſubtend are alſo equal ; the Converſe is, that if 
a Triangle have two equal Angles, the Sides ſubtending them 
are alſo equal, 


A THEOREM is a ſpeculative Propoſition ; a declara- 
tion of certain properties, equality, or other proportion re- 
lative to Quantity, or Figure, mathematically conſidered, 


A PROBLEM, is a Propoſition which ptopoſes ſome- 
thing to be done, practically or mechanically. 


An AXIOM is a ſelf evident Propoſition, which does not 
1equire to be demonſtrated, See Axioms, Book 1, El. 


A LEMMA is a Propoſition, as it were by the bye, or 
out of the way, which ſerves, previouſly, to prepare the 
way for the more eaſily comprehending the Demonſtration of 
the following Propoſition, 


I do not make ule of Lemmas in this Work, as ſome geom:tri« 
cal Authors do; for if there be a neceſſity for a Lemma, I ſee no rea · 
ſon why that Lemma is not as much a Propoſition as any other. The 
7th and 16th Propoſitions of the firſt Book of Euclid, may be called 
Lemmas, for they are certainly redundant Propoſitions. In other ma- 
thematical Works, Lemmas are frequently neceſſary, but, in Geometry, 
they are quite inconſiſtent, 
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A COROLLARY is a neceſſary conſequence deducible 


from ſome Propoſition, already demonſtrated, 


A SCHOLIUM is a remark, or uſeſul leſſon derived 


from the preceding Propoſition. 


A POSTULATE is a petition or requeſt which is re- 
quired to be granted. See Poſtulates, p. 21. 


HYPOTHESIS. Whatever is ſuppoſed or premiſed, 'n 
a Propoſition, is called the Hypotheſis or Premiſes of it; 
from which ſome certain Conſequence is deduced, as af- 
firmed, and afterwards demonſtrated, called the Theſis or 
Affirmation. 

e. g. If a Right Line, cutting two Right Lines, makes 
equal Angles with them both, thoſe lines are parallel. 

Here, the Hypotheſis is, if the Angles are equal; and, 
the Conſequence, that the Lines are parallel, 


SUPPOSITION. In demonſtrating ſome Theorems, 
it is neceſſary to have recourſe, frequently, to ſuppoſe ſuch 
and ſuch things, which are not ſo in reality ; by the ab- 
ſurdity of the conſequences, ariſing from ſuch a ſuppoſition, 


a concluſion is drawn, and the Demonſtration is made evi— 


dently to appear. \ 

Such kind of Demonſtration is called redu#19 ad abſur- 
dum, i. e. proving it to be abſurd, or impoſſible to be on 
that ſuppoſition ; which, not being direct and poſitive, is, 
to many, very unſatisfactory; yet, if rightly conſidered, is 
full, though not direct Demonſtration. 


CONSTRUCTION, is the contriving or diſpoſing, 
geometrically, Lines and Figures, neceſſary for making the 
Demonſtration appear, clear and conſpicuous ; and muſt 
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always be made of ſuch Figures or Lines as are already well 
underſtood ; the Properties, of which, being previoully 
demonſtrated, 


DEMONSTRATION, When any thing is propoſed, or 
afirmed in a Propoſition, the Cale is firſt ſtated and pre- 
pared, by. drawing ſuch lines, or forming ſuch a Conſtruc- 


. . / | 
tion as is neceſſary ; and it is afterwards demonſtrated ; that 


is, the truth of the Aſſertion is made to appear, obvious, and 
without the leaſt doubt remaining; the performance or 


operation of whica is called the Demonſtration, 

The three laſt Terms being common words in the Eneliſh 
Tongue, may, by ſome, be thought unpertinent ; but, notwith- 
ſtanding the common acceptation of them is almoſt univerſal, yet 

. . — . 2. . ' 
the application gf them in Geometry requires to be explained, 


DEFINES U ES. 


Of the eſſential and operative TERMS. 


The Terms of Art, to be defined in any Science, are Names, 
arbitrarily given, by the firſt Authors, or others, to certain 
Symbols, Figures, Marks or Characters, poſſeſſing certain pro- 


perties or relations, in reſpect of figure, poſition, ſituation, &c. 


The operative 'Terms are, generally, technical Words, pecu- 
har to that Science, though perhaps applicable to others,; which 
are not of common uſe in Language, or have a different ſignifica- 
tion. 


The following Definitions are frequently referred to, hereaſter, 


for illuſtratien or proof of what is advanced in the Propoſitions. 


When any Figure, &c. which we are contemplatinę, is found 
to poſſeſs ſuch or ſuch properties, we affirm it to be ſuch a Fi- 
gure, as anſwers tc them; or, in contemplating any Figure, given 


On, 
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. 


in the Premiſes, we affirm that it has ſuch or ſuch properties, 


arbitrarily, by the Definition of it; and therefore, it requires no 


other Demonſtration, 
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DEFINITIONS. 


DEF. 1. A POINT is, rather to be conceived than 
underſtood to be, without dimenſions, therefore 
indiviſible. 

In Plane Geometry, it is a Mark, ſuppoſed to be 


| made with a ſharp-pointed Needle, or fine drawing 
A Pen. As A. | 


——- 


| | DEF. 2. A LINE has length only, without other 
—— > dimeniions, of breadth or thickneſs, 


DEF. 3. A RIGHT LINE is the ſhorteſt that can 
be drawn between two given Points, (A and B) 
_E£ uſually called a ſtreight Line. 0 


DEF. 4. A CURVE, or CURVED LINE, is any 
other than a Right Line; either regular, as 
AC B; or irregular, as ADB. 


———— Curve Lines are of various kinds, as circular, ellip- 
B tic, parabolic, &c. each of which has particular pro- 
perties peculiar to them, and ſome in common. 


DEF. 5. A SURFACE, or SUPERFICIES, is the 
outſide or external parts of Bodies, having no re- 
gard to thickneſs or ſubſtance; and therefore, has 
but two dimenſrons, viz, length and breadth, 
As AB and CD. 


Surfaces are various, as Convex, Concave, and 
Plane. 

Irregular Surfaces are ſuch as are not, uniformly, any 
of the three, but may be compounded of them all. 

A convex Surface is one that is externally round or 
protuberant. Alſo, the outlide of the curve of a 
Circle, &c. is convex, 

A concave Surface is one that is round internally, 
or hollow, ſuch as the inſide of a round Veſſel; the 
outhde is coavex.. The curve of a Cug'e towards the 
Center is concave, 

DEF. 
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DEF. 6. A PLANE is a perſectly even and regular 
ſurface, which is neither convex nor concave, in 
any part; to which, if a Right Line or ſtreight 
Ruler be any how applicd, it will touch in every 
Point. 

Or, if any two Points, in a Plane, be joined by a 
Right Line, the whole line is in that Plane. 

A Plane may be conceived to be generated by the 
direct motion of a Right Line, laterally; or whirled 


around on any Point in it. 
If the Right Line ABB be moved, directly to CD, 


The ſame holds truc in paralle! Planes, 


DEF. 8. A PLANE-ANGLE is formed by the 
meeting, touching, or cutting, of two Lincs in the 
ſame Plane, fo as not to fall into or conſtitute one 
Line, » 


Angles are either richt-lined, as A or B; curved, as 


N. B. Angles are neither increaſe] nor diminiſhed by 
the length of the Lines which form them; for, the 
Angle A is greiter than the Angle B, notwithſtanding 
the Lines wiuch form the Augle B are longer than 
thoſe of the Angle A; but, the Lines forming the 
Angle B are more iucliacd to cach other. 


C, D and E; or mixed, as F and G; which are com- 
pounded of a Right Line and a curved or crooked once. 


F there will be generated the Plane A BCD. 

F | N. B. A Plane may be of any Shape or Figure, in 

5 reſpect of its bounds or limits. 

$ DEF, 7. PARALLEL. Right Lines are Parallel ; 
KG: to each other, which, if produced infinitely, either A7 < a & 
4 1 being in the ſame Plane, would 7 
* way, and being in the fame Plane, would never | 
* 1 * 
S meet. As AB and CD. 
N. B. Parallel Lines are equidiſtant in every part 1 
UF between which all Right Lines, as à 4, , and cc, 

7 being alſo parallel, are equal, | 
* But, the Diſtance between two parallel Lines is mea- 

3 ſured by a Perpendicular, AD of BC. Sce Perpen- 
Y dicular (Def. 10.) 
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2. Imagine the dotted Lines to repreſent the Angle 
A laid upon, or applied to the Angle B; it is evi- 
dent, that the Angle B is leſs than the Angle A, ha- 
ving a greater inclination of its Sides, or the aperture 
between them leſs; therefore, a leſs Angle may al- 
ways be contained in a greater, 

3. If the Sides of any Angle (as B) were length- 
enced infinitely, the Angle is not varied, if the incli- 
nation of the Lines remains the ſame ; but, if you ſup- 
pole them moveable, on the angular point, like a 
folding Rule, and are parted farther aſunder, ap- 
proaching towards the dotted Lines, their inclination 
will then be leſs; and conſequently, the aperture or 
opening between them greater; and therefore, the 
Angle is ſaid to be greater. 


„— — . DEF. 9. VERTEX, is the angular Point in which 
| two Lines, forming a Plane Angle, meet and 
touch each other. 


N. B. A ſingle Angle is uſually deſcribed by one 
Letter only, or other Character, as A or B; but, if 
three or more Lines mect in a Point, then three Let- 
ters are uſed, to ſpecify the Angle ſpoken of; as 
ABC, CBD or ABD; of which the middle Letter 
always denotes 'the Vertex; and means, the Angle 
made by the lines AB and BC, or CB and BD, &c. 
wherefore, the middle Letter, denoting the Angle, is 


7 underſtood to be twice named. 
— DEF. 10. PERPENDICULAR. A Right Line 
| D is perpendicular to another, when it does not in- 


cline to the other on either Side; but makes the 
Angle, on each Side, equal to the other, 


* /\ | | Thus ; if the Angles ACD, DCB, are equal to 
vt dne another, then CD is perpendicular to AB, 
+ WE-7; B N. B. No more than one Perpendicular can be 
' / N : . . . F . — „ 
| / E drawn from the ſame Point in a Right Line, on the 
F : 1 * ſame Side, and in the ſame Plane. 
37 f For, if any other Line, as CE, be drawn from the 


/ ſame Point, C, it cannot be a Perpendicular, but 1s 
/- faid to incline to AB; and, the inclination 1s on the 
" ſame Side of the Perpendicular CD; 1. e. the Angle 
ACE is the Angle of Inclination of the tivo Lines AB 

and C E. 
N. B. 2. 
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N. B. 2. If another Right Line, as FG, be drawn 
in the ſame Plane, from any Point F, perpendicular to D 6 
AB, it will be parallel to CD. 


DEF. 11. A RIGHT ANGLE is that which is 
ſormed by the meeting of two Right Lines which — 
do not incline to each other, but either of them 
is perpendicular to the other, 


N. B. If either Side of a Right Angle be produced, 
8 or drawn out beyond the Vertex, there is neceſſarily 
generated another Right Angle. And, conſequently, 
if both Sides ire produced, there will be generated 
four Right Angles. | | 
* Thus, ABC is a Right Angle; if, when AB or X D 
1 CB is produced, towards D or E, there is made ano- | 
1 ther, CBD or ABE; and if both are produced, EBD 
. is a fourth Right Angle. | 


DEF. 12. An ACUTE ANGLE is leſs than a 

Right Angle. | | * D 
If the Line CB, meeting AB in the Point B, falls * 

on this Side of a Perpendicular, BD, at that Point; 


the Angle ABC, being leſs than the Right Angle 
ABD, is therefore called Acute. 


155 
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DEF. 13. An OBTUSE ANGLE is greater than 
a Right one, 


If the Line BE falls on the other Side of the Per- 
pendicular, BD; the Angle AB E is Obtuſe. 


l 8 N. B. 'The difference, CBD, between an Acute 
7 Angle, ABC, and a Right one, ABD, is called the 

e 4 COMPLEMENT of the Angle ABC. A 

E . And, if either Side of an Obtuſe Angle, as AB, * 
J be produced, the Angle EB F is the Complement of 

— the Obtuſe Angle; or its deficiency to two Right An- 

8 8 gles, ABD, DBF. | 

= A 

e 
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union. 
DEF. 14. EQUAL ANGLES. Angles are equal, 


when the Lines, which form them, have the ſame 
Inclination each to the other, reſpectively. 


In the Angles abc, ABC; if the Vertex, b, of the 
one, be applied to the Vertex, B, of the other, in 
ſuch wiſe, that the Side ab falling on AB, cb alſo 
falls on CB; then, there is the ſame inclination of cb 
to ab as of CB to AB, and the Angles abc, ABC 
are equal, . 

N. B. The length of the Lines, or Sides, is not con- 
ſidered or regarded in the equality of the Angles, but 
only their inclination to each other. 


| Angles have other Denominations, which are 
derived to them only from their Situation, in re- 


ſpect of each other; yet ſtill retain the general 
appellation of Right, Acute, or Obtuſe Angles. 


Such are the following. 


- * 


DEF. 15. VERTICAL and CONTIGUOUS 


ANGLES. 


If two Lines, AB and CD, cut and croſs each other, 
there are made four Angles, at the Point, E, of their 
mutual Interſection ; either two of which, AED, 


- CEB, or AEC and DEB, touching at their Vertices, 


only, are called Vertical Angles. 
Any other two, as AEC, AED, or AEC and CEB, 


Kc. having one Side, CE or AE, common to both 


Angles, are called Contiguous or Adjoining Angles. 


Tf a Line eroſſes or interſects two Lines, there are 
made eight Angles, A, B, C, D, &c.; of which C 
and F, alſo E and D, between the two Lines, one on 
each Side of the cutting Line, are called Alternate 
Angles. 

Cans E, alſo D and F, are called INTERNAL Ax- 
LES on the ſame Side. 

E and A, F and B, C and G, or D and H are called 
IxTERNAL and OrrosirE ANnGLEs, on the ſame 


Side. | 
DEF. 


* ANGLES. 
1 If any Side of a Plane Figure be drawn out beyond 
= the Figure, as AB to D, the Angle E, or Ak, with- 
1 in the Figure, is Internal; and the Angle F or CBD, 
1 without the Figure, is called an External Angle. 
3 DEF. 19. A CIRCLE is the ſimpleſt and moſt 
J perſe& of all Plane Figures, therefore the firſt; it is 
$ bounded by one regular and uniform curved Line, 
9 falling again into itſelf; which is called the CIR- 
F CUMFERENCE of the Circle, 


dhe other extreme, D, will, in its revolution, deſcribe 


= CD, having gone over the whole ſpace, has generated 


DEFINLTLONnNE © 


DEF. 17. A PLANE FIGURE is a Space bound- 
ed on all ſides by one or more Lines in the ſame 
Plane. 

2. Any Line, between two adjacent — forming 
or bounding a Figure, is called a SIDE of that Figure, 


N. B. If a Plane Figure be bounded by Right Lines, 
only, it is called a Right-lined Figure; as Z. Andif 
it be formed of Right Lines-and curved, it is called 
a mixed Figure. As AC, 


XZ DEF. 18. INTERNAL and EXTERNAL 


The curved Line ABD is the Circumference ; the 
Space, included within it, 1s the Circle. 


DEF. 20. CENTER of a Circle, or CENTRE, 
is a Point in the middle of a Circle, or the middle 
Point of a Circle; which is equally diſtant, every 
way, from the Circumference. As C. 


N. B. The geneſis of a Circle is thus defined. 
If a Line, CD, be conceived to be revolved quite 
around, on one extreme, C, fixed to a Pin or Point; 


the Circumference of a Circle, ABD; and the Line 


A the Circie, bounded by that Circumference. 


wo Hence, it is evident, that all Right Lines, drawn 


. Jggy Center of a Circle to the Circumference, are 
equal, 4 


©. | | N. B. 2. 
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bur, it another Line, CE, or, it any Point, E, be 
aſſumed in the Line CD, another Circle will be de- 
ſcribed, on the ſame Center, and in the ſame ſpace of 
time ; .whoſe Circumference, EFG, is to that of the 
other Circle, deſcribed by the Point D, in proportion to 
the Lines CE and CD, by which they were generated. 


DEF. 21. DIAMETER, of a Circle, is a Right 
Line drawn through the Center, and terminated 
on both ſides by the Circumference. As AB, 


2. Half the Diameter of a Circle is called the 
Ravivs. As AC or CB. 


N. B. Every Diameter divides the Circle, and alfo 
the Cjrcumference, in two equal Parts, 


DEF. 22. A SEGMENT of a Circle, is any por- 
tion cut off by a Right Line; which is called a 
CHorRD or SUBTENSE. 


D N. B. A Diameter 1s alſo a Chord Line. 


DEF. 23. A SEMICIRCLE is a Segment, made 
by a Diameter, AB. As AEB or AFB, 


"= Ther2fore, the Segment AED, which is greater 
than a Semicircle, is called a greater Segment; and 
AFD a leſter Segment. 


DEF. 24, An ARK, or ARCH, is any portion of the 
- Circumference of a Circle. As AB, BC, or ABC. 


DEF. 25. A TANGENT is a Right Line drawn 
without a Circle, and touching it in a Point only; 
which is called the Pol x r or ConTacrT, 

As AB, touching the Circle in B. 


DEF. 26. A TRIANGLE is a Plane Figure 
bounded by three Right Lines, and contains as 
many Angles. 


N. B. Not 


N. B. 2. Equal Right Lines deſcribe equal Circles ; | 


As AD, making two Segments, AED and AFD, 
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- i N. B. Not leſs than three Right Lines can include 8 
- . a Space and form a Figure; wheretore, a Triangle is 
. Fe. the firſt of all Right-lined Figures. 
- 3 * Triangles are of various kinds. As follows. 
DEF. 27. 1. An EQUILATERAL TRIANGLE 
t 6, has all its three Sides equal, to one another, 
d 
DEF. 28. 2. An ISOSCELES TRIANGLE has 
„ only two equal Sides. AB and BC. A 0 
2 DEF. 29. 3. A SCALENE TRIANGLE has all 
| its Sides unequal, 
- 2X DEF. 30. 4. A RIGHT-ANGLED TRIANGLE A 
a is one that has a Right Angle. B. Ee: 
| 5 2. The Side AC, oppoſite the Right Angle, is calle 
. 1 the HY »oTHENUSE, | | 
3 F. 31. 5. An OBTUSE ANGLED TRL B * 
le 4 ANGLE is one which has an Obtuſe Angle. C. | 


N. B. The two laſt are not diſtin& ſpecies of Tri- 
angles, but only a particular kind; which ſtill come 


4 5 way the general Denomination of Iſoſceles or Sca- 

ene. | 
An Iſoſceles or Scalene Triangle may be either right 

or obtuſe angled, or have all its Angles acute. , 

12 The Triangle ADB is right-angled; ACB is ob- 

8 tuſe-angled ; and AEB has all its Angles acute; yet, 
they are all Iſoſceles. 

5 So likewiſe, the Figures of the two laſt Definitions 
are Scalene Triangles, 
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DEF. 32. A QUADRILATERAL or QWA- 
DRANGLE is a Plane Figure which has four 


Sides, and four Angles. 


| Theſe are ſynonimous Terms; the firſt exprefin> . 
it by the number of its Sides, the other by its Angles. 


EMI NIT LO NS 


DEF. 33. A PARALLELOGRAM is a Quadri- 
lateral, whoſe oppoſite Sides are parallel, 


DEF. 34. A RECTANGLE is a Parallelogram, 
whoſe Angles are all Right ones. As X. 


DEF. 35. A SQUARE is a ReQangle, whoſe 


Sides are all equal, to one another. Z. 


N. B. All Rectangles and Squares are Parallelograms. 


DEF. 36. A RH OM BUS is a Parallelogram, 
whoſe Sides are all equal, and its Angles not 
Right ones. 


2. If the Sides of a Parallelogram are not all equal, 
apd the Angles not Right ones, it is called a Rzom- 
OIDES. 


DEF. 37. A DIAGONAL is a Right Line drawn 
between any two Angles, that are oppoſite, in 
any right-lined or mixed Figure; i. e. from one 
Angle to the other. As AC. 


N. B. In Parallelograms, the Diagonal is uſually 
called a Diameter; becauſe it paſſes through the Cen- 
ter (the middle Point, E, where the two Diagonals, 
AC and BD, interſect) and, as in a Circle, it divides 
the Parallelogram into two equal Parts. 

Avy Right Line, cutting a Parallelogram through 
its Center, is a Diameter. 


DEF. 38. COMPLEMENTS of a Parallelogram. 


If any Point, 'as E, be taken in the Diagonal of a 
Parallelogram, and, through that Point, two Right 
Lines are drawn parallel to the Sides, both ways (AB 
and CD) it will be divided into four Parallelograms, 
V, X, Y, and Z; the two, X and Z, which touch 
the Diameter, in the Point E, only, are called the 
COMPLEMENTS; Which, with either of the other, 
about the Diameter, taken together (as XYZ or XVZ.) 
is called a Gx0MoN, | 


DEF. 39. 
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* 7. A DuoDECAGON has twelve Sides. 
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DEF. 39. A TRAPEZIUM is an irregular four- 
ſided Figure. ; | 


3 | 
Wherefore, every Quadrilateral which 1s not a 
Parallelogram, is, conſequently, a Trapezium. 
As ABCD. 8 


DEF. 40.. A POLIGON. All right-lined or other 
* Plane Figures, having more than four Sides, have 
tt/e general appellation of Poligons, ſignifying 
+ many Sides, 


N. B. Ordinate or regular Poligons are ſuch as 
have all their Sides and Angles equal; about which a 
1 Circle may be circumſcribed, whoſe Circumference 
1 ſhall paſs through every Angle of the Poligon ; and, 
a Circle may alſo be inſcribed, which ſhall touch eve- 


ry Side. 


Poligons have various Names, derived to them 
from the Number of their Sides; as follows. 


1. A PENTAGON is one that has five Sides. 
2. A HExAGON has ſix Sides. 
3. A HEPTAGON has ſeven Sides. 
4. An Ocraco has eight Sides, 
8 5. A NoNAGoN has nine Sides, 
> 6. A DEcacon has ten Sides. 


8. A QUINDECAGON has fifteen Sides. n 


Theſe eight are the moſt eſſential, in Geometry, and 


| 4 the moſt uſeſul amongſt Mechanics. To ſpecify evei | 

8 kind of Poligon would be infinite, pecity every / | 

4 DEF. 41. PERIMETER is the ſum or meaſure of ; 2 
1 all the Sides of a Poligon, or other right-lined or 


mixed Figure, in one Sum; which is ſometimes 
called its Circumference, or PERIPHERY, 


DEF, 42, 


* 


DEF. 47. AREA of a Plane Figure, or abs Sur- 


W 
DEF. 42. EQUIANGULAR FIGURES are ſuch 


as have an equal number of Angles; and the An- 

gles of one alſo equal, reſpectively, to the Angles 

of the other, each to its correſponding Angle. 
As, a equal A, b equal B, and c equal C. 


DEE. 43. CONGRUOUS FIGURES are ſuch as 
have all their Angles equal, reſpectively; alſo, 
the Sides, which contain equal Angles, or which 
are between equal Angles, are equal. 

If the Angle a be equal A, b equal B, c equal C, 
and d equal D; and, it the Side ab is equal AB, 


bc equal BC, cd equal CD, and ad to AD; then, 
the Figures ab cd, ABCD, are congruous, 


DEF. 44. EQUAL F IGURES are ſuch as have 


an equal Area, See Def. 47. 


N. B. If two Figures of different Denominations 
have an equal Area, they are called equal Figures, 

So, the Parallelogram ABDE 1s equal to the Tri- 
angle ABC. F 

Congruous Figures are ona and ſimilar, 


DEF. 45. BASE, of a Plane Figure, is the Side on 
which it is ſuppoſed to ſtand erect. As AB, Xx 
N. B. It may be any Side, at diſcretion ; but is ge- Bd 


nerally applied to the lower Side, or that which i is next 1 
towards us. 


DEF. 46. ALTITUDE, of a Figure, is its per= -E 
pendicular height from the Baſe, \ | 


As ED; perpendicular to the Baſe AB, is the Alti- 
tude of the Trapezium ADCB; or of the Pe 
ADB. 


face, is its ſuperficial Contents; i. e. the mea- 
ſure, or quantity of Space contained within the 
bounds of the Figure, expreſſed in ſquare Feet, 
Yards, or any other known meaſure, of length. 

| DEF, 48. 


18 
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ti- 


B 
or Plane, or to lengthen it at pleaſure, „ 
Thus, the Line AB is produced to C. | 
DEF. 52. To DESCRIBE, is to draw a Line, | 


DH £711 TH onRr 
DEF. 48. SEGMENT of a Line, is any portion, —- 


of a Line. |; | 
As AC, or CB, of the Line AB. 12 B 


DEF. 49. SUBTEND. The Side of 4 Triangle 
which is oppoſite to any Angle is ſaid to ſubtend 
that Angle. 


Thus, AB ſubtends the Angle C, AC ſubtends the 
Angle B, and BC ſubtends the Angle A. 

So likewiſe, the Chord or Subtenſe AB, ſubtends 
the Ark ACDB; and CB ſubtends the Ark CDB. 
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DEF. 50. To BISECT, is to cut or divide a Line 


or Angle, &c. into two equal Parts, 


Thus AB is biſected in the Point C; and the Angle 
BAD, is biſected by the Line AE, 


2. To TRISECT, is to cut, equally, into three Parts. 


DEF. 51. To PRODUCE, is to draw out a Line 8 


Circle, or other Figure. 


DEF. 53. T6 INSCRIBE, is to draw a Figure 
touching every Side of another Figure, internally; 
or, whoſe Angles ſhall all touch the Cireumference | 
of a Circle, 


DEF. 54. To CIRCUMSCRIBE, is to deſcribe , 
a Circle or other Figure paſſing through all the 
Angles of another Figure. As ABCD. 


D DEF. 55. 


KL MjA LET'S THE 
DEF. 55. EXTREMES or BOUNDS, are the 


utmoſt Limits of any thing. 


So, the extremes of a Line are Points ; the bounds 
or extremes of a Surface are Lines, (except the ſur- 
face of a Sphere, which has no Bounds) and, the 
extremes of a Sulid are Surfaces, 

A Sphere has but one Surface; alſo, a' Circle is 
bounded but by one Line, without beginning or end ; 
| conſequently it has no Extremes, | 
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Some Readers will, perhaps, think T have already deviated 
from the Plan propoſed in the Preface, which was, to abridge the 
Elements of Euclid; but I hope they will find, that the time 
ſpent on the Definitions (by way of Introduction) is not thrown 
away; having made ſeveral of them uſeful Leſſons, as well as 
defined the Terms; and I am perſuaded, that the more perfect- 
ly they are underſtood, the progreſs, in the Subject = relate 
to, will be greatly facilitated. But, I maſt inform the Reader, 
that it is not the length of the Definition itſe}f, but the number 
of Terms I have defined, and the Notes to ſeveral; which have 
{ſwelled the bulk of them; having near twice the Number which 
ſome Authors have, and, in my opinion, not one ſuperfluous. 

However, not to diſcourage the young Student, T adviſe him 
not to burthen his memory too. much at once; for there is not 
the leaſt neceſſity that he ſhould retain them all, before he pro- 
ceeds further; tis enough, at firſt, to read them over with at- 
tention, and underſtand them clearly as he reads; they will ſoon 
become familiar to him, by frequent uſe, in the courſe of his 
ſtudy of the Science. 5 : 

I alſo particularly adviſe him, when he meets with any Term 
hereafter,- of which he has not a clear Idea, to turn immediately 
back to the Definition of it; he may depend on it, that the time 
will not be entirely loſt. 

Several of the Terms which I have here defined, being fre- 
_Y uſed in the Subject of Geometry, are abſolutely neceſſary 
to be defined, but are not, properly ſpeaking, elementary. Such 
are the 4th, the gth, the 14th, 15th, 16th,-and 18th; the 36th, 
the 41ſt, 43d, 44th, 47th, and 48th, and the laſt ſeven ;- which are 
chiefly operative or practical Terms. Though I muſt freely own, 
that I ſee no reaſon why the 49th, goth, 5 iſt, and 52d, are not 

as neceſſary to be defined as the 53d and 54th: the 55th is 
_ three ſeparate Definitions, in the 3d,. 6h, and 13th of Eu- 
E119, : N , 

It is, or ought to be, the deſign of every Author on any Sci- 
ence, to make his Book a perfect Tutor; conſequently, no par- 
weular Term, made uſe of in that Science, and which is peculiar 
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to it, ſhould be left undefined: for, we ſhould ſuppoſe the Stu- 
dent to be entirely ignorant of all that relates to it. Can any 
thing be more abſurd, than to propoſe biſecting a Line or Angle, 
or producing a Line, &c. to talk of Alternate Angles, &c. of 
Diagonals, — Subtenſes, &c. without Having firſt de- 
fined what is meant by them? I have often been ſurprized at 
the omiſſion of the Definition of a Poligon, and the various 
kinds of Poligons; the wires. inſcribing, and circumſcribing 
of which, is the principal ſubject of the 4th Bcok. They are fre- 
quently called by the Terms Pentagon, Hexagon, &c. which 
have never been properly, if at all, defined. In the 23d De- 
finition they are, in 4 called many - ſided Figures; tis a 
ſtrange ungeometrical Term, and never once made uſe of after, 
but other Terms are aſſumed, f | 

Euclid, himſelf, has not defined a Parallelogram, that moſt uſe- 
ful and neceſſary Figure. I admire Mr. Stone's Apology for 
that omiſſion, as being unwilling to increaſe the Number, un- 
neceſſarily ; and ſays, that Euchd has ſufficiently defined it in 
the 34th Propofition, Mr. Stone indeed has, but not Euclid g 
for why elſe has Keill defined it before the Propoſition ? But, if 
it be thought moſt eligible to define that Term in the Propoſi- 
tion, where it 1s firſt made uſe of, why are not others ſo defined ? 
why are not all, as well as this? | 

At the ſame time, Euclid has, in Mr. Stone's Opinion, given 
ſeveral unneceſſary Definitions; viz. the 3d, 6th, and 13th of 
his Euclid, which I always thought ſuperfluous; the gth I think 
ſo too, alſo the 20th, He, likewiſe, thinks the 18th, 26th, the 
32d, and 33d, uſeleſs, In reſpect of the 26th (the 29th of this) 
I cannot ſay it is eſſentially neceſſary; yet, as Scalene Triangle 
is a general Term, including all that are neither Equilateral nor 
Iſoſceles, I cannot think it redundant; 

The 29th, of which he ſays nothing, is really ſuperfluous, 
Viz, ** when all the Angles are acute, it is called an acute- 
angled Triangle,” I know of no properties peculiar to ſuch 
an acute-angled Triangle, that is not common to every Triangle; 
for every Triangle has, neceſſarily, two acute Angles. An equi- 
lateral Triangle is included in that Definition, and ſo are the 
Iſoſceles and Scalene, frequently. 

Why is not a three- ſided Figure (Def. 21.) called a Triangle, 
as it is always called afterwards? we might as well go on, from 
four to five or fifteen ſided Figures. An Oblong (Def. 31.) for 
a Rectangle, is quite ungeometrical, and is never called fo af- 
ter. The Rhombus and Rhomboides, 32. and 33. (Def. 36. 
of this) are, in a great meaſure, uſeleſs, being fully ſignified m 
a Parallelogram, which alſo includes Squares and other Rect- 
angles; all which, are only particular ſpecies of Parallelograms ; 
the Rhomboides includipg all unequal fided and acute angled, 
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I can by no means agree with Mr. Stone, in thinking the 18th 
Definition, of a Semicircle, needleſs; I alſo think, the Radius as 
neceſſary to be defined as the Diameter, In ſpeaking of Angles 
in a Segment of a Circle, Prop. 31. of the 3d Book, the 12. of this, 
viz. *© the Angle in a Semicircle is a Right one,” &c. ; ſince there 
is a neceſſity for calling it ſomething, I cannot but think a Semi- 
circle more elegant and expreſſive than half a Circle, which does 
not confine it to any particular Shape or Figure; provided it has 
half the Area, it is half a Circle ; whereas, the Semicircle (which 
undoubtedly means half a Circle) is always underſtood to be 
contained under a Diameter and half the Circumference. 

Mr. Stone is ſomewhat too dogmatical in his remarks. I can- 
not be of Opinion, that the manner in which Euclid has com- 
piled his Elements, is the beſt that can poſſibly be, becauſe Eu- 
clid lived two thouſand Years ago. *Tis not to be imagined that 
the mathematical Sciences had arrived at their ze plus ultra in 
his Days, for it is notorious they were not ; why then, ſhould we 
ſuppoſe, the Elements of Geometry to be in their greateſt perfec- 
tion? I am not ſo much wedded to antiquity, as to think them 
infallible ; neither do I think that all Euclid's Definitiens are ne- 
ceſſary, or that he has omitted none that are ſo: Such, therefore, 
as are uſeleſs I have rejected, and have ſupplied their places with 
others, which I think more eſſential, and abſolutely peceilary tg 
be defined, ; | 
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Poſtulates are fundamental Principles in any Science; 
which, being plain and ſimple in themſelves, may readily 
be granted; although, it is not poſſible to give perfect and 
indiſputable Demonſtration. 


The following are, therefore, requeſted to be granted. 


1. That there may be a perfect Plane; and that it may 
be extended at pleaſure. | 

2. That a Right Line may be drawn between any two 
given Points; i. e. from one Point to the other. 
. That a Right Line may be produced at pleafure; i. e. 
that a finite Line may be continued or lengthened. 

4. That a Circle may be deſcribed on any Center, and 
with any given Radius. | 


5. That one Figure may be applied to, or laid upon an- 
other Figure. 


Theſe Poſtulates mutt be granted, at leaſt in Idea, or all Geo- 

metry falls at once to the Ground; for, it there cannot be a 
Plane, a Right Line, or a Circle, the whole Elements of Geo 
metry are to no purpoſe; as it will be impoſſible to form a Con- 
ſtruction, whereby we may demonſtrate the moit etientiai Properties 
of Figures in general, whether Plane Figures or Solids; apd 
conſequently, it no Demonſtration can be given, there is an end 
of the Science, having no Data to build on. 
In every mathematical or phyſical Science, there, is à neceſſity 
for ſome Data or firſt Principles to be given „whereon to frame 
Hypotheſes, in order to demonſtrate the Theorems which fol- 
low; and the more fimple thoſe Principles are, the'better z be- 
cauſe there will be leſs room to diſpute them. But, at the ſame 
time, if they are diſputed, they are the malt diflicyjt to demdp- 
ſtrate, for being the moſt ſimple ; becauſe, there i. no reverting 
back to any thing more ſo; and conſequentiy, there can be no 
Demonſtration given. That the thing is to, of itſelf, is ſome- 
what arbitrary, notwithſtanding there is no poſſibility of deny- 
ing it; therefore, -tae more fimple the fi:{t Principles are, che 
readier the aſſent will be given; and the Demonſtrations, of the 
moſt complex Propoſitions, which follow after, will be eafier 
obtained and more firmly ſupported ; and conſequently, the whole 
Science, which is built on thoſe Principles, is more ſolid and 
permanent, and more ſecurely eſtabliſhed, 
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PLANE ANGLES. 


Efore I proceed to practical Geometry, I think it pro- 
per, firſt to explain the Theory of Plane Angles ; 
which J look on as a very neceſſary Introduction. 

In order to have a perfect and clear Idea of Plane Angles, 
and to determine their Quantity by a certain ſtandard or 
meaſure, the Circumference of a Circle is ſuppoſed to be 
divided into 360 equal parts, called Degrees (anſwering to 
the number of the Degrees on the Equator) it is evident 
that thoſe diviſions will be leſs i in a ſmall Circle than in a 
larger. 
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| 1. If from two Points in the Circumference of a Circle, as 
"ZI E and F, Lines are drawn to the Center, as EC and FC, 
there is made an Angle at the Center, C, 
which is greater or leſs, according to the 
number of Degrees on the Ark EDF, but 
it will be the ſame in a ſmall Circle as in 
a large one, i. e. the lines will have the 
ſame inclination to each other, e. g. 


1 


8 
* 


V 
27% 


ys 2 
— E Ae " 


P 
3 


* 
n 
9 * 5 

— = os 


: 
” E 
"v2 e DS. 
"MID31 3 n — 
= > . * 4 ts 
Pf CG 
— 


2. ADB is a Semicircle, whoſe Center is C; the Arch 
AEDEB contains 180 deg. half 360, the whole Circum- 
ference. 

$ From the middle point, D, of the Arch ADB, which 

is go deg. each way, from A and B, if CD be drawn, it 

will be perpendicular to AB; for ACD and DCB, are 
Right 
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Right Angles, at the Center (Def. 11.) the Arks AD, 
DB, being each a fourth part of the whole Circumfe- 
rence, or half the Semi-circumference : hence, a Right 
Angle is ſaid to be of go Degrees. 


3. If the Ark AD be biſected in E, and EC be drawn, 


the Angles ACE, ECD, will be each of 45 deg. half 
ACD a Right Angle, or go Degrees. 

And, if the Ark DB be triſected, at F & G, (i. e. divided 
into three equal parts), and FC be drawn, the Ark DF 
containing 30, and FGB 60 deg. the Angle' DCF is 
ſaid to be an Angle of 30, and FCB an Angle of 60 deg. 

By which means, an Angle of any quantity may be 
obtained, or meaſured. 


4. On the ſame Center, C, with any other Radius, as Ca, 


let the Arch ae dq fb be drawn, which is alſo a Semicircle. 

It is very obvious, that it is alſo divided into the ſame 
number of parts, and in the ſame proportion, as the Arch 
AEDFZ; for it is biſected in d, and a d is again biſect- 
ed in e, and db is alſo triſected at f and g; wherefore, 
AD, ad are each a fourth; ED, ed an eighth ; BF, 
bf, a ſixth; and FD, fd, a twelfth part of their reſpec- 
tive Circles; and the Angles ACD, aCd ; ECD, eCd, 
&c. are the fame in both. | 

From all which, it is clear, that, Angles may be formed 
or meaſured by an Ark or Circle of any Radius. And 
alſo, that equal Arks of the ſame, or of equal Circles, 
or an equal number of degrees in a Circle of any Ra- 
dius, will form equal Angles at the Center. 


5 If you would have an Angle of 60 degrees at the point 
C, of the line BC. 


With 
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With any Radius, at pleaſure, deſcribe the Ark BD, 
cutting the Line BC in B; with the ſame Radius, on 
the Center B, cut the Ark BD at F, and draw CF. 

It is very clear, that the Angle BCF would be the 
ſame, if a leſs Radius had been taken, as C b. 

For, draw the Chord Lines FB and fb, each will be 
equal to the Radius of its reſpective Circle; and, the 
Triangles CFB, Cfb are equilateral; whoſe Angles 
are of 60 degrees each (Cor. 1.9. 1.) ; for the Arks BF 

and bf are, each a ſixth part of the whole Circumference 
of their reſpective Circles, of which C is the common Cen- 
ter, (ſee Prop. 11. 4.) ; and conſequently, each contains 
Go degrees on the circumference of that Circle, of which 


it is a Part; whoſe Radius is CB or Cb. 


A deſcription of the Inſtrument called a PROTRACTOR, 
"with the application of it, in meaſuring and making Angles, 
of any known quantity or meaſure, may not be improper in 
this place. It is of ſpecial uſe in Surveying, in drawing 
Plans of any piece of Ground for building on, &c, or of 
Buildings, already erected, being readier and more exact 
than a Line of Chords. . 

The Protractor is a Semicircle, divided on its Limb or 
Semi-eircumference, AEDFB, into 180 equal parts; hav- 
ing a ſmall Notch at C, the Center. See the laſt Figure, 

Some Protractors have a Scale, added to the Semicircle, 
which are the beſt and readieſt in uſe. 

In meaſuring an Angle, apply the Diameter, i. e. the 
Edge or Right Line AB, to either Side of the Angle ACE, 
with the Vertex, C, of the Angle, at the center of the 
Protractor; and, where-ever the Side CE, cuts the Limb 
or Circular edge of the Inſtrument, obſerve how many De- 
| grees there are from A to E, the Ark intercepted between 
the Sides AC and CE, of the Angle ACE, 


It 
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Ik it contains 45 or 50, or whatever number of Degrees it 
happens to be, (as 45 by the Figure) the Angle ACE is 
' of ſo many Degrees, If it had cut the Arch at D, as ACD, 
tis a Right Angle; and if beyond D, as ACP, it is ob- 
X tuſe; the Complement FCB, i. e. the Ark FB, being ſub- 
tracted from the Arch of the Semicircle, ADB, or 180 de- 
orees, gives the quantity of the Angle ACF. 


2. If it is required to lie down or make an Angle of ſome 
known Quantity (as 45 deg.) at the Point C, of the Line AB. 

Apply the edge of the Protractor, as above, with the 
Center, C, at the Point given; make a Mark or Point at 
E; take away the Inſtrument, and draw EC. X 

Thus, may any Angle whatever be laid down on Paper, 


A Scale of equal Parts is nothing more than a Right Line 
divided into any number of equal Parts, at pleaſure. 

Each Part may repreſent any meaſure you pleaſe, as an 
Inch, a Foot, a Yard, &c.; for, being equal, whatever 
meaſure any Object or Figure contains, in length and breadth, 
a ſimilar Figure may be conſtructed, on a Plane, having 
or containing the ſame number of Diviſions, each way, on the 
Scale, as the real Object contains of Feet, Yards, &c. One 
of thoſe Parts is generally ſubdivided into parts of the next 
inferior denomination, or into tenths and hundredths, denot- 
ing the Decimal Parts. | 

Obſerve, that the Diviſions on the Scale, (whatever meaſure 
is repreſented by them,) muſt always be adapted to the Pro- 
portion you would delineate any Object, or form a Deſign. 

See the Appendix (Page 15 and 16) for the conſtruction 
of Scales, | 


N. B. A pair of Compaſſes or Dividers, a Drawing Pen, and 
a ſtreight Ruler, are all the Utenſils that are requiſite, in Plane 
Geometry. 
The Board or Paper, on which we draw any geometrical Figure, 
is ſuppoſed to be a Plaue. 
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ABBREVIATIONS &c. ExPLAINED. 


&c, Et cetera, And all the reſt, When, what is ſup- 
poſed to follow may be readily underſtood. 
i. e. Id /. That is. When, what has been ſaid re- 
| quires to be further explained. 
viz. Videlicet. To wit; or, that is to ſay, When 
any thing advanced is given in Groſs, which 
is more particularly ſpecified, as follows after. 
e. g. Eæempli gratia. For inſtance; or, for the ſake of 
example. When an Example is to be given 
of what is advanced. 
N. B. Nota Bene. Mark well. That is, take particular 
notice of that Paragraph. | 
Q. E. F. Quod erat faciendum. Which was required to 


be done. | 
Q. E. D. Quod erat demonſtrandum. Which was to be 
demonſtrated. | 
DEM. Demonſtration. | Hyp. AB. Hypothenuſe AB, 
COR. Corollary, Perp. Perpendicular, 


SCHOL. Scholium,orremark. | Dia. Diameter, 
APPL. Application, or uſe, | Diag. Diagonal. 
Par. AB. Trap. Trapezium. 
or P.AB. | Parallclogr AS. 0 eee &c. 
Rect. AB. Rectangle AB, or ABCD, &c. 

R. Ang. ABC. Right Angle ABC, &c. 

Line AB. Denotes Right Line AB, &c. 


Note. When it is required to join any two Points, it is 


meant, that a Right Line be drawn between them, i. e. from 
one Point to the other, 
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ABBREVIATIONS, by way of Reference. 


Poſt. 1. or 2. Refers to the firſt or ſecond Poſtulate; where 
it is requeſted that ſuch or ſuch things may 
be granted, 

Def. 6. or 7. Refers to the fixth or ſeventh Definition in 

Or, Def.6. 3. the general Introduction. But, when there 

or 6. 5, &, are two numbers, it refers to the 6th Defi- 

| r.itions of the 3d or 5th Book. 

Ax; 2. Refers to the third Axiom for Demonſtration, 
ariſing from ſelf - evident properties of 

things. | 

2. Th. P. A. Refers to the ſecond Article in the Theory of 

Plane Angles, for illuſtration or Proof. 

Pr. 1, or 2, &c. Refers to the firſt or ſecond Problem, for 

| the conſtructing of ſome Figure, &c. 

P. 1. or 2. &c, Refers to the firſt or ſecond Propoſition of 
that Book, for proof of the Aſſertion. 

P. 2. 3. &c. To the ſecond Propoſition of the third Book. 

C. 2.4. 1. To the 2d Corollary, of the 9th Propofition 

of the firſt Book; 


Hyp. That the thing is ſo by the Hypotheſis, or is 
given in the Premiſes. 
Sup. T hat it is ſo by Suppoſition, only. 


Con, That it is ſo by Conſtruction; i. e. the thing 
| was formed or made ſo, 
Conſ. conſequently. Th. thereſore. Wh. wherefore, it is ſo, 


Note. When there is but one Number within Parentheſis or 
otherwiſe, as (15.) &c; it refers to the fifteenth Problem or 
Theorem of that . Book. But if there be two Numbers, as 
(10. 1.) or (12. 3.) &c. it refers to the roth Prop. of the firſt 
Book, or to the 12th of the third, &c. 
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F OR 


Tous STUDENTS 


E would adviſe the young Practitioner to draw every Figure as 
he proceeds ; carefully remarking what things, as Points, Lines, 
Angles, &c. are given; which are, in general, ſtronger marked 
than the operative Lines; they being either dotted or finer drawn; 
the given Lines, &c. are, by that means, obvious and diſtin- 


guiſhable from the other, 


In Geometry, as in Arithmetic, there is always ſome Data or 
things given; from which, in Theory, other Properties are dedu- 
ced, as a neceſſary conſequence 5 and, in Practice, ſomewhat is 
required to be done, or performed, from what is given. 


Let the Practitioner, therefore, ſele& the given things, and 


mark them down, firſt, in the poſition given in the Premiſes ; but, 


with as much variation as it will admit of; i, e. he need not put 
them exactly as in the figure, only obferve that they are as required. 


e. g. In Prob. 4. an Angle is required to be made at the ex- 
tremity of a given Line; but the poſition of that given Line is 
not abſolutely determined; alſo, the Angle may be made at either 
extreme, and either above or below the given Line. 


Likewiſe, in the 6th and 7th Problems, the Perpendicular 
may be drawn, and the Point, in the 7th, given on either Side 
of the Line; for, let it be obſerved, and carefully remembered, 
that, by the Term Perpendicuiar, nothing more is meant than 
the Poſition one Line has to another; which Poſition, is when 
they make a _ Angle or Right Angles with each other; no 
regard being had to the poſition or fituation of either, ſeparately. 


Theſe things being premiſed, and the given Lines, &c. de- 
ſcribed on Paper; carefully obſerve the directions given in the 
operation, and proceed accordingly, ſtep by ſtep, drawing every 
Line, Angle, Ark, &c. as che Problem directs. 
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= PROBLEM |L 
10 deſcribe a Circle of any given Radius, and on. 


a given Center. 


AB is the Radius given, and C the given Center, 
DP 4 335 
F*** one Point of a pair of Compaſſes in ei- 
ther extreme of the given Line, AB, 
and extend the other Point to the other ex- 
treme, i. e. open the Compaſſes equal to the 
given line. a 
Then, fix one Point of the Compaſſes in C, 
the Center given, and revolve the other Point 
around; which, by its revolution, will deſcribe the Cir- 
eumſerence DEE... Poſt. 4. 


DEF contains the Circle required (Def. 10.) 


For, if a Right Line be drawn from the Center to 
the Circumference, as CD, it is equal to the given Line 
AB; by Conſtruction. 


P R O- 
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and by N. B. Def. 20. 
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PROBLEM II. and. I. Euclid. 


To draw Right Line from a Point given, C, which 
ſhall be equal to a given Linez AB. 


— Extend or open the Compaſſes equal to the 

D Line given; fix one of their Points in C, the 

given Point, and, with the other, deſcribe a 

Circle, or portion of a Circle only, at D. (Pr. 1.) 

Apply a ſtreight Ruler cloſe to the Point C, 

and croſſing the Ark at D, (in whatever poſi- 

tion you require the Line to be) and, with the 

point of a Pencil or a Drawing Pen (applied 

ft to the Point C, and drawn, along the edge of the Ru- 
ler, to the Ark at D) deſcribe the Right Line CD. (Poſt. 2.) 
Which is equal to the given Line AB; by Conſttruction; 


OY 


SCHOL. Thus, the geneſis of a Right Line (Def. z.) is con- 
ceived to be by the direct motion of a Point. 


N. B. In the practice of Geometry, it is often required to draw 
| or to make a Line equal to another Line given 
which is done by drawing an Ark of a Circle, as 
AB, from the given Line, AC, till it cuts the 
other ; if the two Lines, AC and CB, touch at 
the Point given, C, which 1s made the Center. 
But; if they do not touch, the Line given 1s ta- 

ken for Radius (as in the Problem) and an Ark 
drawn where it is required; for equal Circles have 
equal Radii, as well as all Radii of the fame Circle 
are equal; which needs no other Demonſtration 
than the geneſis of a Circle, in N. B. Def. 20. 
So that, hereafter, when two Lines are obſerved to be Radii 
of the ſame Circle, it is ſuſſicient Demonſtration that the Lines 
are equal; and alſo, when they are made Radii of equal Circles. 


APPL. The Application of this Problem, in deſigning, is to 
delineate or draw, on Paper, &c. a Right Line equal to ſome 


known meaſure, as AB, by a Scale of equal Parts, 
"i PR O- 


Segment required to be cut off. 


2 Compaſſes in either extreme of AB, (from 
which the given Segment is required to be cut 
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PROBLEM, H. 3.L Euchs. 


| A Right Line being given, to cut off a por u or 


ſegment equal to another given Line, or known 
meaſure. | 


AB is the firſt given Line, and CD the meaſureofth e 


Extend the Compaſles from C to EL + 
with the Radius CD, ſetting one Point of the 


off), as A, with the other Point, draw a ſmall 
Ark cutting the Line AB, at E. Q E. F. 


2:1 After the ſame manner, any portion of an p AE: 


Ark of a Circle may be cut off, As AeB, 


| APPL. In delineating, the given Line AB may be ſuppoſed to 


be an indefinite Line already drawn ; or, it may repreſent a cer- 
tain meaſure, by ſome Scale, ſuppoſe 5 Feet, being made 
equal to 5 Diviſions on the Scale; and it is required to cut 
off 3 Feet from the extreme Point A, of the Line AB, or two 
Feet from the other extreme, B. 

By which means, a Right Line may be divided in any Pro- 
portion required. ̃ | | 
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PROBLEM lv. 23.1. Euclid, 


To make an Angle, equal to a right-lined Plane 
Angle given. 


n is the given Angle, and DE a Line given; 
it is required to make, at the point E, an An- 
gle, with the Line DE, equal to the given 


Angle. 


tex of the given Angle, B, deſcribe an Ark, 
a b, cutting the two Sides AB and BC in the 
Points a and bbb. — Poſt, 4. 

With the ſame Radius, on the Point E, draw 


In the Ark DF; take the meaſure of the Ark ab 
in your Compaſſes; make DF equal ab. - 2. Pr. 3. 
Draw EF through the Point F; and it is done; Q, E. F. 


The Angle DEF is equal to the given Angle ABC; 
i. e. FE inclines the ſame to ED, as AB to BC. 


This is evident, from the Theory of Plane Angles, Art. 4. . 


a b and DF being equal portions of equal Circles. 


Or, by drawing the Chord Lines ab and DF, the Tri- 4 


With any Radius, at diſcretion, on the Ver. | 4 


angles Bab, EDF, are Congruous, - = - - Con. 


And the Angle DEF is equal AB C. P. 7.1 8 


APPL. From this Problem we learn to delineate, i. e. to lay I i 
down or draw, on Paper, any right-lined Angle, of a piece 


of Ground or Building, &c, which we have meaſured, to torm 


a Plan of it, 


(2 
. 

„ 
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The Angle may be taken in the manner foflowing. 


} If it be an internal Angle, as CBD; ſet oft NED 
l. equal meaſure, from B, to C and D, and draw, or 
$ meaſure only, the Diagonal, or Chord CD. 
* 9 Suppoſe you have made B C and BD each 1 
1 5 feet, and the Chord CD meaſures 6 feet 6 inches, 


or as it happens; then, by a Scale of equal Parts, _/__ 
| having drawn BD, at diſcretion, take 5 diviſions 28 
pu off the Scale; which may be either inches, half 


1; 8 inches er any other meaſure, provided they are 4 
"IF equal. 
n- = With that Radius, on B, draw the Ark CD, cuting BD in D. 
en Take 6% of the ſame diviſions in your Compaſſes; and, ſetin 
2 one Point in D, make a ſmall Ark, at C, with the other, — F 
2 draw BC. 
by So ſhall CBD be an Angle latd down, equal to the Angle 
r. = which was meaſured, 
* 2 For (by N.B. Def. 8.) the length of the Lines or Sides 
he | makes no difference in the Angle; wherefore, if the Lines BC 
4. and BD were produced, equal to the Originals; i. e. equal 
5 5 feet each; then would CD meaſure 6 feet 6 inches, and the 
Angle CBD would remain the fame; which is obvious, if Bc 
ab 3 and Bd be taken a half or a third part, or any other portion of 
LY K BC or BD; for then, cd will be the ſame portion of CD ; viz, 
F, 4 a half or third, &c. 
= | But, if ABC be the external Angle of a Building, fo that, 
C; by reaſon of the obſtruction of the Walls, &c. we cannot obtain 
8 the meaſure of the Chord Line, AC, it muſt then be got by its 
_< Complement of two Right Angles ; i. e. by producing one Side, 


as AB, to D, and proceeding as before. 


For, having aſſumed the Point B in the 
Right Line AD, and made the Angle CBD 
equal to the Complement of two Right 
Angles; the remaining Angle, ABC, is 
the inacceſſible Angle required. 
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EM V. 2. LEuclid. 


/ 


Io draw a Line through a given Point, which ſhall 
be parallel to a Right Line given. 


AB is the given Line, and C is the Point given. 


Through C, draw at pleaſure a Right Line, 
as CB, cuting the given Line, AB, in the 
point B, 


With any Radius, on B, deſcribe the Ark Aa; 
and, on C, the Ark bD, with the ſame Radius, 
Make bD equal to Aa, „„ - Pr. 3. 
and through the Points C and D, draw a Right Line. 
Which will be parallel to the given Line AB, Q. E. F. 


For, the Alternate Angles ABC and BCD are equal. Con, 
Therefore, CD is parallel to Ag. P. 4. 1. 


Otherwiſe, thus. 


With any Radius, at diſcretion, ſet one Point 
of the Compaſſes in the given Point, C, and 
fix the other, at pleaſure, in E, either in the 
1 Line or out of it; on which Center deſcribe a 
Circle, paſſing through C; or draw the Arks 
AC and BD only. 

Make BD equal AC, and draw CD; 
Then is CD parallel to the given Line AB. Q. E. F. 


For, let CB be drawn. 


Du. Then, the Angles ABC, BCD are equal. Cor. 10. 3. 
Therefore AB is parallel to P). P. 4. 1 


Take 
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Or, when the Lines are very long, the following method 
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is the moſt eligiblg. C 


Take the diſtance of the gi; 


Oy EI og 


] 


ven Line AB, from the given 
Point C, in the Compaſſes; as CA; and, aſſuming any 
Point, B, towards the other end of the Line, deſcribe an 
Ark, at D, with that Radius, 

Apply a Ruler to the Point C and the Ark; at D, and draw 
CD; which will be parallel to AB. » Def. 7 


For, the Perpendiculars, AC and BD, being are e- 
qual, by Conſtruction, 


PROBLEM VI. 11. I Euclid. 


To draw a Perpendicular, from any Point, in a given 
Right Line. {| 


AB is the given Line, and, let C be the Point given. 


With any Radius, on the given Point C, 
deſcribe a Semicircle, cuting the given Line in 
two Points, A and B; i.e. make CB equal CA. 

Then, with ary Radius, greater than AC, 
on A and B, deſcribe two Arks interſecting at 
D, and draw CD. 


The Line CD will be perpendicular to AB. Q. E. F. 
For, draw DA and DB. 


Dru. Then, the Triangles ADC, C DB, are congruous, 
Wherefore, the Angles are reſpectively equal, and ACD 
is equal DC B. - EO ns 
Therefore, C D is perpendicular to AB. Def. 10, 


After the ſame manner, a Perpendicular may be erected 
en ws Ark of a Circle, AEB, at the point E, 
EE P R O- 
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PROBLEM VII. 12.1. Euclid. 
"EVE 3 


To draw a Perpendicular to a Right Line, from a 
given Point which is out of the Line. 


Let C be the given Point, from which it is required to 
draw a Perpendicular to AB, 


\ On C, the Point given, deſcribe an Ark, 
with any Radius greater than CE, the neareſt 
| diſtance to the given Line, cuting it in A 
J Rn  ! 4. 
With the ſame or any other Radius, on A 
and B, deſcribe two Arks, interſecting at D. 
Apply a Ruler to the Points C and D, and draw CE; 
Then will CE be perpendicular to AB. Q. E. F. 


For, draw AC and AD, BC and BD. 


Dau. The Triangles ACD, DCB are congruous. Con. 
_.-, Wherefore, the Angle ACE is equal to ECB.—P. 7. 1. 
_*2 Con, the Triangles ACE, ECB are alſo equal.— 8. 1. 
And the Angles AEC, CEB, being equal, are con- 
ſequently % - = . 8. I» Is 


Jn the ſame manner, a Perpendicular may be drawn to 
the Ark of a Circle, AFB, 


Therefore, CE is perpendicular to AB. Def. 10. 
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Y PROBLEM VIII. 10. J. Euclid, 


de more than half the given Line) on each ex- 
. treme, A and B, deſcribe two Arks, cuting 
| 0 each other, at C and D. | 
1 Draw the Right Line CD; which will bi- / 


To biſe& a given Right Line, AB, 


With any Radius, at pleaſure (provided it 


ſect, or divide into two equal Parts, the given 
Line AB, in the Point of their common inte- 
ſection E. Q. E. F. 


Draw AC and AD, BC and BD. | — 


Dem. Then, AC BD is a Parallelogram; by Con. P. 15. 1, 
And, the two Diameters AB and CD biſect each other, 
in ies Sn, . - . - - Fan 


This Problem may be deduced from and proved as the 
foregoing. 


After the ſame mannet an Ark of a Circle may be bi- 
ſeted ; as AFB in the Point F. 


N. B. It is not neceſſary to draw the whole Arks from C to D, 
but only the Interſections at C and D; the reſt are uſeleſs, 


PR O- 
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PROBLEM IX. 9. I. Euclid, 


To biſect a right-lined Plane Angle. ABC. 


On the Vertex, B, of the given Angle, de- 
ſcribe an Ark, ab, at diſcretion, cuting both 
Sides, in a and b; and, on the interſection a, 
2 with the ſame Radius, draw the Ark CD. 
Make CD equal ab (Pr. 4.) and draw BD. 
Then will BD biſect the given Angle ABC. 


Compleat the Semicircle CDAB, and draw a D. 


DEM. Then. Da C is an Angle at the Center, and DBC 
is at the Circumference of that Circle. 
Th. Da C, (eq. ABC, Con.) is equal twice DBC. P. . 3. 
And conſequently, ABC is double of DBC. Q, E. N. 


r, an Angle may be readily biſected in this manner. 


On the Vertex B deſcribe an Ark, AC, as before. 
On the two Interſections, A and C, with the 
ſame, or any other Radius, deſcribe two Arks, 
cuting each other, at D. | 


Draw BD; which biſeQs the Angle ABC. 
g Draw DA and DC. 


Dru. Then, the Triangles ADB and DBC are con- 
gruous, by Conſtruction. 


Therefore, the Angle ABD is equal DB C. P. 7. 1. 


Angles may be thus divided into four, eight, or ſixteen equal 
Parts, by biſecting again and again; but there is no geometrical 
method, by which, Angles, or curved Lines, may be divided into 
any equal Parts, at pleaſure, as a Right Line may be divided; 
otherwiſe than by dividing the Ark with Compaſſes. | 

| APPL, 


wo — — — 2 5 — 
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APPL. By this Problem, Carpenters and Joiners, &c. find, what 


4 they call, the Mitre of any Angle (whether it be Right, Acute 

4 or Obtuſe) with eaſe and expedition. | 
1 1 In returning, or breaking 8 at an Angle, whether 

8 | external or internal, the Angle biſected is the Mitre; in which 

% the Mouldings will exactly fit each other. | 

1 © 

= PROBLEM X. 

4 To make a Right Angle; or, to draw a Perpendi- 

R cular at the extreme Point of a Right Line. 

1 | It is required to make a Right Angle, at the extreme, B, 
of the Right Line AB. 

I Set one point of the Compaſſes in the point "AD 
Z; and, with any Radius, at diſcretion, fix the | N 
bother Point, at pleaſure, at C (on that ſide, 2 \/; 
you require the Perpendicular) and draw the | 
Ark ABD, through the Point B, and inter- 4 I. 
ſecting the Line AB in A. * 5 
Draw a Right Line through the Interſection A . 


and the Center C, cuting the Ark on the oppoſite Side, at D. 
4 q Draw BD, which will be perpendicular to AB, Q. E. F. 


Dem. For the Angle ABD, being in a Semicircle, is a 


Right Angle. - -  P. th. 


Or, it is frequently, and not inelegantly, performed mus. | 


It is required to draw a Perpendicular, to AB, at the ex- 
treme Point A, + | | | 


/ 


7 
Fi 
4 
910 —— — IX 


9 


40 PRACTICAL GEOMETRY. . 
Fix one point of the Compaſſes at A, and : 
| with any Radius, deſcribe the Ark BCE, cut- i 
* ing Ag in B. 1 
—F On B, deſcribe the Ark AC, cuting the 8 
L J former in C; on which Center deſcribe a 
x Circle, or an Ark AED only; and on E, 


A — {——pwhere it cuts the Ark BCE, draw ACD, ot 8 

cut the other Ark, only, at D. 1 

Draw AD, which will be perpendicular to AB. Q. E. F. 0 

Or thus, without the Point E. "oj 5 

Deſcribe the Arks BC and AC, interſecting at C. wy 
Through B and C draw the Right Line BCD, indefinite. 


Make CD equal CB, and draw AD; and it is done. 


af 's 
4 * 
* * * * 
5 ; 
2 2 * K * 
1 N - 
* „ Eo * 


By producing B A to F (making AF equal AB) and 
FD being diawn, it is demonſtrated as the 6th. 


The uſe of Right Angles, perpendicular and parallel Right 
Lines, are ſo well known, that it would be unpertinent to point 
them out; particularly to thoſe concerned in building, and va- 

rious other mechanic Arts. They give beauty, ſtrength, utility, 
and conveniency to a Building and its ſeveral Appurtenances ; 


alſo the execution, of the ſeveral parts thereof, depends on them 
entirely, 


Ax 
233 — —-V—̃ ——— eee — 


PROBLEM KI. . 


7 


n With the Radius AB, the given Line, and 
on the extreme Points A and B, deſcribe two, 

Arks AC and BC, interſecting at C. 1 In 
Par AC and BC; and it is done. Q. E. F. 
\ This needs no Demonſtration ; for it is evident, I 


that the three Sides are all equal, ſeeing, they are M 
— HP B all Radii of equal Circles. 4 
P R O- 
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PROBLEM © 
To make an Iſoſceles Triangle. 


1 A and C D are two given Lines; of which, 
8 | let AB be the Baſe. 


Take the Line CD in your Compaſſes, and * 
& with that Radius, on the extremes of the other 
Line, A and B, deſcribe two Arks, interſecting 
at E; draw AE and EB; and it is done. QE. F. c an 
Ig the other Line, CD, had been required fr 
_ the Baſe, the operation would be the ſame; taking AB for 
Radius, & drawing the Arks, interſe&ing F; draw CF & FD. 
d EE Lo 
PROBLEM XIII. 
nt == 
- To make a Right- angled Triangle, having two 
„ Lines given for the Sides containing the Right 
* Angle. 5 


Let AB and C be the two given Lines. 


id. On either Line, as AB, and, on either ex- 
eme, as B, make a Right Angle AB D. — 10. 
\B. Make BD equal to the other given Line, C,-2. Ape I 


vn nd draw the Hypothenuſe AD; = Poſt. 2. C _ 
nb is the Triangle required, AE. F. 


The uſe and application of Triangles, in general, are almoſt 
niverſal, in mathematical Sciences. The Iſoſceles and Right- an- 
led are particularly uſeful in Perſpective, 


. „B. The Properties of the Right-angled Triangle are fully ex- 
latned in the ſcventh Propoſition of the fixth Book of Elements. 
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PROBLEM XIV. 232. I. Euclid. 


To make a Triangle, of three unequal Lines given; 


— any two of which muſt be greater than the other. 


F, G, and H, are the three given Lines, 


— 2 


Let them be placed at the ends of 


each other in one Right Line, in 
what order you pleaſe, i. e. having 
drawn the Right Line AD indefi- 
nite, make the Segments, AB, BC, 


and CD, reſpectively equal to the gi- 
yen Lines, F, G, H. | 

With the Radius AB, on B, deſcribe a Circle, or the 
Ark AE only; and on C, deſcribe the Ark DE, with the 
Radius CD, cuting the other Ark in E; draw BE and 
EC, and it is done, Q. E. F. 


This Problem and the two laſt need no Demonſtration ; every 


thing being as required, by Conſtruction; agreeable to Def. 26. 
28. & 30. 


N. B. The Triangle B E C would he the ſame, if either of the 


other two Lines, F or H, had been made the Baſe, by placing it 


in the middle; only the poſition of the Triangle would be va- 


—— — *. — 


ried. This follows from Prop. 7. 1. of Elements. 


2. There is no 2 for placing'them, at all, in this manner; 
only, with the different Radii of two of the Lines, draw Arks, 


any one for the Baſe. 


p R O- 


on the extremes of the other Line, cuting each other; taking 


is * 


* 


like ſituated, to ABC. £ | 
5Y At the Point D, of the given Line, make an | 


E- 8 Angle EDa, equal to CAB, of the given Tri- 8 
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PROBLEM ©. 


To make a Triangle, ſimilar to another Triangle“. 


Let ABC be the given Triangle, and DE 


RE a Line given, on which to conſtruct a Trian- 


© ole; ſimilar, and in a ſimilar Poſition, i. e. a- 


— 


> 
_ . 
f * 


angle, by - -— . „ 


2 And, at the Point E, make the Angle DEb, equal to ABC. 


9 Produce Da and Eb, meeting in F. — —Poſt: 3. 
7 The Triangle DEF will be ſimilar to ABC. Q. E. F. 


0 A Deu. For, the three Angles are reſpectively equal. C. 5. 10. 1. 
Therefore, the Sides are proportional, - = P. 4. 6. 


Conſequently, the Triangles are fimilar. = - Def. 1. 6. 


— 


. = 


ep. This Problem is of great uſe in various Profeffions. For, 


bs it we learn to take Altitudes and Diſtances, though ever 
ſo inaccefſibley or, the Surveyor takes his Bearings, and lays 
don a Plan of the Ground he ſurveys; by it, the Mariner 
plans the Courſe in which the Ship ploughs the Ocean; 
and the Mechanic plans the Ground, on which he intends to 
bold, &c.; in ſhort, it is almoſt of univerſal Uſe ; which, to 
enumerate, is not neceſſary in this place, 
Poor ſimilar Figures, fee Def. 1. of the 6th Book of Elements. 
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44 PRACTICAL GEOMETRY. 


PROBLEM XVI 8. VL Euclid. 


To make a Figure, fimilar to any given right-lined 
Figure. | 


Let ABCD E be the Figure given, and ae a Line given, 
on which to conſtruct a Figure, ſimilar, and alike ſituated 
to the given Figure, | 


Draw the Di „ AC, AD, BE, and CE. Þ 


On the given Line, ae, make the Triangle 
abe, ſimilar to the Triangle ABE, in the ori- 
gina] Figure, by the foregoing. = = Pr. 15. 
A(balſo, make ace ſimilar to ACE, & ade to ADE 
Join be & cd, which compleats the Figure. | A 
| abcde is ſimilar to ABCDE, QE. F. 


This method is deduced from the foregoing Problem; for, al! 
right- -hned Figures are compoſed of, or may be reduced into "© 

right-lined Triangles. It is demonitrable from 4. and 13. of 6. El. 
The Application of this Problem is evident. 


It may be thus performed, when required bigger. is 
On AB, the given Line, deſcribe a Pentagon, 
Abcde, congruous to the given one, by redu- Y 
cing the given Figure into Triangles (as above) 9 
and making Abc, Acd, and Ad e, reſpective of 
ly equal to them, = = 1 8 „ 1 
produce AE, and the Diagonals, Ac, Ad, indeſinite. 
Draw BC, CD, and DE, parallel to the Sides be, cd, 
and de, reſpectively ;*cuting the Diagonals and Side AE, 
in the Points C, D, and E. ABCDE is ſimilar to Abcde. 


After the ſame manner, any Poligon may be increaſed or 


diminiſhed in any Proportion; demonſtrable by 2. 6. El. 
P R O- 
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| ABCD is the Rectangle required. 
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PROBLEM XVII. 46.1. Euclid. 


To make a Square on a given Line, AB: 


— 


On either extreme of AB, make a Right 


Angle; as ABC. - „ 6 
Make BC equal AZ. Pr. 2. 
Then, with the Radius AB, on A and C, 
deſcribe: two Arks, interſecting at D, and 
draw AD and DC. 


The Quadrilateral ABCD is a Square. — 25 


Dem. For it is equilateral, by Conſtruction; 
conſequently it is a Parallelogram. - P. 15. 1. 
Wh. the Angle D=B; conf, D is a Right Angle.-10. 1. 
But, the Angles A and C are alſo equal ; conf. Right. 
Therefore, AB CD is a Square, = = - Def. 35. 


PROBLEM XVIII. 
To make a Rectangle; two Lines is given; AB & E- 


Make ABC a Right Angle. - - Pr. 10. 


Make BC equal to the Line Ez - - 2. 
Draw AD parallel to BC, and CD to AB.--5. 


Dem. For, it is a Parallelogram, - Con, 


Wh. the Angle D is equal B, and A equal C. P. 1ST. N 


But, the Angle B is a Right one. Con. 
wherefore they are all Right Angles; - - Th. 1. 10. 1 
and therefore it is a Rectangle. Def. 34+ 


The Square and Rectangle are of great uſe in the mechanic 
Arts; as moſt regular Figures are Rectangles. 

In Menſuration, the Area of every Figure is reduced to a 
ſtandard meaſure ; by the Square, or other Rectangle. 
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PROBLEM XXX. 


To conſtruct a Parallelogram under a given Angle, 


and having its Sides equal to given Lines, of de- 
" — length. . 


——— — —— 


AB and E are the given Lines, and X the given Angle. 


1. At either extreme, of either Line (as A) 
| 2 make an Angle, BAD equal to the given Angle. 
— —Þ Make AD equal to E, the other given Line. 
+ 208 X Through the Points D and B, draw DC paral- 
lel to AB, and BC to AD, meeting in C.-Pr. 5. 
0 v0 22 Then is ABCD the Parallelogram required. 
41 
This needs no Demonſtration, every thing being as required 
by Conſtruction. 


The oppolite Sides and Angles are equal, by - - P.15. 1, 


APPL. By this Problem is delineated Plans, &c. of four fided 
Objects which are not right-angled, but, whoſe oppoſite Sides 
are equal. Any one Angle, being taken, determines all the reſt. 


11 En IKE. 4a LEvckie 


To make a Rectangle, or any other angled Paral- 
lelogram, equal to a given Triangle. 


FR 1 -6- Eo 


1 


ABC is the given Triangle. 


Biſect any Side, as ACi in the Point D.—8. 
Draw EF, through the oppoſite Angle, B, 
parallel to A c. - Pr. 5. 
Draw DG, from the point of biſection, per- 
pendicular to the Baſe AC, cuting EF in G. 
Laſtly, draw CF parallel to DG, 

The Regt Dor C is equal to the Triangle ABC. Q. E F. 


Or, 


lan 
OG CO OY: —— — 
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Or, if the Rectangle AHIC be conſtructed on the whole 


| 4 | Baſe, AC, and half the perpendicular Altitude, B K, it will 
| be equal to the Triangle ABC. 


Deu. For, it is half the Rectangle AEFC, which is 


double the Area of the Triangle AB C. 17.1. 


N. B. If any other angled Parallelogram was required, you 
muſt proceed as in Prob. 19. making the Angle CDG or DCF 
equal to the Angle given; ſtill keeping the ſame Altitude; 1. e. 
between the ſame Parallels, A C and EF, and the ſame Baſe 
DC or AD. | 


SCHOL. From hence, and from the 17th Propoſition of the firſt Book 


of Elements, the whole Theory of Men/uration is deduced; as all 
Figures whatever, except Parallelograms, are reſolved into Tri- 
angles in Menſuration. | 

From the 17th of the firſt Book we learn, that every Triangle is 
equal to half a Parallelogram of the ſame Baſe and Height; con- 
Sequently, the Rectangle D G F C is equal to the Triangle ABC, 
<vhich is on half its Baſe, AC, and the ſame height, GD, 
equal BK. 


Cor. Hence, the Rule for meaſuring a Triangle is to 


multiply the Perpendicular, B K (equal GD) by half the | 
Baſe, AC (equal DC) or the whole Baſe, AC, by half 
the Perpendicular BK (equal AH); the firſt gives the 
Rectangle DGFC, the other is the Rectangle AHIC; 
either of which is equal to the Triangle AB C. 


For, if the whole Baſe A C be multiplied by the Perpendi- 
cular BK, it gives the Area of the Rectangle AEFC which is 
double of the Triangle (17. 1,) conſequently, half that Sum 
is the Area of the Triangle ABC; and alſo of the Rectanglo 


DGFC or AH IC; which is, therefore, equal to the Tri- 
angle given, 


PRO- 
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PROBLEM XXI. 


To make a Parallelogram, under any given Angle, 


equal to a Rectangle, and having tlie ſame Baſe. 


AB Cb is the given Rectangle. 


F Make the Angle DAE equal to the given An- 


gle, cuting BC in E, by - Pr. 4. 
Produce BC; and draw DF parallel to AE.-5. 
The Parallelogram AEFD is equal to the given 
Rectangle ABCD. - <- P. 18. 1. 


D 


Or, it may be thus demonſtrated, 
EM. AB is equal DC (15. 1.) and BE is equal CF. Ax. 7. 


'for, EF (eq. AD) is equal to BC; and EC is common. 


And, the Angle ABE is equal to DCF. P. 4. 1. 


conf. the Triangle AEB is equal to DFC. 8. 1. 


' Wherefore, if from the Rectangle ABCD there be taken 
away the Triangle AEB, and an equal Triangle DF C 


be added, the Par. AEFD is equal to the Re. ABCD. 


Con. 1. Hence it is evident, that two Spaces may have the 


ſame Area, yet differ greatly in compaſs or circuit. 


For, the Sides AE and DF, of the Parallelogram AEFD, 
are greater than AB and DC of the Rectangle ABCD. 12. 1. 
But, EF is equal BC (Ax. 3.) for each is equal A D.— 1. 1. 
Therefore, the Circuit of the Par. AEFD is greater than that 


of ABCD; and they contain equal Areas. 28. 1, 


Cor. 2. From hence is deduced the general Rule for mea«- 


ſuring all Parallelograms ; which is, to multiply the Baſe, 
i. e. any Side (as AD) by its perpendicular height, (CD) 
For it gives the Area of the Rectangle AB CD, and conſe- 
quently of the Per. AEFD, which is equal to the Rectangle. 
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PROBLEM XXII. 


zum; ABCD. 


Draw either Diagonal, as AC; to which, 
draw the Perpendiculars BE and D F,, from 
the oppoſite Angles. = - 7 


Biſect the Perpendiculars, B E and FD, in 


G and H. — — — Pr. 8. 


Through the Points Gand H, draw IK and 


LM parallel to AC. - Pr. 5. 
and through A and C, draw IM and KL, 
perpendicular to AC, - - 10. 


To make a Rectangle equal to a given Trape- 


The Rectangle IK LM is equal to the 'Trapezium ABCD. 


Dem. For, the Rea. AIKC is equal to the Triangle ABC, 
and the Rect. ACLM is equal to the Triangle ACD. 20. 
Conf. the Ret. I RLM is equal to the Trap. ABCD, Ax.3. 


Otherwiſe, 


Having drawn a Diagonal and Perpendicu- 


lars, as before; biſe&t the Diagonal, in 
the Point G. - — - Pr. $. 
Draw BI and MK through the Angles B 
and D, parallel to the Diagonal (A C), 
and, through G and C, draw HL and IK, 
parallel to BE and FD, cuting BI and MK 
in the Points H and L, I and K. 


W. In 


Then, the Rect. HIKL is equal t ta the Trap. ABCD. 


Du. For, the Rea. GHIC is equal to the Triangle ABC. 


and ihe Ret, GLKC is equal to the Triangle ACD. 20. 
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N. B. By this Problem and the laſt may be performed the 

«th of Euclid, without the affiitance of the next, which lie 
makes uſe of, and much readier ; mating the Parallelogram un- 
— a given Angle, as hikl, which is equal to III. by the 
al 


Cox. Hence we learn, to find the Area of any Quadrilate- 
ral whatever ; the Rule for which is, to multiply the 
Diagonal (AC) by half the Sum of the two Perpendi- 
culars (Fig. 1.) or, the Sum of the two Perpendicuiars 
(BE and FD) by half the Diagonal (GC, Fig. 2.) or, if 

we multiply the whole Diagonal by the Sum of the two 
Perpendiculars, they will give the Area of the Rectangle 
MNIK; half the Sum, of which, is the Area of the I'ra- 
pezium ABCD. 


It may appear firange, to thoſe who have not conſidered it, that 
the Arca of any Figure ſhould be obtained without meaſuring its 
Sides; which are of no uſe in this operation. 


But, having well digeſted what has been advanced, they will 
find, that the whole buiinets of Menluration is to find a Recl 
angle equal to any Figure; for (as ] ſhall make appear hereafter) 
the multiplicat ion of any two Numbers, applLed to meaſure, de- 
notes a ReQanygle of ſuch Dimenſious. 


Now, ſince it ſeldom happens, that a Trapezium has either 
Right Angles or parallel Sides, it is plain, thai they cannot be of 


any uſe tœwards obtaining its Area; whereas, the Diagonals and 


P crpendiculars are at Rig! ht Angles with cach other, 


A Diagonal divides : any Quadrilateral into two Triangles ; and 
every Triangle is equal to halt a Parallelogram having the ſame 
or an equal Bafe, and the ſame Altitude. (Prop. I, 4, . 


Hence, it is eaſy to account for the Rules given for meaſurins 
a Trapezium, as two Triangles having a common Paſe; Which 
is a Diagonal of the Trapezium. 


For, every Trapezium is equal to half a Parallelogram which 
circumſcribes it, having two Sides parallel to cither Diagoual; 
and all Paratlelcgr ams having the ſame Baſe and Altitude are 
equal (18. 1.) . they are equal to a Rectangle of 
thoſe Dimenſions, 

P R O- 
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« bY ; 12 : 
x 1 PROBLEM XXIIL. 44 . Ech& 
: To make a Parallclogram, equal to a Triangle, ha; 
= ving an Angle equal to a given one, and 2 Side 
, 1 cual to a given Right Line, 


- & 
. 4 ABC is the given Triangle; x the Angle, 


and Z the given Line, 


' 
* 
1 


Make the Parallelogram DEF C, equal 


to the Triangle ABC, whoſe Angle, at D or 


' C., is equal to the given Angle, X.—Pr. 20. 
F Produce DE indefinite; alſo, produce AC; 
and make CH equal to the given Line, Z;-2. 
From the Point H, and through the Angle "3 TC nu 


F, of the Parallelogram DE FC, draw HI, cuting DE, © 


produced, in J. 
8 EI, is the other Side of the „ Parelickbginm, ſought ; 
8 which may be compleated by Prob. 19. 


2M Draw L parallel to AH, and HL parallel to DI meet- 
, M ing at L; produce EF to G, and CF to K. 


| 3 

= Deu. The Par. K LGF (having its Angles, at K and G, 
= equal to the given Angle X, and a Side, FG, equal to a 

4 given Line, Z) is equal to the Par. DEF Cy P. 19. 1. 


which, is equal to the Triangle AB C. Pr. 10. 


SCHOL, This is, properly, geometrical Diviſion, | 


— 
1 
11 
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sz PRACTICAL GEOMETRY. 


Let the ReQangle ARD be any Quantity given, to be di- 
vided ; whole Area is 24; the Side AB being 6, and AD 
4 equal Parts; it is required to be divided by 3. 


— — 


G H Produce any Side, as AB; and make BE 
| equal 3 (half AB) alſo produce AD indefinite. 
Through E and the Angle C, draw E C, and 
produce it, cuting AD produced, in F; 

DF will be equal 8 of the diviſions, or twice 
AD, which is the Quotient ſought, 


1 Compleat the Ret. AEHF; produce BC to 
I, and DC toG; the Ret, CH=AC.' 


D | a 

For, CI is equal DF, i. e. equal 8; and, C G is equal BE 
equal 3; 8 multiplied by 3, is equal 24, the Area of CH; 
which is equal to the Dividend, or the Rectangle ABCD. 


If the Diviſor had been 8, equal D F, the Quotient would 


have been 3, equal BE. 


If a fractional Number was given for the Diviſor, the Quo- 
tient would, moſt probably, be fractional likewiſe; for the Rect- 
angle under the Diviſor and the Quotient will always be equal 
to the given Rectangle, which is the Dividend. | 

As in Diviſion, the Quotient multiplied by the Diviſor is 
(when there is no remainder) equal to the Dividend ; which 
proves the work to be true. 


N. B. It is equal, which way the given Rectangle is ſituated, 
in this operation; or which Side is produced for the Diviſor; 
the Quotient, will always be the fame. 


PROBLEM XXIV. 


To make a Triangle equal to any given Right-lined 
Figure; ABCD E. 


Draw the Diagonals AC and CE; and. 
produce EA, indefinite, = - Poſt. 3. 
From the Angle B, and parallel to A C (the 
adjacent Diagonal) draw BF; cuting EA, 
produced in F; and draw FC. 
| Again, Produce the adjoining Side D E, 
indefinite; and, parallel to the other Diagonal 
CE, draw FG; cuting DE produced, in G; 
draw GC, and it is done, Q. E. F. 
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PRACTICAL GEOMETRY. 53 


The Trizngle GCD, is equal to the given Pentagon 
ABCDE. 


Dem. 1ſt; the Trap. FCDE is equal to the Pent. ABCDE. 
For, ſince FB is parallel to AC, the Triangle AFC is 
equal to ABC (18. 1.) and AIC is common to both; 
wherefore, AFl is equal to IB C. — - At. 7. I 

Then, if from the given Pentagon, ABCDE, there be 
taken away the Triangle IBC, and its equal FAl be 
added 2 the Trapezium FC DE is equal to the given 
Fedtagon. ù¶AT t.. - Ax. 7. & % 

But, the Trap. FCDE is equal to the Triangle GCD. 
For, becauſe FG is parallel to CE, the Triangle EG C 
is equal to TF GW. P. 18. . 
conſ. EG C added to ECD = EFC + ECD. — Ax. 6. 1. 
j. e. the Triangle GCD is equal to the Trap. FCDE. 
But, the Trap. FC DE the Pent. ABC DE. - proved above 
Th. the Triangle GCD is equal to the given Pentagon. 


Or, if the Side AE had been produced both ways, and 
DH drawn paralle] to CE, cuting AE in H, and if HC 
be drawn ; the Triangle FCH is alſo equal to the given 
Pentagon, equal to the Triangle G CD. 

For, the Triangle CHE is equal to C DE. 18. 1, 


SCHOL. By «vhich means, a Triangle may be readily conſtructed, 
whoſe Altitude ſhall be equal to the Altitude of the Poligon ; or, 10 
« Perpendicular, from any Angle to any Side; as CDor CK. 
Or, any one Angle, as D, and an adjoining Side, CD, of the 
Poligon, may be retained in the Triangle. 


I have been more particular in the Demonſtration of this Pro- 
blem than in any of the former ; becauſe, it way, to ſome, ap- 
pear, at firſt fight, rather intricate ; which it certainly is not, 
being properly analized. 

rom hence, and from Prob. 20. a ReQangle may be found or 
conſtructed equal to any given right-lined Figure; and, by 
Prob. 25. the Side of a Square, equal to a given Rectangle, is 
readily obtained, 


But 


3 
2 
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SE Ce iS 
% * 4 * P * 
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But, as the operation, in a more complex Figure, may nat be 
readily performed, without an Example, I fhall brictiy go 
through the whole proceſs ; and alſo, ſhew how much it is pre- 
ferable to the 14th Prop. of the 2d Book of Euclid; viz. Ho 
find the Side of a Square, which is equal to any given right-lined 
Figure. | 
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Let ABCDEFGH be the given Figure. 


G 1 

| 9 
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Firſt, draw the Diagonals BH, BG, GC, &c. 
Produce the Side GH, and, draw Al, parallel to the Dia- 
gonal B H; cuting GH produced, at I, and draw BI, 


Now, face Al is par. to BH, the Tri. BH, BAH. 18. 1. 
wherefore, the Tri. BIG, is equal to the Trap. BAHG. 


Next, produce the Side BC, both ways, indefinite, for 
the Baſe of the Triangle fought. | 

From the new-acquired Angle I, draw I K, par. to the 
Diagonal BG ; cuting CB produced, atK, and draw GK. 
Then, the Tri. BEG=BIG, having the ſame Baſe BG. 18. 1. 


But the Tri. BIG is equal to the Trap. BAHG ; 
wh. the Tri. BEG, is equal to the Trap. BAHG.---Ax, 3. 
Conſ. the Triangle BRO, which is added, is equal to the 
Trap. AHG|O, taken away from the original Figure; 
for, BOG is common to both, 
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Again; produce GF; and, from the Angle E, draw EL, 
parallel to the Diagonal FD; and draw DL. 
The Triangle FLD is equal to FED. = - = 18. 1. 
The given Figure is now reduced to a Pentagon, KGLDC. 


Then; produce the Side CD; and, from the Angle L, 
draw LM, parallel to the Diagonal GD; cuting CD pro- 
duced, in M, and draw GM, 


The Triangle GMD is equal to GLD. - - 18.1. 


Lal; ; from the Angle M, and par. to the Diag. GC, 
draw MN, cuting K QT produced, in N, and draw GN, 
The Trianęle GNC is equal GMC; equal to the Tra- 
pezium Gl. DC; equal GFEDC. 

But, the T riangie BKG is equal the Trap. BAHG ; 
wherefore, BEG, added to BGC, added to GNC, is e- 
qual to the Triangle KGN. = - - Ax. 2. 
Conf, the Triangle KGN, is equal to the Trap. KGMC; 
which is equal to the Pentagon EGLDC ; 
equal to the Hexagon EGFEDC; 
£qua] to the Heptagon BIGFEDC; 
equal to the Octagon AHUGFEDCB. 

Therefore, the Triangle KGN, is equal to the given 


Figure. 


Having thus reduced the given Figure to a e it 
is eaſily formed into a Rectangle, by Prob. 20. | 
For, a Rectangle on KR, half the Baſe KN, and GP, 


the perpendicular Altitude of the Triangle, is cqual to 
the Triangle. - 


Or, by Prob. 23. it is eaſily reduce] to a Parallelo- 
gram under any given An le and $i: e, 


5 


SC OL. Let 


Ls off" 4 Cor. * 1. 


. 
— 


— OR 


56 PRACTICAL GEOMETRY. 


SCHOL. Let any one compare this, ævich the 14th Propofition in the 
24 Book of Euclid ; that is, let him go through the operation, both 
ways, in a Figure of as many Sides; I am confident to xuhich he 
ewill give the preference. To jay nothing of the inaccuracy of the 
other, this may be done in leſs than a fourth part of the Time. 
Each Triangle (of which there are fix, in this Figure) goes 
through two operations, VIZ. 20th and 2 3d of this; aud are add- 

8 ed, ſeparately into one Sum, or Reflangle, Whereas, by this me- 
thod, the Figure is reduced one Side at every operation; from a 
Hexagon to a Pentagon, from a Pentagon to a als mhenaes from 
a Trapezium to a Triangle; each, being equal to the original Fi- 
gure : and, from a Triangle to a Rettangle, or other Parallelo- 
gram under any Side or Angle; by the 23d. 


APPL. This Problem, may be applicable in ſeveral Caſes, in 
ſurveying, &c. with the greateſt accuracy. e. g. | 
If you would exchange an irregular piece of Ground in one 
Place, for the ſame Quantity in another, ſuppoſe to build on ; 
which, by reaſon of the contiguous Buildings, is confined to a 
certain Angle, which 1s the given Angle ; the length in Front 
may be conſidered as the given Side ; the Queſtion is, what 
Depth of Ground from the Front is required, to be equal in its 
Area to the other. 

Having firſt reduced the original given Figure to a Triangle, 
by this 7 Aria it is then convertible into a Parallelogram 
under any Side and Angle, by the 23d; or, into a Square by 
the following. 


PROBLEM XXV. 
To make a Square, equal to a Rectangle. ABCD. 


- B Produce any Side, as AB, of the given 
ReQangle, until it be equal to the adjoining 
Side, BC; i. e. make AE equal to AB and 
BC, in a Right Line. 
Biſect AE, in F; on which, with the Radius 
AF, equal FE, deſcribe a Semicircle. 
Produce CB, till it cuts the Arch, atG; 
* '© : or, at the point B, draw BG perpen. to AE. 
Deſcribe the Square BGH on the Line BG. 
| | Dem, Is 
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Du. It will be equal to the Rectangle ABCD. = 14. 3. 
Alſo, BG is a mean Proportional between AB and BE, 

Conſ. the Rectangle under AB and BE (i.e. DB) is 
equal to the ſquare of B G (i. e. On by—Cor. to 9. 6. 


N. B. In the performance of this Problem it is not neceſſary 
to conſtruct the Rectangle; but only, to draw a Right Line 
i {AE) in which, take AB and BE equal to the meaſures of 
the two Sides, * proceed as above, 


\ % 


+ 


PROBLEM XXVI 


To divide a Triangle into two equal parts, by a 
Right Line drawn from any 1 ven, in a Side. 


3 Let D be the given Point, in the Side AC, 
of the Triangle ABC. 


Biſect the Side AC, in E, and draw EB, to 
the Vertex B. 

Draw DB, and EF parallel to it, cuting B C 
in P, and draw DF. 

The Trapezium ABFD, is equal to the Tri- 
angle DFC. 


A | Dem, Becauſe. AEZEC, the Tri. ABE=ZEBC.— 18. 1. 
Bur, EF is par. tS DB; wh. the Tri. BED=DBE--fame, 
conf, BED + ABD is equal to DBE+ ABD. - - Ax. 6. 
And, the Triangle ABE is equal to EBC. -- above. 
wi, the Trap. ABFD, is equal to the Tri. ABE, eq. EBC; 
2nd conſequently, to the Triangle DFC. 
Therefore, the Right Line DF divides the Triangle 
ABC into tuo equal Parts. Q. E. F. 


1 8 
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PROBLEM XXVII. 


To divide a Trapezium into two equal Parts, by a . 
Right Line, drawn from a Point given in any Side. 


Az Cb is the Trapezium given, and E the given Poiat, 
2 | p 


Through the Angle B, draw BF, parallel to AD. — 5. 
Biſect AD and BF, in Gand H; and draw GH and HC. 
1 hen the —— ABCHG is equal to the Trap. HCD. 


Dau. For ties drawn BG and GF) the Triangle ABG 
is equal to GFD, the Triang!e BGH is equal to HGF, 
- a BCH is equalto-HCF. - - : P. 18. 1. 


2dly. In Fig. 2. let ABCHG be equal GHCD, as before. 
Draw GC, and HI parallel to GC, cuting BC in I, 
and draw Gl. 
The Right Line GI biſects the given Trapezium. 


Dru. For, becauſe HE is parallel to GC, the Triangle GIC 
ß:.̃ r lll! . 
. Wherefore, GIC added to GCD=GHC +GECD. Ax. 6. 


Again. Draw EI, and GK —_ to EI, cuting B C 

in K, and draw E K. | 

I 1 that EK divides the Tomi ABCD equally. 
DE, 


Acre GHONMETRY. © 


Dru. For firſt, the Trap. GHCD was proved half ABCD; 
ſecondly ; GICD was proved equal to GHCD ; 

and, EKCD is equal to GI CD. 

For the Triangle EKI is equal to EGI. P. 18. 1. 
Therefore, the Trap. AB KE is equal to EK CD. 


Now, if E had been given near the Angle A, at the 
leſſer end of the Trapezium, the operation would require 
more labour. 


Let Fig. 3. be ſuppoſed the ſame Figure divided, by the 
Line G1, into two equal parts, from the middle Point G 
(as by the ſecond operation) which is neceſſary to be firſt 
done, in all caſes. 


Join the given Point, E, and I, as before; draw GF, 
parallel to EI, cuting CD in F, and draw EF and IF. 
Then, the Pent. ABIFE is equal to the Tri. EFD +FIC, 


For, becauſe GF is parallel to El, the Tri. IFE=EGT. 


But, although the Pentagon ABIFE is equal to half the 
Trap ABCD, it is not equally divided by one Right Line. 
Therefore, draw IH parallel to C D, cuting EF in , 
and draw HC. | | 


Then, becauſe IH is parallel to CF, the Triangle 
ICH is equal to IFH., - - - = = 138. 2. 
Wh. the Pent. ABCHE = ABIFE = the Trap. EHCD. 


Laſtly; join EC, and draw HK parallel to EC, cuting 
CF in K; and draw EK; which Line divides the Tra- 
pezium ABCD into two equal parts, as required. 


For, ſince HK is parallel to EC the Tri. EK C EHC; 
wherefore, EK C added to ECBA=EHC added to EC BA. 
But, ABCHE was equal to ABIFE, equal to ABI G; 
Which, was equal to half the Trapezium ABCD. 

| I 2 PR O- 
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esl. EM Trin. 


To find the Side of a Square, equal to any Number 
of Squares. 8 


Let X, V and Z be the Sides of three given Squares. 


It is required to find the proportion of 2 
Line, on which if a Square be conſtructed, 
0 it ſhall be equal in Area to all the three. 


Make a Right Angle ABD. Pr. 10. 
From the Angle B, take BA and BC, equal 
to any two of the given Lines, reſpectively, 
| asXandY;, and join AC. 

B The Square of AC is equal to the two 
Squares of AB and BC, or X andY. - - P. 20. 1. 


Again. Make BD equal AC, and BE equal Z; 
Draw ED, which is the Line required, 


Dzu. For, ED ſquare = the two Squares of EB & BD, 
But, BD, equal AC, ſquare = A B+BC ſquare, 
Wherefore, ED ſquare = AB+BC+EB ſquare. 

i. e. ED ſquare the three Squares, of X, Y and Z.--20.. 


APPL. By this uſeful Problem, Quantities may be increaſed in 
any Proportion at pleaſure. TY 
Alſo, by means of this Problem, and Prop. 20. 1. Carpenters 
form a Right Angle, in framing Tunber, &c. 
For, having made AB equal 3 feet, and BC equal four; 
then, if AC meaſures 5 feet ABC is a Right Angle. 


N. B. The Numbers 3, 4 and 5 being multiplied, ſeparately, 

by any one Number, at mp produce the ſame effect. e. g. 
f AB be made 6 or 9 feet, and B C equal 8 or 12 feet, then will 
AC be equal to 10 or 15 feet, if the Angle ABC be a right one. 
For, the Square of 9 is 81; and the Square of 12 is 144, 
added to 81 is 225 ; equal to the Square of 15.—.- 20. 1. El. 
When 
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When the Timbers are long, it is neceflary, in placing them 
at right angles, to apply greater meaſures ; which, will give 
the Right Angle with greater accuracy. 


Con. Hence, a Perpendicular may be drawn, very readily, 

at the extremity of a Right Line; by a Scale: of equal 

Parts. As BC, perpendicular to AB, e. g. 

Take, by any Scale, 3, 6, 9, or 12 equal Parts, which, 

ſet off, from B to A; at which point, B, a perpendicular to 

AB is required. 

Then take, for Radius, 4, f8, 12, or 16 Diviſions, of the 

ſame Scale; and, ſeting one Point of the Compaſſes in , +- 

make a ſmall Ark, at C. 3 
By the ſame Scale, take 5, 10, 15, or 20 equal Parts, and 

with one point of the Compaſſes, at A, croſs the former Ark, 

at C, and draw BC; which will be perpendicular to AB. 


For, the Square of AC is equal to the two Squares of A B 
and BC, added together; by 20. 1, El. 


PROBLEM XXIC 


The Sides of two Squares being given, to find the 
Side of a Square which is equal to the difference 


between them; i. e. by how much the greater ex- 
cceds the lets. 


X and Z are the Sides of the given Squares. & 


Draw AC indefinite; in which; take AB 9 
equal X, and BC equal 2. Pr. 3. Dae 
Make ACD a R. Angle, and draw CD, indef.. | 

On B, with the Radius AB, deſcribe the Ark 
AED, cuting CDatD; CD is the Side of | 


a Square, equal to the difference between we 5 
Squares of AB and BC, or X & Z. Draw BD. 
Dru. BD (equal AB, equal X) is the Hypothenuſe of 
the right-angled Triangle DCB ; the ſquare of which, is 
equal to the ſquare of BC added to the ſquare of CD. 
Conſequently, BD ſquare (equal X) exceeds BC ſquare 
{equal Z) by the ſquare of CD; by Prop. 20, 1. 

P RK Us: 


a PRACTICAL GEOMETRY. 


PROBLEM XXX. 13. VI. Euclid. | 


To find a mean Proportional between two given 
| Lines. 


X and Z are the two given Lines. 


It is required to find a Line, to which, either 

of the Lines, X or Z, ſhall have the ſame 

Ratio or Proportion, as that Line has to the 

other. Or, the Square of which, ſhall be 

equal to a ReQangle under the two given 
DR F Lines. 


Draw at pleaſure AC; make AB equal to one of the given 
Lines, as X, and make BC equal to the other, Z. 461 
Biſect AC, in the point D; on which Center, and with 
the Radius AD, equal DC, deſcribe a Semicircle. 

At the Point B, draw a Perpendicular, to AC, cuting the 
Ark at E; and B E is the Line ſought. 


———— — 


DEm. For, draw AE and EC; AEC is a Right Angle--12. 3. 


And, the Perpendicular, BE, in a right-angled Triangle, 


AEC, is a mean Proportional, between the Segments of 
the Baſe, AB, BC, made by the Perpendicular. C.1.7.6.E1, 
Conſequently, AB is to BE, as BE is to BC, — ſame. 
Therefore ABXBC= the ſquare of B E,—Cor. to . 6. 


SCHOL. This is the very ſame, in the operation, as the 25th ; for the 


Side of a Square is a mean Proportional between the two Sides of a 
Rectangle having an equal Area, 
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PROBLEM XXXI. 11, VI. Euclid, 


To find a third Proportional to two given Lines. 


X and Z are the given Lines. 


It is required to find a third Line, to which the greater, Z, 
ſhall have the ſame proportion, as the leſſer, X, has to Z. 
Or, which ſhal! have that proportion to the leaſt; as the 
Jeaſt to the greateſt. 


Make a Right-angled Triangle, ABC, 
whoſe Catheti or Legs, are equal to the 
two given Lines, i. e. make AB equal to 
one (X) and BC equal to the other,---13 
Produce AB and CB, indefinite, 

Make ACD and CAE Right Angles; i. e. 
draw CD and AE perpendicular to AC, 
cuting AB and CB, produced, in D and E.. > 

Then will BD be a greater, and BE a — third Propor- 
tional, to the two given Lines, X and Z; Q. E. F. 


Deu. For, as in the laſt, EB is to AB, as AB to BC; 
and AB: BC: : BC: B. P. 5. 6. 
Wherefore, EB, AB, BC, and BD are in continual 
Proportion. 8 Def. 7.5. 
Conſequently EB is a leſs, and BD a greater third Pro- 
portional, to the two Lines AB agd BC, equal X and Z. 
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PRO B L E M XXXII 12. VI. Euclid. 


To find a fourth Proportional, to three given, un- 
equal Lines; X, Y and Z. 


It is required to find a Line, to which, 
the third (Z) ſhall have the ſame pro- 
portion, as the firſt (X) has to the ſe- 
cond (Y). Or, the ſame proportion to 


the ficſt Line as the ſecond has to the 


third, 


Draw two Lines, AD Kak, making any Angle at pleaſure. 
Make AB equal X, & AC equal Y; alſo make BD equal Z. 
Draw BC, and DE parallel to it; cuting AE in E; and, 
CE is a fourth Proportional, greater than Z. 
re. As AB is to AC, ſo is BD to CE. E. 


Dem. For, becauſe BC is parallel to DE, the Sides of the 
Triangle ADE are cut proportionally ; 
wherefore, : AC, na BD :- CE. P. 2. 6. 
But, AB is equal to X, AC is equal Y, and BD equal Z; 
therefore, as X is to Y, fois Z to CE. 


If a leſs Proportional be required; make AG equal to Z, 
make AF equal Y, and GE equal to X. | 
Join FG, and draw DE parallel to it. 
Then, will FD be the Proportional fought. 


Dru. For, as AG (equal Z) is to AF (equal Y) fo ts 
GE {equal X) to FDP). by the fame, 


Alter 


PRACTICAL GEOMETRY. 6g 
After the ſame manner, a third Proportional may be found. 


Draw AF and AG, making any Angle, as before. 
Let AB & AC be made equal to the given Lines, reſpectively 


If the greater Proportion be requir- 
ed, make B F equal to A C, and draw 
F G, parallel to B C. 

The Segment CG is the Proportional 
ſought. 

hut if a leſs Proportional is wanted; 

make CD equal AB, and draw DE parallel to B Ry 

Then, BE is the Proportional required, 


DEM, ls as AB is to AC, ſo is BF to CG; 

; and, as AC is to AB, fois CD to BE. 2. 6. El, 
But, B F was made equal to A C, and CD to AB. 
Conſ. as AB: AC:: AC: CG; and, AC: CD: : CD; BE. 


N. B. A fourth Proportional to three given Right Lines may | 
be required and found in various orders of the siven Lines. 


Let X, V, and Z be three given Lines; of which; let 1 be 
the leaſt, and Z the greateſt of the three, 
By the firſt, it is, as X is to V, ſo is Z to a fourth; * | 
and by the ſecond, as Z is to V, ſois X to a fourth, — 
ut it may be, as Y is to either X or Z. ſo is the other to a fourth; 
Alſo, as X is to Z. or Z to X, ſo is Y ton fourth, ©——— —- 


It may lo * obſerved, that it is not neceſſary to draw the 
Lines, making an Angle, for the operation, longer than the 
greateſt given Line; except when a Proportional is required greats 
er; for the meaſures may all be ſet off from the Vertex. e. g+ 


Let AB and AC make any Angle (BAC) at diſcretion, 


Make AB equal to Y, and AC equal Z; alfo, make AD _ X. 


Join BC; and draw DE, parallel to BC, 
cuting ACi in E "A 


Then, as AB or V, is to AC or Z; fois AD 1 — 

or X, to AE, a fourth. A 
But, if DC be joined, and BF drawn, pa- 
rallel to DC; it is then, as AD or X, is ta 
AC or , ſo is AB or Y, to AF, a fourth, | 
K Note. 
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Note. This method, of ſeting of all the meaſures from the 
| Angle, is the moſt eligible, when we are clear in the manner of 
placing them; being leſs liable to error than when they are ſet 
orward on a longer Line; on account of the Parallels bein 

nearer together. The Demonſtration | is in the 4th of 6th El. 


— 
—U U p —— ——— —— 


| 2 A third Proportional may alio be found after the ſame manner. 
| ><! For, if AD-be-the firſt; and, if AB and AC be each made 


equal to the ſecond; DC being joined, and BF drawn parallel 


to DC. 0: AF, a greater third Chews 3 or, if _ be 
the firſt ok is a leſſer third, 


_ found aftbr 4 this manner, 
Let X, Y and Z be three given Lines. 


If you require a leſs Proportional, X is the firſt Term 
taken ; if a greater be required, Z muſt be the firſt, con- 
trary to the order, after the former method; nor can the 
Terms be taken alternately, as in the other. of 

— SAFE 8 Right Line, AC, at pleaſure, 
3 | Make AB and B C equal, reſpectively, ta 
| = the firſt and ſecond Terms, X and Y. 
Through the point B, draw, at pleaſure, DE 
and make BD equal to the third Term (Z) 

Deſcribe a Circle through the three Points 
A, C, and D, cuting DE, at E.—Pr. 40. 
— I ben, BE is a fourth Proportional; in the 
: order Z to Y, as X to BE. 


De. For, the Reflangles under the ſegments of Chord 
Lines, cuting each other, are equal, i. e. the Rectangle, 
under AB and BC, is equal to that under DB and BE. 
Conſ. as NB : AB, or BC :: BC, or AB: BE.- 9.6, El. 
* | Therefore, RE is a fourth Proportional. 


2 — third Proportional be required, AB and BC muſt be 


dY -equal"to"that Term, of two given Lines, which you re- 
28 be the middle Term of the three. / 


f three Quantities are Proportionals, the middle Term 
18 a NM Wen the other two, 


A third or a. — Proportional may be very 4 85 1 


\ 
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In analogous or equal Proportion of four Quantities, ſince the 
firſt has the ſame proportion to the ſecond, as the third has to the 
fourth; and conſequently, the firſt is to the third as the ſecond 
to fourth; a Rectangle under the two extreme Terms (in equal 


Ratios of Right Lines) is equal to a Rectangle under the two 


middle Terms (9. 6. El.); which, in Numbers, is eaſily proved. 
Take any four proportional Numbers, either continual ; e. g. 
as 3, 6, 12; and 24; or in equal Ratios, as 3, 5; 9, and 15, 
thee it is plain that the firit Number, 3, has the ſame propor- 
tion to the ſecond, 5, as 9, the third, has to the fourth, 15. 
For, if 3 be multiplied three times, it is equal 9 and 5 multi- 


plied three times, is equal 15; conſequently, 3 has the ſame pro- 


portion to 9, the third Nutnber, as 5, the tecond, has to 15, 

the fourth; and ſo it will ever be, when any two Numbers are 

multiplied holly: 
As 4 is to 6, ſo is 16 to 15 conſequently, 4:10::6 2 15, 
Now, in both theſe Caſes, the two extreme Terms, i. e. the firſt 


and the laſt, viz. 4 and 15, and the two middle Terms, 6 and 4 


10, remain the ſame; only, the middle Terms have changed 
places; but, the ſecond multiplied by the third cr the third 
by the ſecond is the ſame thing; ayd is always equal to the fourth 
multiplied by the firſt, or the firſt by the fourth, ; 

Wherefore, if four Lines are proportional, as above; a Rect- 
angle under the firſt and the fourth, the two Extremes, is equal to 
a Rectangle under the two mean or middle Terms; that is, the 
Rectangles have equal Areas, ſeeing, the Area, of a Rectangle, 
is produced by the multiplication of one Side by the other, 


Hence, a fourth Proportional may very readily and accurately 
be found ; as follows, 


Let X, Y and Z be three given Lines. | 
It is required to find a fourth Proportional, which ſhall have 
the ſame Ratio or Proportion to Z, as X has to V. 


In this Caſe, X and Z will be the two Extremes; for fince X is 


leſs than Y; conſequently, the Proportional required, will be 
leſs than Z, and is, properly, a Mean. et 


Make a Rectangle, AB CD, under the two 
given Lines X, and Z, 
Produce any two Sides, from the ſame Angle, - 
as AB and AD; on either of which, make _ | - 
BE or DF, equal V. 2 
Draw EG or FH, through the Angle C, cut- 
ing the other Side, produced, in G or H; 
then is DG, or BH, the Proportional ſought. G 


AF 


NEO 


K 2 Far, 


*t 8. 
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For, compleat the Rectangle AEIG, 
Produce BC to K, and DC to L. 


Dru. The Rectangle CT, is under BE (equal V) and 
D G, the fourth Proportional required. 
AC and CI are Complements of the Par, AEIG. Def. 38. 
But, the Comp. in every Parallelogram are equal. - 19.1. 


Th. the Par. or Rect. Cl is equal to the Rectangle ABCD. 


AY 3 x: 


But, if the Proportional was required to be 
toZ,as YtoX; then the ReQangle, or any 
Parallelogram, AB CD, muſt be under the 
two Lines Y and Z; which will, in this Caſe, 
be the two Means ; and DG the Proportional 
ſought, is now one of the Extremes ; being 
the greateſt of the four ; which, in the former 
Caſe; was one of the middle Terms. 


Thus may a fourth Proportional be found, either greater or leſs 
than either of the three given Lines, X and Z. 
For, if a leſs Proportional was required, which ſhould be an 
Extreme of the four; the Rectangle or Parallelogram, muſt be 
made under X and Y. 


 SCHOL. When three Lines are given; a fourth Proportional is ge · 


nerally underſtood, to be either greater than the greateſt, or leſs than 
the leaft of the three ; but if another mean Proportional is required, 
to three Lines given, as it muſt be between the two Extremes of the 


ft free Lie it will be, cither greater or leſs than the middle Line, as 


that is either greater or leſs than a true Mean, between the other 
tuo. pm it be already a true Mean, thire can no other be 
Fpund, on ether Side; for, the Square of a mean Proportional, be- 
ing equal to the Rectangle under the two Extremes (C. 2. 6.) con- 
E ho other Rectangle but a Square, which ſpall haue the 
155 Mean Fr its Side, can be equal to a. Rectangle under the twe 
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PROBLEM XXXIII. 
To find two mean Proportionals, to two given Lines, 


Let X and Z be the two given Lines. 


It is required, to find two other Lines; which not only 


contain an equal Rectangle, but, are in continual Proportion. 


Conſtruct the Rectangle ABCD, on the ; 
two given Lines; and on its Center, E, 
deſcribe a Circle, circumſcribing it. 
Produce the two Sides AB & AD, indef. -B 
Apply a Ruler to the Angle C, and move 5 * 
it on that Point, till it makes FC & GH , . | 


equal ; and draw FH through G and C. A. | 7 Z - —_ 
Then will BF and DH be the two Proportionals ſought. 


For, DC, DH, BF, and BC are in geometrical Progreflion. 
And, a Rectangle under the two Means, DH and BF, is 
equal to the Rect. ABCD, under the two given Lines, X& Z. 


| Or, biiefly thus. 
Make a Right Angle FAH ; in which, from the Angle A, 
make AB & AD reſpectively equal to the given Lines, X & Z. 
Join BD; which biſet in E; and, on E, with the Ra- 
dius EB, deſcribe a Semicircle, BCD. 


Make DC equal AB (eq. X) and apply a ftreight Ruler to 


the Point C, making EF equal to EH; and it is done. Q.E.F. 


N. B. This method, though very ingenious, is not perfectly 
geometrical ; ſeeing, the Points Fand H cannot be aſcertained, 
but by trial; yet, it is the beſt I have met with; for thoſe me- 
thods which are performed by an Inſtrament, are not practical 
otherwiſe, and conſequently cannot be called geometrical. 

The method for finding a third Proportional (Pr. 31.) exhibits 
the reverſe of this; for AB and BC, the two given Lines, in that 
Problem, are two Means, between the two Extremes BE and BD. 
For, BD;BC;; BC; MA:: BA: = 70 
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PROBLEM XXXIV. 


To continue a progreſſive Proportion, between two 


given Lines, infinitely; z and to repreſent the ſum 
of them all. 


| X and Z are the two given Lines. 


Draw an indefinite Right Line, AF; 
in which, take AB equal to X, and 
BC equal Z. 

Make BAG a Right Angle ; and draw 


BH parallel ro AG. 
Make AG equal AB, and BH eq. BC. 
222% 'Through the Points G and H, draw 


2 Riake Line, cuting AC, produced, at F; and AF is the 


whole Sum of the infinite Proportionals, 


Draw CI par. to BH; make CD equal CI, and draw DK. 


Make DE equal D K, and draw EL, perp. to AF. 
Then is CI a third, DK a fourth, and ELa fifth Propor- 


tional; and, after the ſame AE, it may be continued, 


ad infinitum. 8 5 

For, ſince AG is leſs than AF; ſo BH is leſs than BF; 
and conſequently, CI, DK and EL, will fti}| have the 
ſame Ratio to CF, DF and EF; wherefore, the laſt may 
always be taken from the remainder, and therefore, A F, 
is equa] to the whole ſum of the infinite Proportionals ; and 
AB, BC, CD, &c. or, AG, BH, CI, &c. are in a pro- 


N geometrical Proportion. 


|... The Demonſtration of this Problem and the laſt are given at 
the end of the fixth Book, 
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PRO B L E M XXXV. 11.1. Euclid. 


To divide a Line in extreme and mean Proportion. 


AB is the given Line. 


It is required to cut it ſo, that the leſſer Segment ſhall 
have that Proportion to the greater, as the greater Segment 
has to the whole Line. | © 

Or, the ReQangle under the whole Line and the leaſk 
Segment ſhall be equal to the Square of the greater. | 


Biſect AB, in C; draw BD perpendicular e 7 
to AB. and equal to BC, half the given Line, -X 
and draw AD. 1 
On D, with the Radius DB, deſcribe an 
Ark BE, i. e. make DE equal DB; and, on 
the point A, deſcribe the Ark EF, cuting 
Ag in F, the Point ſought, Q E. F. 


N. B. AF, the greater Segment, is the difference between the 
leaſt Side, DB, and the Hypothenuſe, AP, of the Right-angled 
Triangle ABD; conſtructed on the whole given Line, and half 
the Line, for the Baſe and Perpendicular, . Pr. 13. 


This Problem is otherwiſe performed and demonſtrated in 
Prop. 11. of the ſecond Book of Elements. 


PR O- 
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PROBLEM XXXVI. 10. VI. Euclid, k 
To divide a given Line, in any known Proportion, - 
AB is the given Line; and Z, is a Line divided in the Pro- 

portion required, at 1, 2, and 3. di 

At any diſtance from. AB, at deefon, draw CD pa- 

G rallel to AB; and make CE, EF, and FD A 
| equal, feſpectively, to the Diviſions on Z. A 
Through the extreme Points of the two Lines, 

AB and CD, draw CA and DB, produced r6 

till they interſect, at 6. ac 

Draw EG and FG, cuting AB in e and f. g 

Then, is the given Line, AB, divided (in e Je 

and f) in the ſame Ratio as CD (in E and F) of 

„or as the given Line, Z, is divided, in the E 
iet, 2, 4. „P. 2. 6. E. a 
. „ a 

Tf the Meaſure given had been leſs than the Line given 
to be divided (as in this Example it is greater) AB would be 
divided the ſame, E Konig V1 

Leet. cd, leſs than-AB,be divided in the known Ratio, e & /. 

Draw, as before, the Lines Ac, and Bd, through their P. 
Extremes, meeting at G; and, from G, through the Divi- 4 
ſions e and /, draw the Lines Ge, Gy, cuting the given 5 
Line, AB, in the ſame Points e and f. Q. E. F. be 

The difference, it is evident, is only in the operation, for the 
effect is the ſame. 

In the firſt Caſe, when the Meaſure is greater than the Line to ar 
be divided; then, the Vertex G will fall on the oppolite Side, 
from CD ; but, when it is leſs, as cd, the Vertex, G, will fall £ 


en the ſame Side with cd; as is obvious from the F igure. 


N. B. Any 


PRACTICAL GEOMETRY. 7; 


| N, B, Any other Line drawn between the two Lines GC and 
GD, as gh, parallel to AB or CD, will be divided in the ſame 
Ratio, by the Lines GE and G F. 


2. The ſame thing may be very readily and accurately done 
WS after this manner. 


AB is the given Line, to be divided; and HI is a Line 
divided in the given or known Ratio, in 1 and 2. 


At either extreme of the given Line, draw AE, in any 

Angle at pleaſure, f 5 
An acute Angle, not too ſmall, is beſt. E 7 1 

Make the diviſions at C, D, and E, equal, 
reſpectively, to the diviſions on HI ; 
according as you require them on AB, be- 
gin at either end, H or I. 
Join the Point E, and the other extreme, B, 
of AB; draw DG and CF, parallel to 
EB, cuting AB in G and F. 

So ſhall AB be divided in the ſame Ratio, 
as HI, in Fand G.. P. 2. 6. 


If the Meaſure given had been leſs than AB, as Ae, di- 
vided in c and d, the Diviſions, on AB, would be the ſame, 


N. B. If it was required to divide AB into any number of equal 
Parts; make ſo many equal Diviſions on CD, in the firſt, or on 
AE, in the laſt method, at pleaſure ; and proceed as directed. 

AB may be readily biſected by either method; by the laſt, 
making Af, f E, or fe, two equal divifions, and drawing fg, as 
betore, parallel to EB or eB. 


The firſt method is demonſtrable, from Prop. 6. 6. & Corol. 
For the Triangles CGe and AGe, alſo EGF and e Gf, &c. 
are ſimilar, Conf. Ae:ef:; CE: EF, and as f B to FD. 


The laſt method is eaſily deduced from Prob. 32. and the De- 
monſtration of it, from Prop. 2. 6. El. | 


Ge APPL, f. 
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APPL. It is almoſt needleſs to give an Application of this Dro. 


blem, as it ſpeaks its uſe ſufliciently. It is extremely uſeful in 


the practice of Perſpective, as well as in all geometrical Draw. 
ings; as Plans, Elevations, &c. 


& , y 3 
AB is conſidered as a finite Line already drawn, in ſom: 


Plan, &c. and the Ratio or Proportion given, is certaia 
known meaſures, or diviſions, to be repreſented on AB, from 
either a greater or leſs Scale of Proportion. 


3. There is another method, by which a Line may be divi- 
ded from a greater Meaſure given ; which, not ſo much for 
its utility as the ſingular elegance of it, I ſhall give, a; 
follows. 


er ah be divided in the given Ratio, at B and C ; and 


let X or 1 be a Line given, to be divided, in 880 Ratio. 


Deſcribe three Circles, on the thee Dia- 
meters AB, AC, and AD. 
Take the Line X or Z in your Compaſſes; 
and, ſeting one Point in A, cut the greatek 
Circumference at E or F, with the other 
Point, and join AE or AF; which, will be 


Draw Bb and Cc. 


— The Angles Ab B, Ac C, alſo AED or AF, 
W ͤᷣ P n. 8 EL 


wherefore, A bB, Ac C, &c. are ſimilar Triangles, the | 


Angle at A being common to them all, - C. 3. 2. 6: 
Therefore, AE or AF is divided in the ſame Ratio as AD, 
the Lines Bb, Cc, and ED, or FD, being parallel.—2. 6. 


Re 


4. A Right Line may be accurately divided into any number 
of equal Parts, by the following Method, 


Let AB be the. given Line, to be divided into five equal 


Parts, 
54s From 


divided in the ſame Ratio as AD, in b &c. 


1 _- a #5. = &. © 
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From either extreme, as A, draw AD, making any Angle, 
BAD, at pleaſure; and, at the other extreme, B, make 
the Angle ABC equal BAD. 

On AD and BC take, at pleaſure, four e- 
= qu! Diviſions, from A and B, at a, b, c, D 
= . e. 

Join, a C, bf, &c. as in the Figure, which 
c will divide AB into five equal Parts, as 
5; required; at 1, 2, 3, and 4. Q. E. F. 


This is very evident from the ſecond method; ſor, the Divi- 
ſions on AD and BC being equal, they are conſequently equal 
on AB; the Lines AC, bf, &c. being parallel (C. 15. 1.) for, 
AD is parallel to BC; by P. 4. 1. 


N. B. If the Diviſions on AD and BC were either greater or 
leſs, AB would be divided the ſame ; which is obvious by taking 
Aa z fourths of A a, and joining af; for, Bf is alſo 3 fourths 
of B Go ; 


L have never ſeen this method uſed for dividing a Right | 
Line in any given Ratio; which may be applied with fuchs“ 
Let AB be a Line given to be divided; and Z, a Meaſure 1 
known, i. e. a RightLine divided in the Ratio required, in a&b. 
Make AD and BC in equal Angles with | 
AB, as before. 
= I canfer the meaſures Z a, a b, and be, to 
AD and BC, in the order required ; viz, 
make AE equal Za, and EF equal a b. 


J, alſo, make BG equal bc, and G H equal 
„ ab, &c. and join the Points EH, F G; 
. which will divide AB, in the Ratio of Z, in the Points a & B. 


Note. The two extreme Diviſions FD and CI are of no uſe in 
the operation ; but AC and DB, being joined, will be parallel to 
wy & FG; and exhibits the farmer Method, applied on both 
Sides, 

The only difference is, that, in this Method, there is no re- 
gard had to the paralleliſm of the Lines EH and FG, but only to 
join the Points, and they are neceflarily parallel. 


L 2 PR Os 
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PROBLEM XXXVII. 


To find the Side of a Square, or any other Right- 
lined Figure (ſimilar to a given one) which ſhall 
be to the given Figure in any proportion required. 


2 * wv — 


Let AB be the given Line, or Side of the given Figure. 


It is required to find the length of a Line, for a correſpond. 
ing ide; on which, if a ſunilar Figure be conſtructed, its 
Arca ſhall be to the given one in the Ratio of 34 to 1. 


Produce the given Line, AB, indef, 
Make BD equal to 3z times AB, 
Biſet AD; and, on the point of bi- 
ſection, C, deſcribe a Semicircle, or 
the Ark AE only. i 
At the Point B, draw BE perpendicu- 
lar to AB, cuting the Ark at E; 

BE is the Line fought. , Q. E. F. 


2 - Dsx--For BE is a mean Proportional between AB & BD. 

3 Whereſore, the ſquare of AB, to the ſquare of BE, is du— 

plicate of AB to BE - - - P. 10. & 12. 6. 

i. e, their Ratio or Proportion, to each other, is as AB to 

4. — BD; and all ſimilar Figures are in the ſame Ratio, as the 

© Squares of their correſponding Sides. C. 2. 13. 6. 
vi 5 


\ 
- 
- nm 


a 


© By this Problem, any right-lined Figure, whatever, may be in- 
creaſed or diminiſhed in any Proportion. e. g. | 


If you would decreaſe it a fifth, a fourth, a third, or a half, 
&c. make BF to AB in that Ratio; biſet AF, and deſcribe 
the Semicircle AGF, cuting the Perpendicular BE (at the 
Point B) in G; and BG is the Line ſought. 


Hence the Ratio between any two Figures, may be known. 


For, 


FA wt 
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For, having, by Prob. 24. and 25. reduced the given Figures 
to Squares; 1. e. having found the fide of a Square, equal to 
each Figure, reſpectively, make AB and BE reſpectively equal 
to them, and forming a Right Angle, ABE. 

Produce AB or EB, indefinitey join AE, and make AED, 
or EAH, a Right Angle; i. e. draw ED, or AH, perpendicu- 
lar to AE, cuting AB, or EB, produced, in D or H. 

. Then, as AB is to BD, or, as HB to B E, fo is one Figure 
to the other ;—by Cor. 1. P. 13. 6. El. 

For, the Squares of AB and BE are, reſpectively, equal to 
thoſe Figures. | 


N. B. If the Figures, whoſe Ratio is required, are ſimilar, 
make AB and BE, reſpectively, equal to any two correſponding 


Sides, and proceed as above. 


PROBLEM XXXVIII. 235. VI. Euclid. 


To conſtruct a Poligon ſimilar to a given one, and 
equal to any given Right-lined Figure. 


X and Z are the two Figures given. 


It is required to make a Pentagon ſimilar to X, and equal | 
to the Trapezium Z. | | 


On any Side of the Pentagon, as AB, 
make a Rectangle ABCD equal to the 
Pentagon ; by Prob. 24, 20, and 23. 

Then, on the Side BC, of the Rectangle 
BD, make another Rectangle, BE, equal 
to the Trapezium ; by the ſame Problems. 
Biſet DE, in F; and, on that Center, 
deſcribe a Semicircle, with the Radius FD, 


* 


cuting BC, at G. \ 
On CG, if a Pentagon be conſtructed, ſimilar to X, ma- 

king CG the correſponding Side to AB, it will be equal 

to the given Trapezium E. Q. E. F. NAT 

Den. For 
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Dem. For, CG is a mean Proportional between DC & CF. 


Wherefore, ſince the Ratio of. any two ſimilar Figures, 


is duplicate of their correſponding Sides (13. 6.) and the 
Ratio of DB to BE is as their Baſes, DC to CE ; - 1.6. 
Conſ. the Ratio of the two Pentagons, will be as DC to CE; 
for, they are reſpectively equal to the Rectangles DB & BE. 
Therefore, a Pentagon conſtructed on CG, ſimilar to X, 


will be equal to the Trapezium Z. K.. 
| By the 24th any Figure 15 readily reduced to a Triangle, by 
| the 20th a Rectangle is found equal to a Triangle; and by the 


23d, another Rectangle may be tound equal to that, having one 
Side equal to AB, or any given Line. | 

For, it will produce AD, for the other Side of the ReQangle 
AC, which is a fourth Proportional to AB and the two Sides of 
that Rectangle, found by the 2oth, equal to the Pentagon; as by 
the laſt method of Prob. 32. 
Conſ. the Rectangle BD is equal to the Pentagon X, and BE to Z. 


PROBLEM XXXIX. 1. III. Euclid. 


To find the Center of a given Circle; and through 


a4 uiven Point, to deſcribe a Circle parallel to the 
ID 1 one. | 
Firſt. ABE is the Circle given; and G the given Point. 
— | \ 0 => 30 
e, Q 2 Draw a Chord Line, AB, at pleaſure. 
1 | Biſect AB (Pr. 8.) and through D, the 


B point of biſection, draw EF perpendicular to 

AB(6.)cuting the Circumference in E&F. 
Biſect EF, in C, which is the Center of 
the Circle ABE. KE. . 


For EF is a Diameter, and conſequently paſſes through 
the Center of the Circle. P. 1.3. 


2nd. Join 


A : 
7 » > — 5 
n IS ISS. > 


1 % 
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2nd. Join CG. With the Radius CG, and on the Cen- 
ter C, deſcribe a Circle GH, and you have done. Q. E. F. 


SCHOL. Al! parallel Circles, in the ſame Plane, have the ſame 
Center, and are called concentric; but, if they are in parallel 
Planes, as on a Cylinder, Cone or Sphere; a Right Line perpendi- 
cular to thoſe Planes, if it» paſſes through the Center of one Circle, 
it <vill paſs through the Centers of them all; which line is the Axis 
of the Cylinder, Cone or Sphere. 


PROBLEM XI. 245. III. Euclid. 


To perfect or compleat a Circle, from a given Ark 
or Segment of that Circle, | 


ABD is the Ark given. 


Draw, at pleaſure, two Chord Lines; AB and BD, 
Biſect the two Chords, at E and F; from, 
which, draw the Perpendiculars EC and 
FC, interſecting at C. = Pr. 8. & 6. 
Then will C be the Center of the Circle; 
on which, with the Radius CA, CB, or 
CD, the Circle ABDG may be compleated 


This Problem is demonſtrated in the laſt. <2: EY 
N. B. By this method, may be found the Center of a perſed 


Circle, as readily as in the foregoing ; nor is it neceſſary to draw 
the Chords; only, aſſuming, at pleaſure, three points, A, B, & D, 
and proceed after the manner following, | | 


With any Radius, at diſcretion, on B, as a Center, deſcribe the 
Ark HIKL; and, with the fame Radius, on A and D, deſcribe 
two Arks, HI and K L, cuting the former in H, I, K and L; 
through which Points, draw Right Lines, HI and L K, interſect- 


ng at C, the Center ſought. 


Cor, 
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Cor. Hence, through three given Points (not lying in « 
Right Line) as A, B, and D, the Circumference of 


Circle may be deſcribed . whoſe Center (being found, u« 
above) is C. 


PROBLEM XII. 


To draw a Tangent to a Circle, through a given 
Point in the Circumference. And, to find the 
Point of Contact of a Tangent to a Circle. 


Firſt; B is the Point given; through which a Tangent is 
required to be drawn, 


Having found A, the center of the Circle 
(by the foregoing) join the point B, andthe 
center of the Circle by a Right Line, AB. 

At the Point B, make a Right Angle, 
ABC, and produce CB, towards D. 
The Right Line CD will touch the Cir- 
cle, in the Point B = - P.8. 3. El. 


2nd. CD is the Tangent given; to find the Foint of | 
Contact. | | 


Draw a Perpendicular AB to the Tangent, from the cen- 
ter of the Circle; cuting CD in 3 » - - Pr. 7. 


B is the Point of Contact, in which the Tangent, AD, 
touches the Circle, - % ͤ „ 


P R O- 
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PROBLEM XIII. 17. HI. Euclid. 


To draw a Tangent to a given Circle, from a Point 
given without the Circle; 1. e. to determine the 
Point, in which a Right Line drawn from the 
given Point ſhall touch the Circle. 


From the given Point, A, draw AC; 

to the Center of the Circle. 
Biſet AC; and, on the point of biſecti- 
on, B, with the Radius AB, deſcribe a Se- 
micitele; cuting the circumference of the 
ziven Circle in D, the Point ſought. Q. E. F. 


Dem. Having drawn AD and CD, the 
RightLine AD will touch the CircleatD. S 
For, the Angle ADC is a Right one. = = P. 12. 3. 
Wherefore, AD touches the Circle in D.. C. 2. 8. 


* co — — 


dani . | 
5 


Join the Point A, and the Center C, as a 
before, cuting the Circumference in B. 
With the Radius CA deſcribe the Ark AD. 
Draw the Perpend. BD, cuting AD at D. 
Laſtly, draw CD, cuting the given Circle 
at E, the Point fought. Draw AE. 


The Right Line AE will touch the Circle, at EE 
Dem. The Triangles AEC, BDC are congruous. | 


For, the ſides AC, CE are equal to DC and CB, reſpec= 


tively; and the Angle C is common to both; therefore, 
AE is equal to BD; the Angle at A equal D, and the 
Angle AEC equal DBC. P. 8. 1. El. 


But CBD is a Right Angle (Con. ) wh. AEC is a R. Angle. 


Therefore, AE touches the Circle at E. = C. 2. 8. 3. 


M P R O- 
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PROBLEM KXLIL 34. III. Euclid, | 


To cut off a Segment of a Circle, which ſhall con- 
tain an Angle equal to a given one. 


DEC is the Circle given, and X the given Angle. 


Draw a Tangent, AB, to the given Circle, 
At the Point of contact, C, make the 
Angle ACD equal to X, the Angle given; 
and DEFC is the Segment required. QE F. 


Dem. For, if from any Point in the Cir- 
'  cumference, as E or F, Lines are drawn 
to the extremes of the Chord CD; the 
Angle DEC or DFC, is equal to ACD, 
(equal X, by Con.) - - P. 23. 3. 


PROBLEM XILIV. 33. III. Euclid, 


On a given Line, to deſcribe a Segment of a Circle, 
which ſhall contain an Angle equal to a given one. 


AB is the given Line, and X the given Angle, 


Make an Angle, BAD, equal to the 
given Angle, K. Pr. 4. 
Draw AC perpendicular to AD, — 10 
and, on the other Extreme, B, make the 
angle ABC equal BAC. 

Or, having biſected AB, draw EC per- 
pendicular to AB, cuting AC in C; on 
which, with the Radius CA or CB, de- 
ſcribe the Ark AFB, the S2gment required, 


Or 
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Dru. From any Point, as F, draw FA and FB. 
The Ang. AFB BAD, eq. to the given Ang. X.-13.3. 


Or, without drawing AD, on the given Line AB, make 
an Ifoſceles Triangle, whoſe Angles at the Baſe, BAC, 
ABC, are each equal to the Complement of the given 
Angle, to a Right Angle, 

The Vertex C will be the Center, and CA, or CB, the 
Radius of the Circle required. 


PROBLEM 3IE&F. 


The Angles being given, under which three Objects, 
. fituate in a Right Line, are ſeen, and their 
Diſtances from each other known; to determine 
the Point from which they are ſeen. 


- 


A, B, and C are the three Objects. 


/ 


Make the Angles ACD, CAD, alter- A 
nately, equal to the given Angles, i. e. 

make ACD equal to the Angle under \ N 
which AB is ſeen, and CAD equal to % 
the other Angle given. % \ 


. . *& X / 6 
Produce CD and AD, interſecting at D. W 


Deſcribe a Circle through the two ex- 
tre. ne Objects, A & C, and the Angle D; - + by Pr. 40. 
Draw DB, and produce it, till it cuts the oppoſite Cir- 
cumference, at E, the Point ſought. 


Dru. For (having drawn AE and CE) the Angle 
AEB SACD, and the Angle CEB=CAD. - P. 10. 3. 


M 2 p RO. 
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PROBLEM XLVI. 


A Circle being given, to cut off a Segment, ſimilar 
to a given Segment; and, on a given Line, to con- 
ſtruct a Segment, fimilar to a given one. 


Firſt. It is required to cut off, from the given Circle 
FHI, a Segment ſimilar to X. 


Find the Center, C, of the given Segment, X, - Pr. 40. 
and compleat the Semicircle ABD. 


Through the Center, E, draw FG, and 
make the Angle G FH equal DAB; - Pr. 4. 
The Segment, Y, cut off by the Chord 
FH, will be ſimilar to the given Segment. 


Dem. For, the Angle GFH=BAD.-Con. 
And (having joined BD and HG) the 
Angle FRG =ABD - - Ax. 9. 

„(for they are Right Angles; 12. 3.) 
conf. FGH=ADB <- . ;. 10.1. 
wherefore, the Triangles ABD, FHG 
J.. oo - + 4k 

; Therefore, as FG: AD:: FH: AB. -4. 6. 

And, by taking away the Triangles ABD, FHG, from 


the Semicircles, there is J. & the Segment Y ſimilar to X. 


N. B. If the Segment given had been greater than a Semi 
circle, the operation is the ſame; the Triangle GFH being added 
to the Semicircle FIG, inſtead of taking it away from FHG. 


2. FH 
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2nd. FH is the given Line, on which to conſtruct a Seg- 
ment as required, 


Make the Angle HFG equal to BAD; which, AB, the 
Chord of the given Segment, makes with the Diameter AD; 
found as above. 

Draw HG perpendicular to FH, cuting FG in G. 
Biſet FG, and on E, the Center, with the radius EF or 
EG, deſcribe the Ark FCH, forming the Segment required, 


APPL. This Problem is very uſeful to Builders, to form Arches, 

and ſcheme Heads for Windows, Doors, &c. fimilar to others, 

either greater or leſs, of any proportion required. 
4 


The following is an univerſal Rule, to find, arithmeti- 
cally, the Diameter of a Circle, from any given Segment, 


by the meaſure of the Chord Line or Subtenſe; i. e. the 
Baſe of the ſegment, and the height of the Ark. 


ADB is the Segment given. 


Divide the Square of half the Baſe by the perpendicular 
height and add the Quotient to the Diviſor. See Caſe 2. 14. 3. 


e. g. Let the Baſe AB be 14 and the Per- 
pendicular CD, 4. : 
The Square of AC or CB, 7 multiplied by 
7 is equal 49; which, divided by 4, gives the 
Quotient 12, 25, equal CE; to which add 
the diviſor, 4, the height of the Ark, CD, it 
gives 16, 25, for the Diameter. | 

For a Rectangle under CE and CD is equal 
to the Square of Ac. P. 14. 3. 8 


— 
Suppoſing the Integers Feet, the Diameter, DE, is 16 Feet 3 In. 


The Rule is the ſame, if the Segment be greater than a Semi- 
circle, But, having found the Center (by Pr. 39 or 40) a Right 


ine drawn through the Center, cuting the Ark in two Points, is 
a Diameter. 


PR O- 
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LEM ALVIL 


To make a regular Pentagon, on a given Line, AB, 


Divide AB in extreme and mean Pro- 
portion, in the Point C, - Pr. 35. 
Produce AB; and make BD equal to BC, 
the greater Segment; then, AD is to AB, 
as AB to BC, and as BC to AC.* 

On A, with the Radius AD, deſcribe 

the Ark DEF; and, on B, deſcribe the 
D Ark GF, interſecting at F. 
6 On F, with the Radius AB, deſcribe 
the Ark EG; i. e. make FE and FG each equal AB, and 
join the Points*A and G, B and E; alſo E, F and F, G, 
which compleats the Pentagon. Q. E. F. 


E 
- 


The Demonſtration of this con ſtruction of a Pentagon may be 
obtained, from the 7th and 8th Prop of the 4th of Elements. 
For, AED is an Iſoſccles Triangle, having its Angles at the 
Baſe, ED, each double the Angle EAD, at the Vertex; 
AFB is the ſame, which may be conſidered as inſcribed. 

And, by 34. of the 6th. the Diagonal of a Pentagon, BF or 
AE (equal AD) has that ratio to the Side, AB, BE, &c. as the 
greater Segment to the leſs, of a Line divided in extreme and 


mean Proportion. 
Or it may be conſtructed thus. 


Having found the Point D, as above, and drawn the 
Ark DEF, on the Center A, | 

On B, with the Radius AB, deſcribe the Ark AE, cutin 
the other at E, and draw AE and DE, : 
Draw BF parallel, to DE; and alſo AG, indefinite. 
Draw FG parallel to AE, cuting AG in G, and jcin FE 
and BE, which compleats the Figure. 


— r 


— — 


See N. B. 2. Prop. 35. 6th of Elements. 
Otherwiſe, 


. 20 


y 
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Otherwiſe, mechanically; AB being the given Side. 


On A and B, with the Radius AB, 
deſcribe two Circles, cuting each other 
in C and D, and draw CD. 

On D, with the ſame Radius, deſcribe 
the Ark EABG, cuting the two Circles 
and the Right Line CD, in E, F, and G. 
Draw the Right Lines EF and GF, and 
produce them till they cut the Circum- 
ſerences, in H and I. 

Then, on H and I, with the Radius aB. 
deſcribe two Arks, interſecting at K, 
and join the Points Al, IK, KH, and HB, which com- 
pleats the Pentagon, Al KHB. Q. E. F. 


Of this conſtruction of a Pentagon, there is no Demonſtration 
has yet been given. 


I shall, here, give a general Method for conſtructing every 
kind of regular Poligon, from a Pentagon to a Duodecagon, 
by means of the following Table; in which, the Angle of 
the Poligon is determined by the proportion it has to a Right 
Angle, and the difference there is between them. 


A Right Angle is to the Angle of a Poligon as follows, 


| Ratio Diff. 
Pentagon as 5 to 6— 1 
Hexagon as 3 to 4 — 1 
Heptagon as 7 to 10 — 3 
Octagon as 2 to 


Ratio Diff. 

Nonagon as 9 to 14 5 
Decagon as 5 to 83 
Undecagon as 11 to 18 - 7 
3—1 Duod« :agonas 3 to 5 - 2 
1 the Hexagon, Octagon, &c. having an equal number 
— ö _ are reduced to the loweſt Denomination ; otherwiſe, the 
bs t Angle is always ſuppoſed to be divided into the ſame num- 
r of Parts as the Poligon has Sides; which will then be, for a 


— as 6 to 8, difference 2; in an Octagon, as 8 to 12, 
Werence 4; and fo of the others. 


To 


r GEOMETRY, 


To conſtruR a Pentagon, by the Table, on the Line AB, 
4 
Make a Right Angle, ABF, on the extreme Point B. 

D ry 


By the Table, the Angle of a Pentagon 
is to a Right Angle in the ratio of 6 to 5, 
C difference 1. | 

With the Radius AB (or any other) on B 

deſcribe an Ark from A to C. 
Divide the Ark (of the Right Angle) AGF 
into five equal Parts, as in the Figure; the 
Angle of the Pentagon is fix of thoſe Parts, 
Add the difference, 1, from F to C, and draw BC. 
The Angle ABC is the Angle of a Pentagon, containing 
b fifths of a Right Angle, on the Ark AGC. 

On A, with the ſame Radius, AB, deſcribe the Ark 
BGE, cuting the other at G; make GE equal GC, and 
draw AE. 

With the ſame Radius, on E and C, deſcribe two Arks, in- 
terſecting at D, and join CD and DE; which compleats 
the Pentagon. | 


as 


Dem. The Sides AB, BC, &c. are equal, by ConſtruQtion. i 
And the Angles are alſo equal, being ſubtended by equal 
Arks, AGC, BGE, &c. of equal Circles. « C. 2. 9. 3. 
Therefore, ABCDE is a regular Pentagon, 
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PROBLEM XLVIII. 


To make a Hexagon, on a given Line, AB. 


In the conſtruction of a Hexagon you need not regard 
the Table, nor proceed after that method ; ſeeing that, the 
Side of a Hexagon is always equal to the Radius of a cir- 


cumfcribing Circle, = 23 - „ 11. . 


Therefore, with the Radius AB, deſcribe 
| two Arks, on A and B, interſecting at C, 
and compleat the equilateral Triangle ACB. 

On the Center C, with the ſame Radius, de- 
ſcribe a Circle. 

Produce AC to E, and BC to F; and, through 
tne Center C, draw GD parallel to AB, and 
jom the Points A, G, F, E, D, and B. 


Or, having found the Center C, and deſcribed a Circle, 
as above. 

Apply the given Side, AB (equal to the Radius, AC) ſix 
times round the Circumference, from B to D, E, F, G, 
and join the Points as beſore. 


AGF ED Z is a regular Hexagon, GE F. 


ats 


Toe circumference of a Circle contains the Radius ex- 
actly fix times inſcribed (Th. P. Ang. Art. 5.) conſ-quently, 
It is equal to the Side of a Hexagon inſcribed. - P. 11. 4. 


This needs no other Demonitration; for, the Sides are all 
equal by Conſtruction; and the J riangles ACB, BCD, DCE, Sc. 
are Equilateral, whoſe Angles are alſo equal (C. 1.9.1.) Each 
Angle of the Hexagon, contains two Angles of a 'I riangle, 
ABD, equal ABC added to CBD, &c. which are therefore equal; 
pnd conſequently have that proportion to a Right Angle as 4 ro 3; 
s the Perpendicular BH, biſecting the Angle CBD, indicates. 


N p RO. 


R O. 
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PROBLEM XLIX. 


To make a Heptagon, on a given Line, AB. 


Make a Right Angle ABD; and divide the 
Ark of it into ſeven equal parts, as many as MW 
the Figure has Sides. 

Odſerve, by the Table, that the angle of a 
Heptagon is ten of thoſe Parts, the dif- 
ference is three. 
Set off three Parts from the Perpendicular 
Bi> to E, and draw BE. Make BE equal AB. 
Bi:eR the two Sides AB and BE; - Pr.8. 


and draw the Perpendiculars, FC and GC, interſecting at C. | 
On C, the Center, and Radius CA, or CB, deſcribe 2 : 
Cirete; which will contain the given Line, AB, ſeven \ 
time in its Circumfnrence, at A, B, E, , I, K, L; 1 
which Points, joined by Right Lines, will compleat the 1 
Heptagon required. QE. F. 
Dru. It is equilateral by Conſtruction; and it is alſo equi- W h: 
angular, becauſe inſcribed in a Circle; for, equal Seg- Wl . 


ments contain equal Angle. P. 10. 3. 


N. B. It is plain that the Angle ABE, which is an Angle of 
the Heptagon, is equal to the Right Angle ABD added to the 
Angle DBE; the Right Angle containing ſeven parts, the Acute 
Angle, DBE, three; and conſequently, the Angle ABE contains 
ten; therefore, the Ratio is as 10 to 7; as by the Table. 


After the ſame manner a Circle may be found, which all 


coatain a given Line any number of times, to twelve, applicd to 
the Circumference, by the Table, given above. | 


P R O- 


Produce AB, both ways, to I and K. 
Biſect the external Angles, IAG & HBK, 
by the lines AC and BD; which, make 
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PROBLEM 


To deſcribe an Octagon, on a given Line, mechan 


cally, without the Table. 


pendiculars AG and BH, indefinite. 


On the extremes of the given Line, AB, draw the Per- 


In equal to AB, and draw CD; which, will 

B. be parallel to AB, 

A Make LN equal LM; and, through N, --- 

C. draw EF parallel to CD. 1 M, . 
pas CE & DF, parallel to AG & BH. N 6 \ 
* Make NH equal NF, and draw GH 1 A B K 
L; parallel to EF; and join EG and FH; a 

the 


Jul- : 
)eg- | 
KS 


le of 
5 the 
\ cute 
tains 


which compleats the Octagon. Q. E. F. 


N. B. It is obvicus, in this Figure, that its Angles, as ABD, 


has the proportion to a Right Angle, ABL, of 3 to 2, as in the 


Table; for, the Angle LB is half the Right Angle LBK; and 
I. BD added to ABL, equal ABD, is the Angle of the Octagon. 


P R O 
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PROBLEM LL 


To find the Side of an Octagon, in a given Square, 
ABCD. 


3 m 1 Draw the two Diagonals AC and BD, 

which?gives the Center E. P. 16. 1. El. 
With the Radius of half the Diagonal, 
N AE, on every Angle of the Square, de- 
ſecribe an Ark or Quadrant, bEę, a Ed, 
EF of; Wo. 14 &c. i. e. make Ab, Ag, Ba, Bd, &c. 
| \ equal half the Diagonal ; and, joining 


— e the Points ah, be, &c. you will have a ] 
2 e regular Octagon abedef gh. Q. E. F. 0 
5 : 
APPL. The uſes of theſe Problems, to various Mechanics, are 
very obvious. By the goth we learn how to form an Octagon : 
Building; as a Temple, Library, &c. an Alcove, or Bow 
Window, &c. (which are frequently halt a regular Octagon or 
Hexagon) of a given meaſure, for a Side of the Building, &c, 0 
By this Problem, we find the meaſure of a Side, when the f 
width or Diameter is firſt determined. | 
8 
To enumerate all the uſes of Poligons, would be impertinent 6 
and foreign to the purpoſe; my detign being to ſhew how to con- 
ſtrut them, in the eaſteſt and readicit manner, the application of Wi 
them will readily occur, as occaſions require, 4 . 
Theſe are the moſt neceſſary Poligons for mechanical uſes ; and * 
ſince, by the Table, and Rules already given, any Poligon, to 
twelve Sides, may be readily conſtruded, I ſhall deter treating 
more fully on them to the fourth Book; which teaches how to in- 
{cribe and circumſcrihe all kinds of regular Figures, E 
Although it is entirely Problematical, yet I think it beſt to fo F 
low the order of Euclid, in that; ſceing, it cannot be properiy 
treated on without the Elements of the firſt three Books, I be | 
practical Part is, nevertheleſs, eaſy and intelligible to any Co Ce 
paciĩty. = me 


P R O. 
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PRODLE N 


To find the Side of any regular Poligon in a given 
Circie, 5 


Draw a Diameter, AB, on which, 
conſtruct an equilateral Triangle, ACB; 
or draw the two Arks only, interſecting 
at C. (This preparation is the ſame 
for any Poligon whatever.) 

Then, divide the Diameter into as many 
equal Parts as the Poligon, required, 
has Sides; (Pr, 36.) and, through the ſe- 
cond diviſion, from either extreme, draw 
a Right Line, from C to the oppolite 
Side, of the concave Circumference. e. g. 


If a Pentagon be required, the Diameter (AB) muſt be 
divided into five equal Parts; through the ſecond Diviſion, 
from A or B, draw CD; then, AD is the fide of a Penta- 
gon; i. e. a fiſth part of the whole Circumference, or two 
fifths of the Semicircumference AFB, 


The Side of a Hexagon is equal to the Radius; and the 
Side of an equilateral Triangle is the Diagonal of two ſides 
of a Hexagan ; yet the ſame Rule holds equally true in all, 


If a Right Line, be drawn, from C, through the Center, 
E, to F, it divides the Circle equally into fout, and AF or 
FB, is the Side of a Square. 

For, if the Diameter be divided into four equal Parts, the 
Center being equally diſtant from each extreme of the Dia- 
meter, AE is, conſequently, two of thoſe Parts, 


- One 


-— 


F Ib 
* 
* 


5 


them 
them is divided, a Right Line being drawn, from C, through the 
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One of thoſe Parts, GB, equal half the Radius, EB, is 
two eighths of the Diameter; wherefore, if CG be drawn 
and produced, it wil! cut the concave Circumſerence in the 
Point H; and BH, or FH, being joined, is the Side of an 
OXtagon ;' for it v. ill bite the Ark, FH, of the Side of a 
Square, En 

Again. Al, being a fifth part of the Diameter, is equal 
to two tenths; wherefore, if Ct be drawn, to TI, it will 
biſect the Ark ALD; and Al or ID, being joined, is the 
fide of a Decagon, inſcribed ; for, it is equal to two tenths 
of the concave Circumference AFB, 


Thus may" the7Side of any Poligon whatever, contained in a 
Circle, be obtained ; by obierving the Rules given above. And 


it is truly worthy of notice; that, any Right Line, drawn from C, 


__ the Diameter and the concave Circumſerence, will cut 
oth in the ſame Proportion; or, in whatever Ratio one of 


point of diviſion, will aifo cut the other in the fame Ratio. 

Of this Conſtruction, or equal diviſion of the Diameter and 
te Circumierence, no Demonſtration can be given, having con- 
ſulted ſeveral able Geometricians concerning it; who ſay, that it 
is only an approximation and not mathematically true. Yet, l 
muſt own, that I do believe it to be perfectly true, or it could 
never anſwer ſo very accutately, as it does, in all Diviſions, 
Whatever. 
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E AVING now, gone through all the moſt uſeful and 
1 


valuable Problems in Geometry; I hall, next, be- 


fore | proceed to the Elements, ſhew how to deſcribe that 
uſeful and elegant Figure called an Ellipſis; which is ſa 
very neceſſary to Mechanics, and particuſarly to Architects 
and Builders, in general; inſomuch, that I ſhould reckon a 
compleat Syſtem of practical Geometry deficient without it. 


The Fllipfis, is a Figure which is nst admitted in'a 
Plane Geometry; as the na:ure of its Curve and the pro— 
perties peculiar to it, are of no uſe in the Elements of Eu- 
clid. Nevertheleſs, as it is a yery uſeful Figure, I ſhall de- 
fine all its parts, particularly, and ſhew how, by various 
ways, it may be deſcribed of any Proportion required ; a 
thing much wanted and but little known, to many who have 
a conſtant occaſion for it; how many lame and imperſect 
Ovals may be ſeen amongſt the Works of our moſt eminent 
Artifſ's, at an Exhibition, is but too obvious to a judicious 
Eye. 

| ſhall alſo explain ſome of its peculiar F roperties; ſne u- 
ing the affinity between the Circle and Ellipſis {as between 
a Square and Rhombus) the Ellipſis being confidered as a 
Circle, preſted gently, or drawn out, at the two extremes 
of any Diameter, 


T LIONS 


DEF. I. An ELLIPSIS, or OVAL, is a Plane Figure 
bounded by a regular curved Line, falling into itſelf, 
which, is ngt circular in any part, being deſcribed on 

two Centers, Þ . 


5 
/ 


I N e H 
DEF. II. PERIPHERY, or CIRCUMFERENCE, is the 
curved Line which bounds the Ellipſis; AC B D. 


DEF. III. CENTER, of an ELLIPSIS, is the Point E, 
where any two Diameters interſect, and, conſcquent]y, 
biſect each other. | 


DEF. IV. DIAMETER, of an ELLIPSIS, is any right 
Line, as AB, MK, &c. paſling through its Center, E, 
and terminated by the Periphery. 

For, every ſuch Line divides the Ellipſis equally in 
two; and is alſo biſected in the Center, E. Thercfore, 
any two Diameters biſect each other; as in a Circle. 


DEF. V. TRANSVERSE DIAMETER is the longeſt 
which can be drawn in an Ellipſis. As AB. 


DEF. VI. CONJUGATE DIAMETFR. This Term 
is generally confined to the ſhorteſt Diameter, CD; but, 
that is conjugate only in reſpect of the Traniverſe AB; 
which is alſo conjugate to CD, 

If Tangents to the Ellipſis be drawn, through the ex- 
tremes, A and B, of the Tranſverſe, and CD its conjugate 
Diameter, cuting each other in F, G, H and l, they 
Wil! 


OF THE ELLIPSTIS. 97 


will form a Rectangle; and if the Diagonals of the Rect- 
angle, FH and IG, be drawn, they Fee paſs through the 
Center of the Ellipſis; the parts, KM and LN, which 
are terminated by the Curve, are Diameters of the Ellip- 
ſis; each of which, is Conjugate, in reſpect of the other. 


Theſe are the only two Conjugate Diameters which are equal. 

The Tranſverſe Diameter, and its Conjugate, are the only two 
which are perpendicular to each other, or cut at right Angles. 

The Tranſverſe Diameter, AB, biſects the acute Angles FEI, 
GEH; and the obtuſe Angles, FEG, LEH, are biſected by the | 
Conjugate, CD. 

Every Diameter, drawn within the acnte Angles, is greatgr 
than its Conjugate, which falls within the obtuſe Angles, 


DEF. VII. ORDINATES are Right 
Lines drawn parallel to the Conjugate E 
of any Diameter, as MN, OP, &c. and 
they are biſected by the Diameter, AB. 
The whole Lines MN, OP, are, there- 
fore, double Ordinates to the Diameter 
AB. 


DEF. VIII. A TANGENT is a Right Line touching 
the Periphery, at the extreme of a Diameter, parallel to 
its Ordinates, As Fi, FG, &c. | 


DEF. IX. AXES, of an Ellipſis, are the Tranſverſe aud 
its Conjugate Diameter; AB and CD, Fig. 1ſt. 


DEF. X. FOCI, of an Ellipſis, are the Points Qand R, 


on which it is deſcribed; as a Circle on its Center. 


DEF. XI, LATUS RECTUM, or RIGHT PARAME- 
TER, is that Ordinate to the Tranſverſe Axe which 
paſtes through either Focus; as MN; Fig. iſt, 


CO —-—-— F ³ oO. 


The Latus Rectum, and every Parameter, is a third 8 
portional to the two conjugate Diameters, to which it is che 
Parameter. 


O Note. 
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Note. The Parameter to the Diameters KM and LN, Fig. 1f, 
coincides with them; for, being equal, there cannot be a third 
Proportional to them. 


DEF. XII. ABSCISSA. If the Tranſverſe Diameter be 
cut, in any Point at pleaſure, the two Segments, made by 
that Section, are called Abſciſſas. 


Note. An Ellipſis may be generated, by the Shadow of a 
Circle, or Ring, projected on a Plane, not parallel to the Ring; 
provided, the luminous Point is not in the Plane of the Circle. 

Or it is an oblique Section, made by a Plane, of a Cylinder er 
Cone, (See Def. 15 and 18, jth. El.) 


FROBLEM I. 

45 
The Tranſverſe and its Conjugate Diameter being gi- 
„ ven, how to determine the Foci, on which an El- 


'+ © lipfis may be deſcribed, of the Proportion required. 


Let X and Z be the meaſures given, 


x Draw, at right Angles, two Right 
Lines, AB and CD, equal, reſpective- 
ly, to X and Z, and biſecting each 
other, in the Point E. 
1z On either extreme, C or D, of the 
Conjugate Diameter, deſcribe an Ark, 
with the radius AE, or EB, half the 
Tranſverſe, cuting it in F and- G; 
which are the Foci, or Centers, on 
which the Ellipſis may be deſcribed. 
Then, procecd in the manner following. 


Take 
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Take a fine, ſmooth Cord or ſtring, and, having fixed 
two Pins in F and G, carry the ſtring round both Pins, and 
draw it, on both Sides, to the Point C, or D; where, fix a 
Pencil, and revolve it around, on the two Pins, keeping the 
String at full ſtretch; the point C will defcribe a Curve, 
which will paſs through the four Points A, C, B and D. 


From which conſtruction it is evident, that any two Right 
Lines, FH and GH, drawn from the Foci to any Point in the 
Circumference, are equal to FC and CG; that is, to the Tranſ- 
verſe Diameter, AB. 

For, FG being common to both the Triangles FCG and FHG, 
the remaining Sides, added together, are equal 
i. e. FC added to CG is equal to FH added to HG. 

As it is difficult to keep the Point or Pencil true, in a ftring, 
this Method is not ſo eligible, for ſmall Ovals, or tor any, which 
1equire the Curve to be exact; but, from what has been advanced, 
(being well conſidered and underſtood) it will be found practicable 
to deſcribe ſmall Ovals with tolerable exactneſs. 
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Having determined the two Foci, F and G, in the given 
Tranſverſe Diameter, AB, whoſe Conjugate is CD (as 
above) as many Points, H, may be determined, in the Pe- 
riphery, as are neceſſary; through which a Curve may be 
deſcribed, by a ſteady Hand, which will be a true Ellipſis; 
after the following manner. +. 


With any Radius, at pleaſure, 
ſetting one Point of the Compaſſes 
in either Focus, as at F; with the 
other Point, make an Ark, at H. 
'Then, with the ſame Radius, FH, 
ſeting one Point in either extreme 
of the tranſverſe Diameter, as at A, 
cut the Tranſverſe, at E with the other. 5 2 
Take the remaining Segment, EB, as Radius, and, on the 
Center, G, deſcribe another Ark, cuting the former in H; T 7 
which will be a Point in the Peripherx. 

Thus, as many Points, H or h, may be obtained as you 
pleaſe ; which are all in the Periphery, | 

O 2a That 


reo reren. 


That the Point H is in the Periphery is manifeſt. For, ſeeing 
that the Foci are determined from rhe extremes, C and D, of the 
Conjugate Axe, making CF and CG each cqual to AF, half 
the Trenfrerſe; (by Prob. 1.) conſequently, FH and Gl being 
made alſo equal to AB, the Point H is in the Peri phery. 


znd. To deſcribe an Ellipſis, by means of an Inſtrument 
called a Trammel. 


The Trammel is made of two pieces of wood, fixed to- 
gether at right Angles, in the form of a Croſs; or, for 
ſmall Ovals, it may be of Metal, with two ſtreight Grooves, 
truly perpendicular to each other, as AB and CD. 

Then, having provided a ſtreight Ruler, of wood or 
metal, fix a Point or Pencil at one end, asat E; and, let 
two ſhort, round Pins (equal, in Diameter, to the width 
of the Grooves in the Trammel, which will ſlide in them, 
freely) be fixed at F and G, in the manner, or order, as 
follows. a 

Make EG equal to half the Tranſrerſe, and EF half 
the Conjugate Diameter, 


The Trammel and the Ruler being thus prepared, Jet the 


1 Trammel be placed, as in the Figure; exactly on the 


Tyaniverſe and Conjugate Diameters, 


Then, apply the Ruler, with the 
Pins in the Groove, along the Tranſ- 
verſe Diameter, G being in the Center, 
and the point E in the Periphery, at the 
extremity of the Tranſverſe, 

When the point E is moved towards 
C, the Pin at G, in the Center, falls 
into the Groove towards D, whilſt the 


Pin at F, moves towards the Center; 


which | is continued till it falls into the Center, at G, and 
the point E being arrived at C, has deſcribed, by its motion, 
E ; | the 


=, 
* 


Or FHE ELLEFESEHS tot 


the Curve AC, a fourth part of the Periphery ; which has 
all the variety of the whole ; for every fourth part is the 
ſame; from C to B, and from A to D, it is inverted. 

The Ruler being now in the poſition of the Conjugate 
Diameter; the Pin, at F, in the Center, and that at G 
fallen down to g; the motion is continued to B; the Pin 
at F, being now ſuppoſed to be in the Center, moves to- 
wards B, and the Pin at g goes back again to the Center; 
when the Point has deſcribed the Curve CB, another 4th 
part, the converſe of the former ; thus continuing the mo- 
tion until the Curve is compleated, and the boint E arrives 
again at A; the Pin, at F, ſtill moving, to and again, in 
the Tranſverſe, from F to f and back again to F; and 
the Pin at G, to and again, in the Conjugate Groove; by 
which means a true Ellipſis is formed ; which, it is evident, 
has no part of the Curve of a Circle in its compoſition, ſee- 
ing it is deſcribed on two Centers. 

The nearer the Foci are together, that is, the leſs the dif- 
ference is between the Tranſverſe and Conjugate Diameters, 
the nearer it approaches to a Circle, and ac laſt ends in a 
Circle, when the Centers unite. 


PROBLEM II. 
To find the Center of an Ellipſis. 


Draw, at pleaſure, two parallel 
lines, AB and CD, in the Ellipſis. 
Biſe& them, in E and F; through 
which Points draw HI, which is a 
Diameter, of the Ellipſis. 

Biſect the Diameter, HI, in G, 
which is the Center of the Ellipſis. 


For, every Right Line drawn through the Center is 2 
Diameter; and every Diameter is biſected in the Center, 
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FROBLEM III. 


To find the Axes of an Ellipſis. 


Having found the Center, by the laſt, 
with any radius, leſs than the Tranſverſe 
Diameter and greater than the Conjugate, 

1 deſcribe a Circle, cuting the Ellipſis in four 
points, A, B, C, and D. 
Draw the Ordinates AD and BC and bi- 
ſect them, in E and F; through E and F 
draw HI, which is the Tranſverſe Axe. 
Through the Center, G, draw KL, at right Angles 
with the Tranſverſe, or parallel to the Ordinates, AD and 
BC, and that is the Conjugate Axe. 


PROBLEM IV. 


To find the Foci of an Ellipſis, 


Having found the Center, G, anddrawn the Tranſyerſe and 

Conjugate Diameters, or Axes, take GH, half the Tranſ- 

verſe, for radius, and on either extreme, K or L, of the 

Conjugate, as a Center, deſcribe an Ark, cuting the 

:', Tranſverſe in two-gyints, E and F, which are the Foci, or 
I Centers, on which the Ellipſis is deſcribed, 
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PROBLEM V. 


To draw a Tangent to an Ellipſis at any Point given 
in the Periphery. | 


If the Tangent was required at either extreme of the 
tranſverſe or conjugate Axes, ay B or C, it will be perpen- 
dicular to them, as in the Circle, and conſequently makes 
equal Angles, 


Let D be the given Point, e which a Tangent is 
required to be drawn. | 


Find E and F, the Foci of the El- 
liplis, by the foregoing ; and draw 
ED and DF. 

Make DG equal DF, and draw GF; 


to which, if HI be drawn parallel, 
through the given Point D, it will 
touch or be a Tangent to the El- 
lipſis in that Point. 


For, let KL be drawn, through C, parallel to the Tranſ- 
verſe, AB; it will touch the Periphery in C. | 


Draw EC & CF; they are equal, by Conſtrution - Pr. 4, 
and, conſequently, the Angle ECK, is equal LCF - 4. 1. El. 
for the Angles CEF, CFE are equal - 9. 1. El. 

But, the Tri. GDF is Iſoſceles, and HI is par. to GE. 
conf, the Angle HDG or E is equal to FDI, - 4. 1. El. 
Therefore, HI touches the Ellipfis, in the Point D. 
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PROBLEM VI. 


wy Diameter, as AB, being given, to find its Con- 
Jugate, CD. 


Through lier extreme of the Dia- 
NM meter, as A, draw the Tangent FG; 
through the Center E, draw CD, pa- 
rallel to the Tangent; which is Conju- 
gate to the Diameter AB. 


| If Tangents are drawn, through the four 

| points A, B, C-and D, of any two Conju- 
gate Diameters, meeting in F, G, H aud I, the Parallelogram 
FULL, is equal & to a a Rectangle under the two Axes. 
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To mike a Repreſentatian of an Ellipſis, with Com- 
paſſes. 


. 


Let AB be the given Tranſverſe Axe, and CD the Con- 


Biſet AE and EB, in F and G, 

and on the Centers F and G, de- 

ſcribe the Circles Al EH, & EK BL, 
touching at E. 

Draw CA; and, with that radius, 
Aon C, defcribe the Ark AM, cut- 
ing the Conjugate Axe in M. 

Make EN equal EM; on which 
Centers, M and N, with the ra- 
dius MC and ND, deſcribe the Arks HI and EL, falling 
jnto.the Circles AE and EB, at E, l, K, and L. 
n {uh 
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Or thus, when the difference between the Axes is leſs. 


Divide the Tranſverſe, AB, into three equal Parts, at 
C and D; on which, with the radius AC, deſcribe two 
Circles, cuting each other in E and F; on which Centers, 
with the radius AD, deſcribe the Arks GH and I K. 
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This laſt, is nearer to an Ellipſis than the other; and they 
may be lengthened or ſhortened at pleaſure. It is very obvious 
that they are not Ellipſes, but compounded of circular Curves ; 
whereas, a true Ellipſis has no part of the curve of a Circle, in 
its compoſition, the Curve, being every where deſcribed on two 
Points, is continually varying; wherefore, no Oval, formed by 
Circles, can partake of the properties of an Ellipſis. 


%. £ q —  — —— —* <A +- ̃ 15S SYS I © 2. — 
—  —_——_——_— 3 AEGE 
— — ———— — 


Is 
- IT 


Having explained or defined all the Terms peculiar to 
the Ellipſis, and ſhewn how to conſtruct it of any given 
Dimenſions, and to fix the Points on which it is deſcribed, . 
there remains nothing more to be done in reſpect of the uti- 
lity of it, ta Mechanics, &c. : | 

To treat at large of its Properties would neither be pro- 


q 
| 


in the Prelude or Introduction. 

The Properties of the Ellipſis are really very extrzordi- | 
nary and ſurprizing z many of which have ſo near Affinity | 
to thoſe of a Circle, that they are almoſt neceſſarily deduced 
from them. But, as it is requiſite to have ſome acquaintanee 
with the Conic Sections, in order to a right and clear un- 
derſtanding of the Properties of the Ellipſis, which would 
not be proper to enter upon in this place ; I ſhall content 
myſelf with giving one ortwo general Theorems, from which, - 
the preceding Problems are deducible ; and juſt mention two 
or three particular Properties, and then proceed to the Ele- 
ments of Geometry, from which this may properly be call- 
ed a Digreſſion, though a very uſeful one; and which, I am 
perſuaded, will not be unacceptable to many, 
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The Rectangle, under any two Abſciſſas, has the ſame 
Proportion to the Square of the Ordinate which divides 
them, as the Rectangle under any other two Abſciſſas, has 
to the Square of the Ordinate dividing them. 


In a Circle, the Rectangle, under the two Segments of a Dia- 
meter is equal to the Square of an Ordinate, at the point of bi- 
ſection; W they have all the ſame Ratio (Pr. 14. 3. El.) 

Let ACBD be an Ellipſis; and let there be deſcribed twa 
Circles, the one circumſcribing it, the other, f CFD, in- 


ſcribed. 
=” We | From any Point, F, in the outer Cir- 
| a] A cles Periphery, draw the Right Line EF, 
FN 1 * parallel to the Conjugate Axe, CD, cut- 
. ing the Periphery, of the Ellipſis, in the 
8 Point G; from which Point, draw GH, 


parallel to the Tranſverſe, AB; alſo draw 
the Radius, EI, which will cut the in- 


jt ſcribed Circle in the ſame Point K. 
For, ach KG is par. to IF, FE:FG::IE:IK, - 2. 6. 


j. e. as IB:IC. And, EF par. to CD will be cut, in G, by 
the Periphery of the Ellipſis, as I B to IC.- 19. Em. C. Sec. 


Now, GH is parallel to IB, and EFtoCI - - Con. 
wh. the Angie HKI=EIF, and HIK=IEF 1 4 1. El. 
2 the Triangles, IHK and IE F, are fimilar; 


wh. c 4 $ 
But, 41 IE, IC=IK; and FG IH; * 15.1 
wh. AI: EF: IC: FG; conſ. AI: IC: EP: FG, alternately ; ; 
and conſequently, Alo:ICo::EFo:FGo. - - - 15:6 
Rut, AF x FB is equal to EF, < + „ 14.3 


ry AIXTIB is the ſame as AI; for Al 1B. 
Therefore, as AIX IB: IC M:: AF x FB: FG d. . 
The ſame holds true of any Abſciſſas. whatever, and their 
Ordinate, For, AfxfB:fgo::AI x IB:ICo 
conſ. Af & B + AFX FB: FGO. 
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2. The Latus Rectum (FG) is a third Proportional to the 
Tranſverſe and Conjugate Axcs, 


The common method of proving it, 1s to make 
FG to AB, as CEO to AE ; i. e. as CDa to 
330 (4.2. El.) which is making FG a third Pro- 
portional to AB and CD (12 and 13.6.) and then, 
proving it to be what it is by Conſtruction. 
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The diſtance of the Focus from the Center 
the $q. Root of the diff. between AE (eq. CH) q and CE 9.20.7. 


Now, IF+FH=AB=2 EB, 1. e. IF=2EB—FH; - Pr. 1. 
wh. IFo=4EBO+FHo —4EBxFH. - - - El. II. 
But, IFo=lHo+FHo; - - - 20. 1. El. 
wh. 4EBOQ+FHO —4EBxFH=lIHo+FHo. 
conſ. 4EBQO —4EB x FH=IHoa =4Ehno, « + «+ The- 
and, 4EBO=4EBxFH+4zEHo. - -:- - HH. 
i. e. 4EBO=4EB xFH+4CHoO —4CEn; 
wh. 4EBC+4CEO =4EB x FH+;CHgo. | 
But, CH=EB (Pr. 1.) wh. 4aCEO =4EB x FH; 

i. e. 4CEO =2EB x 2FH; i. e. CDO =AB x FG. 
conf, FG is a third Proportional to AB and CD. -,- 9.6. El. 


3. If from the Center, E, of an Ellipſis, EL (on the 
conjugate Axe) be made equal to the Semitranſverſe, AE, 
the Tangents LF and LG, drawn from that Point, will 
paſs through the Extremes of the Latus Rectum. oy 
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4 If from the Point of Coutact, K, of any Tangent, 
KN, to an Ellipſis, an Ordinate, KI, be drawn. to an 
Diameter, cuting it in I; half that Diameter, 4 
AE, iS a Proportional between the Seg- 
ment El, made by the Ordinate, and the Diſ- 
tance of the Point N, from the Center, where 
the Tangent cuts the Diameter, AB, pro- 
duced; i. e. EI: EA:: EA: EN. 


5. If a Tangent MN be drawn through the Extreme of 
any Diameter, KL, cuting any other two conjugate Dia- 
meters, AB and CD, in M and N; the Rectangle under 6 
KM and KN, the Segments of that Tangent, will be 1 
equal to the ſquare of EF, half the Diameter FG, conju- 
gate to the Diameter KL. 
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6. If from the Extremes, F and K, of any two conju- 
gate Diameters, Ordinates are drawn to the tranſverſe Axe, 
cuting it in. Hand I; then is the Ordinate FH to the ſemi- 
conjugate Axe, as the Segment El, made by the other 
Ordinate, to the femi-tranſverfe Axe, 


i. e. FH:CE::EL:EA; and IK: CE;:: EH: EE. 


7. Every Parallelogram formed by Tangents at the Ex- 
treme of any two conjugate Diameters, is equal to a Rect- 
angle, under the tranſverſe and conjugate Axes, 


As this is a curious and extraordinary Property, I ſhall give 2 


E fe” os 5-2mmd it, as follows. 
0 * 


Let NOPQ be a Parallelogram, 
made by the Tangents, NO, OP, &e. 


I >. at the extremes of the Diameters GF 
L 5 and its Conjugate KL. 

| Draw the Ordinates, FH and Kl, 

fo the tranſverſe Axe, cuting it in H 


and I; and draw EM perpendicular 


. og to NO; and conſequently, 


the Triangles EFH, -ENM are ſimilar. - - - - 4.6. El. 
for, the Angles NME, EHF are Right; and MNE=FEH. 4. 1. 
Wherefore, - EF: FH:: EN: EM. - - - by 46. 


Now, FH:CE::EI: EA (6.) and EI: EA:: EA: EN (4. I 


wherefore, FH:CE::EA: EN; by equality of Ratios. 
Then, ſince, EF: FH:: EN: EM; and, FH:CE::EA:EN; 
conſequently, EF: CE: : EA: EM; by inordinate equality; 
wherefore, EF EMS CEX EKA - - - by q. 6. EA 
But, CE xEA Sof the Rectangle under AB and CD. 
And,. EFX EM of the Parallelogram NOPQ. -18. 1. 
Therefore, the Par. NOPQ is equal to the Rect. RS TU. Ax. 5. 


EL E- 


as oa „ an Dt --od Sobd”t onath -  ic 


. 


a. 2 — 


EL = MEH T 6 


O F 


CE O M H 


B O O0 K : 


HIS firſt Book of Elements treats of particular pro- 
T perties of Right Lines and right lined Figures, re- 
ſpecting themſelves, and alſo their relation to, or connection 
with one another; of Angles, formed by the interſections of 
Right Lines, &c. which, being entirely unconnected with 
Figures, in this Work, are firſt treated on, before we begin 
with Figures. 

Next we proceed with Triangles, the firſt, yet moſt uſe- 
ful and extenſive, of all right lined Figures. Then is ſhewn 
the affinity between Triangles and Parallelograms, and 
other four ſided Figures; all which, is neceſſary, in ſome 
degree, to prepare the way for the laſt grand Propoſition, 
the 47th of Euclid, which concludes this Book. 

The Order in which theſe things are treated, according 
to Euclid, ſeems to me not very regular; the chain of con- 
nection is frequently broken or interrupted; beginning firſt 
with Figures, then Lines and Angles; again Figures and 
Lines, alternately, The fourth Propoſition begins the pro- 
perties of Triangles, in general; the 5th introduces the Iſo- 
ſceles, a particular ſpecies of Triangles, merely (in this 
place) for the Demonſtration of the 7th; and that, is of no 
other uſe but to demonſtrate the 8th, which may be clearly 
demonſtrated (according to Proclus) without it, In the 24th 

| and 
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25th is again introduced the ſame general properties of Tri: 
angles, which are evidently deducible from the fourth. For, 
having, in the fourth, proved, that, in two "Triangles, if 
there are found two Sides, in each, reſpectively equal, and 
that the Angles, contained between the equal Sides, are 
alſo equal, the remaining Sides are equal; can any Perſon 
of comm̃on ſenſe, who knows what a Plane Angle means, 
want Demonſtration, that if, in the Caſe of equality of the 
Angles, the Sides oppoſite thoſe Angles are equal; if one 
of the Angles be greater or leſs, the fide oppoſite will alſo 
be greater or leſs? and, vice verſa (in the 25th) if the Side 
or Baſe, lying between the equal Sides, be greater or leſs, 
the Angle it ſubtends muſt neceſſarily be ſo too: theſe things 
ſeem, to me, ſuch a neceſſary conſequence, that I would not 
heſitate to take them for granted. 

This Book is much encumbered with uſeleſs Demon- 
ſtrations, of feveral Propoſitions, already ſully demonſtrated 
or need none; for, what is evident in itſelf, needs no other 
Demonſtration; and ſuch Propoſitions, as may eafily and 
clearly be deduced from ſome preceding ones, are as well 
made Corollaries to them; ſuch are all converſe Propoſiti- 
ons ; for I cannot conceive it uſeful to perplex and embar- 
raſs the minds of Youths, with demonſtrating what is not 
eſſential and abſolutely neceſſary. 

I have, therefore, greatly abridged, and altered the Ele- 
ments of Euclid's firſt Book; yet, I am greatly miftaken, if 
I have not retained all than is eſſential in it; and which, 
I think, may be much eaſier and more regularly ac- 
quired, After abſtracting the 14 Problems, I have but 20 
other Propoſitions in this firſt Book; three of which num- 
ber (the 3d the 6th and 16th) are not in Euclid; where- 
as, excluſive of the Problems, Euclid has 34 Theorems, 
twice the number, of the remaining ſeventcen. 
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The 7th of Euclid is not only uſeleſs, in itſelf, but the 
Demonſtration is intricate, to a beginner; and fince the 
$th. which is made to depend on it, is clearly deducible 
from the 4th, I ſee no uſe for it all. In reſpect of the 4th 
(my 8th) I cannot think the Demonſtration of it perfectly 
geometrical; bur, ſuch as it is, has been generally accept- 
ed; and although it has been thought ſomewhat deficient, 
yet, I have not ſeen even an attempt at any other kind of 
Demonſtration ; which is ſufficient conviction that no other 
can be given. As it is the firſt Propoſition on the properties 
of Figures, which might well paſs for an Axiom, the De- 
monſtration, being purely mental, is ſatisfactory; though it 
tuppoſes a manual, or mechanical application of one ta 
the other; the proof ariſing, from which, would be, mere- 
ly, occular, 

Having received the firſt rudiments of Geometry from 
Pardie, I may perhaps have imbibed a prejudice, in reſpect 
of his manner of treating the firſt Elements, Upon the 
whole, I look on that Tract as very imperfect and irregu- 
lar; but I have always thought it more introductory to 
treat, firſt, of Lines and Angles, before Figures ; keeping 
them diſtin and unconnected, as much as poſſible. The 
13th, of Euclid I have, therefore, made the firſt ; for, on 
the foundation of it, depends, in a great meaſure, the whole 
firſt Book, I am the more confirmed in it, having ſeen 
(fince my Plan was formed) two or three Authors, of ſome 

Fame, who have purſued the ſame Plan, nearly; which at 
firſt (I freely own) hurt me, not a little, but, which, I am 

now reconciled to, and think it does me credit. 

According to Euclid, the properties of parallel Lines 

&c. cannot be obtained without having recourſe to Tri- 

angles, and is the reaſon why the 27th, and the following, 

are not introduced ſooner, which are previouſly neceſſary 10 

cemonſtrate the 32nd; in which, the 16th and 17th are 

more fully and perfectly demonſtrated; wherefore, Euclid 
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was obliged to have recourſe to the 16th, as a Lemma, 
(which is much more complex and difficult to conceive than 
the 32nd) in demonſtrating ſeveral Propoſitions previous to 
them. But, for what uſe the 17th is introduced, I am at 
a Joſs to deviſe, it being never once referred to, I believe, 
in the whole Elements; it might (if it be neceſſary) be a 
Corollary after the 32nd, and it is never uſed before. We 
can never be at a Joſs to know, that any two Angles of a 
Triangle are Jeſs than two Right Angles, having full De. 
monſtration (in the 32nd) that, the three Angles of every 
Triangle are, together, equal to two Right ones; conſe- 
guently it is of no uſe at all. 

In the 18th of this, is contained the 35, 36, 37 and 38th 
of Euclid including alſo, in a Corollary, the 30th and 40th. 

This property of Parallelograms and Triangles is, un- 
doubtedly, very extenſive; but it is all included in the firſt 
part of the 18th (i. e. in the 35th of Euclid) having previ- 
ouſly demonſtrated, in the 17th, that eyery Triangle is 
equal to half a Parallelogram, having the ſame Baſe and 
Altitude; which, Euclid deduces and demonſtrates from the 
other. To dwell ſo long on one Property, in fix Propoſi- 
tions, becomes tedious, if not trifling; for where is the dif- 
ference, whether Parallelograms, or Triangles, have the 
ſame or an equal Baſe? 


The alteratipns, which I haye made in the firſt Book, are 


very conſiderable; and the manner of demonſtrating is, in 
geaeral, different, and more conciſe; as to the clearneſs of 
it, it muſt be left for others to determine. I do not doubt 
but the judicious, candid, and impartial Reader will concur 
with me, or not diſapprove, entirely, the liberty I have 
taken. I thought it incumbent on me to advertiſe him of 
the alterations, and, by pointing them out, he may, with 
more eaſe, form a judgment of them. 


T as 


- 
Y 27 — Ee 
Err 


b 
5 
8 
LY 
of 
Wy 
4 
2 
U 


Ss r 4 F, 1 — ” 2 — 
n r 2 * we ng 
7 . Y tt 3 ** — 


ELEMENTS or GEOMETRY. 113 


Tux firſt ſix Propofitions, and the Corollaries deduced 
from them, contain all the properties of Right Lines, and 
Angles formed by their Interſections; which are eſſentially 
neceſſary to be known, before we can obtain a knowledge 
of the properties of Plane Figures. But, 1 think it ſcarce 
worth the loſs of time to demonſtrate them, they being in a 
manner ſelf evident; inſomuch, that the greateſt part of 
them may be, and are; by ſome, given as firſt Principles, 
or ſelf evident Propoſitions, 


1. For, fince (by Def. 10.) one Right Line ſtanding per- 
pendicularly on another makes the Angle on each fide equal 
to the other, they are, therefore, Right Angles. 


The Perpendicular, CD, being com- 
mon to both Angles, ACD and DCB; 
the two other Sides AC, CB are; con- 


ſequently, in one Right Line, ACB, 
And, it is clearly evident, that any 
other Line, or number of Lines, as CE, 
CD, CF, at the ſame Point C, muſt 


make all the Angles, ACE+ECD + DCF+PFCB, equal 


to the two Right Angles (ACD IDC.) 


Hence, the firſt Propoſition and its Corollaries are evi- 
dently clear and manifeſt, 


2. Again; (by Def. 11.) if the Perpendicular, CD, be. 


produced, towards H, there is generated equal Angles, tc 
the oppoſite, on either Side, for, they are all Right . 
conſequently equal, by the gth Axiom. 

So likewiſe, if any other, inclined, Line be produced, 
as EC, or F C, it will, neceſſarily, produeg equal Angles, 
to the oppoſite, vn the other fide of AB; as ACG equal 
FCB, and GCB=ACF; and which, "—_ are alſo 
equal to two Right Angles. F 
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For, if EC biſeQs the Right Angle ACD, CI will alſo 
biſect the oppoſite, HCB; and, if CF triſe& the Right 
Angle DCB; the oppoſite Angle, ACH, will alſo be 
triſected, if FC be produced, towards G; and ſo, in what- 
ever propurtion DCB is divided, by FC, the continuation 
of FC will, neceſtarily, divide the oppofite, ACH, in the 
ſame Proportion; wherefore, the Ang. GCH=DCF, and 
AC GS FCB; alſo, GCH+HCB=DCF-+ACD; and 


ACG+GCB=FCB+ACF; i.e. they are each equal to 


two Right Angles; and conſequently, all the Angles about 
the Point C are equal to four Right Angles. 
Hence, it is plain, that the firſt and ſecond Propoſitions, 


x with their Corollaries, are clearly deducible from the 1oth 


and 11th Definitions; after what has been ſaid in the The- 
ory of Plane Angles is well underſtood, 


*. 3. It is alſo, I prefume, eaſy to be conceived, and which 


J think no Perſon, at leaſt, who has any Talent for Geo- 
metry) can be at a loſs to conceive; that, two or more pa- 


ralle] Lines muſt neceſſarily have the ſame Inclination to 


any Right Line which cuts them all; i. e. the Angle of 
Inclination, with each Line, is equal to one another; the 
bare Idea of Paralleliſm ſeems to indicate it; which being 
known, or underſtood, all the reſt follow of courſe, viz. 
that the Alternate Angles are equal to one another, and the 
two internal Angles, on each Side, are equal to two Right 
Rnghes,. | 

| Por, ſoppoſe the Right Lines AB, 


CD, and EF to be parallel amongſt 


themſelves, and all cut by any Right 
e u Line, GE; making, with them, the 


ou w Angles X, Y, Z; and, ſupnoſe AB to 
be moved, directly, to CD,. ſtill keep- 
ing parallel to CD, it muſt neceſſarily 
coincide with CD; and, conſequently, 

the 


Dd Sd ak + — 
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the Angle GAB will always remain the ſame, and, at laſt, 
coincide with ACD. 

And if AB be moved directly forward, to EF, ſtill keep- 
ing parallel to its firſt poſition, it will alfo coincide with 
EF, and the Angle GAaB, or ACD, with CEF. 


Hence, it is plain that the Angles x, y and z, made 
with GE, are all equal to one another; and, being equal ta 
one another, the Right Lines AB, CD and EF are conſe- 
quently parallel between themſelves, 


4. Again; ſince the Angles x, y and z are equal to one 
another; and the oppoſite Angles, v, u, w, are alſo equal 
between themſelves, and to the other (as it was made evi- 
dent in the foregoing) conſequently, the Alternate Angles, 
vand y, u and 2, &c. are equal; for, they are all equal to 
one another, as above (the Lines AB, CD and EF being 
parallel) and, converſely, if the Alternate Angles are found 
to be equal, the Lines, forming them, are conſequently pa- 


rallel. ä 
5. Alſo; ſince a Right Line cuting another Right Line 


makes the Angles, on both Sides, equal to two Right 
Angles (by the firſt) it is evident, that, if the Angles x, 
y and 2 are equal to one another, and the adjoining Angles | 
x+A and y+C, &c. are each equal to two Right Angles ; 
conſequently, A, C, and E are alſo equal between themſei ves, 
and the internal Angles (between each two Lines) A added 
to y, and C added to 2, are alſo, each, equal to two Right 
Angle ; by the 6th. Axiom. 


6. And, becauſe Av and y-+o are each equal to two 
Right Angles; and, A+y, on one Side GE=two Right 
Angles; conf. vo, on the other Side GE, are, alſo, equal 
to two Right Angles. Therefore, if two paralle! Kizht 
Lines, AB & CD, &c. are cut by any other Right Line, GE, 
the internal Angles, on each Side, are equal to two Riecht 


. 2 Angles; 
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Angles z and, conſequently, if a Right Line cuts two Right 

Lines, which are not parallel (as CD and HI) they will 

meet on that Side where the two internal Angles (DCA+ 

Cal) on the ſame Side, are leſs than two Right Angles; 
which, is Euclid's 12th. Axiom, 


Now ſince all theſe properties of Right Lines, and of 
Angles formed by Right Lines, are manifeſt, from what has 
been advanced already, there is, I think, but little occaſion 
for Demonſtration ; nevertheleſs, in conformity to the An- 
tients, I have formed them into Propoſitians, for the ſatis- 
faction of the ſcrupulous, and for the ſake of reference, in 
other Works, as well as in this; yet, I muſt own, I am 
clearly of opinion, that this brief extract is ſuſſicient, to- 
wards attaining all the neceflary knowledge inculcated by 
the firſt fix Propoſitions, It will, at leaſt, be of uſe to the 
young Student, in giving him a clear Idea of the Proper- 
ties therein demonſtrated ; which, by being more familiar- 
ized to them, will appear more evident and conſpicuous 
the neceſſary knowledge, contained in them, will be deeper 
rooted and more ſecurely eſtabliſhed, and the Pupil better 
prepared to proceed with the Demonſtrations of the proper- 
tics of Right lined Figures, 
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An explanation of the Notes and Abbreviations made. 
uſe of in this and in other mathematical Treatices, 


Note of Equality. 
Thus; A=B, ſignifies that A and B are equal; and 
is thus read, A is equal to B; frequently, A equal B, 

Note of Addition, Plus, or more. 

Thus A+B, ſignifies the Sum of A added to B, 
A and B repreſenting any Quantity, whatever. 
Let A be 5, and B, 3; then A+B=8. 

Note of Subtraction ; Minus, or leſs, 

Thus A- B, ſignifies the ſum of B taken from A, 
A—B=2, mult be read, A, leis B, is equal to 2. 

Note of Multiplication. 

Thus AX B, ſignifies, A multiplied into B. 
AxB=15. A multiplied into B is equal 15. 


Note of Diviſion. WW 


Thus, A—B ſignifies, A divided by B. 
Let A be 6 and B 2; then, Ar B= =3. 
Note of Equality of Proportion. 
Thus, A: B:: C: D, ſignifies, that A bears the ſame 
Proportion to B, as C to D. 6:9:: 2: 3. 


Note of continued Proportion, or geometrical Pro- 
greſſion. 


Thus, A: B: C: D ſigniſies, that A has the ſame 
Proportion to B, as B has to C, and, as C to * 


In Numbers, thus, 1: 39:27 + 


Square. Thus, AB, ſigniſies, the Square of 
the Line AB. A—-B. 


Rectangle. Thus, AC; or ABC, ſignifies 


11 the Rectangle under the Lines AB and BC; or, 
ABN BC. And, AB CC g=B Da, muſt be read 


thus; the Rect. ABC is equal to BD * or 
to the Square of BD. 


Rect- 


— 
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Rectangles and other Parallelograms, are frequently de- 
noted by two Letters, at oppoſite Angles. As AC or DB. 
2 ABC; or 2 ABC; muſt be read, two Rectangles ABC, 
or twice the Re, AB; and, 2 or 3 AB N Square muſt be 
underſtood, twice or thrice the Square of AB, 


Triangle. Thus, AABC, ſignifies the Triangle ABC, 


11 0 M5 


An Axiom (as already defined) is a manifeſt Truth, 
clear in itſelf, and therefore, does not require to be de- 
monſtrated: Nevertheleſs, an Illuſtration will not, I pre- 
ſume, be thought ſuperfluous or unneceſſary. 


1. Things which correſpond, coincide, or mutually agree 
with each other, in every Part, are equal. 
And if the wholes be equal, the halves are alſo equal. 
Thus, A is equal B; if every part of the Figure 
A coincides with B. 


2. The whole is greater than a Part of the ſame Thing. 


For it is equal to all its Parts, 
Thus, AD=AB+BC+CD. 


3- If two, or more, Things, or Quantities, are each 
equal to the ſame third Thing or Quantity, they are 
equal between themſelves, | 


Thus. if A=C, and if B=C, then A=B. 


4. Things, or Quantities, which are each equal to 
half (or any other equal portion) of the ſame third 
Thing, are equal to one another, 

Thus, if A and B are * equal to half of C, A 


and B are equal. 


5. Things, 
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5. Things, or Quantities, which are each double, or 
triple, &c. of the ſame third Thing, or Quantity, 
are equal to one another. 

Thus, if D and E are each equal twice or three 
times F, D and E are equal. 


6. If to equal Things be added equals, the Sums are 
equal. 
If to the equal Rectangles A and B, be added 
equals, C and D; then, C þ+A=D+B. 


7. If from equal Things be taken away equals, the 
remainders will be equal. 
If from the equal Rectangles, A and B, be taken 
away equals, C and D, the remainders of A and 
B are equal. 


8. If to or from unequal Things be added or taken away 
equals, the Sums or Remainders will be unequal. 
This neceſſarily follows from the two laſt. 


9. All Right Angles are equal to one another. 
The Right Angle ABC S the Right Angle BDE. 


10. Two or more Right Lines, being perpendicular 
to the ſame Right Line, and being all in the ſame 
Plane, are parallel. BC is parallel to DE. 

The Angles ABC, BDE, being Right Angles, : 
equal; by the laſt, 


THE O- 
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If one Right Line touch or cut another Right Line, 
at any Point apart from its Extremes, it will make 


two Angles; which are either both Right Angles, 
or, both together, equal to two Right Angles. 


Let DC be a Right Line, touching AB 
in the Point C, making two Angles, ACD, 
DCB; I fay, they are either Right Angles, 
or both together equal to two Right Angles. 

If CD be perpendicular to AB the thing is 
manifeſt ; by Def. 10. 


F 7. But if CD does not make Right Angles with 
8 | AB; draw CE perpendicular to AB. 
Dem. Now, ACE, ECB are Rt. Angles ( Con.) th. equal, 
But, ACD=ACE +ECD; alſo DEB=ECB—ECD. 
Therefore, ECD, the exceſs of the Obtuſe Angle; ACD, 
to the Right Angle ACE, is alſo the deficiency of the 
. — acute Angle DCB to the Right Angle ECB. 
Conſ. ACD-+DCB is equal to ACEA ECB. Ax. 2: 


Cor. 1. Hence, if from the ſame Point in a Right Line 

(as C in the Line CD) two Right Lines AC, CB are 
©.” SE drawn, on contrary Sides and in the ſame Plane, making 
Right Angles, or Angles equal to two Right Angles, 


with the given Line, they will conſtitute one Right [ 

Line. ACB. 

2. Two Angles at the ſame Point, and on the ſame Side 

of a Right Line, being equal, they are\conſequently c 

Right ones, | is ; 
Wherefore, when two Angles are eontiguous or ad- 

Joinin, if one of them ACE, be a Right Angle, the 5 

other ECB is alſo a Right one; and if one of them ACD \ 

be Obtuſe, the other, DCB, is conſequently Acute. - 


3. Two 
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3. Two or more Right Lines meeting in the ſame Point of 
another Right Line, make all the Angles, together, equal 
to two Rt. Angles. ACE+ ECD +DCB=ACE-+ECB, 


4. When one Right Line makes Angles with another, if 
one of the Angles be known the other is alſo known, 
For, it is the difference between the Angle known and 


two Right ones. As, ACD=SACE + ECB—-DCB. 


THEOREM II. 15. Euclid, 


Vertical or oppoſite Angles, made by the Interſection 
of two Right Lines, are equal to one another. 


Let AB and CD interſect in E; then, the Angles | 
AEC, BED, are equal; alſo, AED is eg. to CEB. 


Dru. The Right Line AE, touching the Right 
Line CD, makes the Angles AEC, AED, to- 
gether, equal to two Right Angles. = Th. 1. 

And, becauſe DE touches the Right Line AB, 
the Angles ALD, DEB, are alſo equal to two 
Right ones, - - - +».- - ſame. 
Therefore, the Ang. AEC+AED= AED + DEB.-Ax. . 
and if there be taken away the common Angle AED, 
there will be left, the Ang. AEC equal to DEB. - Ax. 7. 


In the ſame manner, AED may be proved equal to CEB, 
Or, it may be demonſtrated after another manner, thus. 


About E, the point of Interſection, as a Center, deſcribe a 
Circle (with any Radius at diſcretion) cuting the two Lines 
in A, C, B, and D. Then, the Ark AD+DB=CB+BD. 

For, they are, each two, equal to ihe Semi-circumference 
WTR. - +0-+ vie =o 3 Bet 21. 
Wh. taking away the Ark DB, there remains AD SCB; 
and, the | a AED, CEB, having equal Arks, are equal. 


R Cor. 
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Cor. Hence, if two Right Lines interſect each other, the 
Angles they make are equal to four Right Angles. 


2. All the Angles which can be made about a Point are 
equal to four Right Angles, 


NN. 


If a Right Line, cuting two Right Lines, makes all 
the Angles, on both Sides, equal between themſelves, 
the two Lines are parallel. 


Let the Right Line EF cut two Right 
Lines, AB and CD, making the Angles 
D AEF, EFC, BEF, and EFD equal to 
one another; then AB is parall. to CD. 


Dew. Becauſe the Angle AEF=BEF, EF is perpendicular 
5 Alt TM . di 
And, becauſe EFC EFD, EF is, alſo, perpend. to CD. 
W herefore, ſince EF cuts both Lines, AB and CD, per- 
pendicularly, the Angles AEF, EFC, &c. (being equal) 
are Right Angles; and, AE, EB, CF, and FD are per- 
pendicular to EF. - „„ K. 
But, AE, EB is the fame with AB, & CF, FD, with CD. 
Therefore, AB and CD, being both perpendicular to 
EF, are paralle], » « <0» 10 


Cor. From hence it is manifeſt, that, any Right Line, 
cuting two paralle] Lines, makes the internal Angles, on 
each Sige, equal to two Right Angles, 


O 


For, 


Ss Aly Sia; Ih K 


9 
2 


e e ee OTE 


mmm 


e e e n OY 


Book I. ELEMENTS of GEOMETRY. 124 


For, if they are cut perpendicularly, as EF, it is clear. 

And, fince any other Line (FG) cuting them both, makes 
the adjoining Angles (a and 5, c and 4) with each Line 
(AB and CD) equal to two Right Angles. - - - Th. 1. 
Conſ. all the internal Angles (a, b, c, and d) which it makes 
with them both, are equal to four Right Angles. < Ax. 2. 


Now, ſince AB is paralle] CD (Theo.) and the two in- 
ternal Angles, on one Side EF, are equal to thoſe on the 
other Side (Hyp.) it is manifeſt, that the internal Angles, on 
one Side, are, alſo, equal to thoſe on the other Side, of any 
Right Line (FG) cuting them both; wh. a+c=4 +4. 

But, all the four internal Angles are equal to four Right 
Angles ; conſequently, the internal Angles, a+c, and 5 d, 
on each Side, are, each two, equal to two Right Angles, 


Cor. 2. If two Right Lines, which are not parallel, be cut 
by another Right Line, they will meet on that Side where 
the internal Angles are leſs than two Right ones. 


For, if bd be leſs than two R. Angles a+c is greater; 
becauſe, a+b+c4+d= four Right Angles. - Tn. 1. 
Wherefore, AB will incline to CD, and 
they will, if produced, meet on that fide 
EF, towards B and D, on which the 
Angles b+4 are leſs than two Right ones. 

Becauſe, the Angles, & and d, on that Side 
EF, are, together, leſs than a-þc, on the 


other Side, 


If this Theorem cannot be admitted, as perfect Demonſtration, 
it may be ſuppoſed a Lemma to the next; being an illuſtration, at 
leaſt, of Euclid's 12th Axiom; which, in my opinion can ot be 
received as ſuch; by any Perſon as yet unacquainted with Geo- 
metry. From that conſideration, it may paſs with the moit ſeru- 
pulous, My deſign is to make Geometry underſtood, and iutcili- 
gible to common Capacities, in the eafieſt manner. 
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THEOREM IV. 25. Eudlid; 


If a Right Line, cuting two Right Lines, makes the 
Alternate Angles equal, to one another; or, ſhall 
make the external Angles equal to che internal and 
oppoſite; the two Lines are parallel. 


+ Let FG be a Right Line, cuting the 
A E n two Right Lines AB and CD, and mak- 


ing the Angles AEF, EFD, equal to one 
another; then, the two Lines, AB and 
E P CD, are parallel. 


5 | For, if the Angles AEF, EFC, be not 

equal to two Right Angles, they are 
either greater or leis; ſuppoſe them greater; then, the 
Lines, AB and CD, will meet on the other Side, to- 
mak Bad, - j- - - - . 2. 3. 


Now, the Angles BEF, EF, are leſs than AEF + EFC, 
And the Ang. AEF FEB=EFC+EFD, - Ax. 9. 
for, they are, each two, equal to two Right Angles.-Th. Is 
But, the Ang. AEF=EFD (Hyp.) wh. BEF=EFC.-Ax.7, 
Conſequently, BEF+EFD=EFC+EFD ; 
and, BEF+EFD=AEF+EFC, - - - Ax. 6 
i. e. they are, on each ſide, equal to two Right Angles. 
Therefore, AB is parallel to CD. - - Th. 3. and Cor. 

* 


2. Let the Angle GEB be equal to EFD. 


Now, the Ang. EFD=GEB (Hyp.) and, AEF=GEB. 2. 
| Wherefore, Ak F is equal to EF). Ax. 3. 
But, the Angles AEF, EFD, are Alternate; and, it is al- 
ready proved, that, if Alternate Angles be equal the Lines 
are parallel. The. efore AB is parallel to CD. 


Con. 


be 


be 


Book I. ELEMENTS or GEOMETRY. 125 


Cor. 1. Conv. If a Right Line cuts two Right Lines, which 
are parallel, the Alternate Angles are equal to one another. 


For, AEF+BEF are equal to two Right Angles. Th. J. 
Alſo, BEF+EFD are equal to two Rt. Angles. C. 1. 3. 
Wherefore, AEF=EFD (BEF being common) Ax. 2 
and conſeqnently, BEF=EFC ; by the ſame. 
Cor, 2. If a Right Line cuts two parallel Lines, it makes 
equal Angles with them both. viz. GEB equal to GHD. 


N. B. From this Theorem, is deduced the fifth Problem; 
according to the firſt Method, there preſcribed, 


THEOREM V. 30. Euclid. 


* 


If two, or more, Right Lines are parallel to any other 
Right Line, they are parallel between themſelves. 


Let the two Right Lines, AB and CD, 
be both parallel to the ſame Right Line, EF. 


I fay, that AB is parallel to 0 .. | 


Let any Right Line, (AG) cut them all; 
being produced, if neceſſary 


Dru. Becauſe AB is parallel to EF, and they are both cut 
by the Rt. Line AG, the Angle BAE=FEC. -- C. 2. 4. 
And, for the ſame reaſon, the Angle DCG=FEC; 
wherefore, the Angle BAE is equal to DCG. - Ax. 3. 
But, thoſe Angles are internal and oppoſite, - Def. 16. 
therefore, AB is parallel to P. - 2. Th. 4. 


SCHOL. This Theorem might well paſs for an Axiom; for, by 
adopting paralleliſm for Things, or Quantity, *tis the ſame as Axion 
the third, | 

T HE O- 
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THEOREM VI. 


If two Right Lines cut each other, and, if there be 
two other Right Lines (in the ſame Plane with 
the former) parallel to them, reſpectively, and alſo 
cut each other, they contain equal Angles, 


L. Let the Right Lines DE and DF (or DF) 


be reſpectively parallel to AB and AC, 
1 ſay, the Angle FDE is equal to CAB, 


Produce either Side' (if it be neceſſary) 3 
as DE (or ED) cuting AC, at E. | 


Dem. Now, becauſe DE is parallel to AB, and they are 
both cut by AC, the Angle CAB=CED. - = C. 2. 4. 
And, becauſe DF (or DF) is parallel to AC, and are 
both cut by DE, the Angle FNE=CED. - - - - ſame. 
But, the Angle CAB=CED ; and FDE = CED. proved, 
Therefore, the Angle FDE is equal to CAB. - Ax. 3. 


This valuable Theorem is not in Euclid, except the 10th of the 
eleventh Book, may be compared with it; in which, the tu! 
Lines (cuting each other, are, reſpettively, in different Planes; 
but they are, neceſſarily, either in the ſame Plane, or in parali« 
Planes, and heldt equally true, | 


*\ 
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THEOREM VII. 8. Euclid, 


If the three Sides of one Triangle are equal, reſpec- 7 
tively, to the three Sides of another Triangle, they 4 
are alſo equiangular; i. e. the Angles oppoſite to 
equal Sides, are alſo _ and the whole Triangles 
are congruous, or equa], each to the other, 


Let the Triangles a be, ABC, have all 
their three vides equal; viz, ab equal 
to AB, be equal BC, and ac equal AC. 
I fay, the Angle a is alſo equal to A, 
b equal B, and c equal C; and the Tri- à 
angle, abc, equal to ABC. 


Dru. Suppoſe the Triangle abc applied 
to ABC; any Side, ab, to its equal AB. Poft. 5. 
Then, if the Triangles are alike ſituated, ac will fall on 
AC, and bc on BC; the Angle a will coincide with A, 
b with B, and c with C. - | 
For, becauſe the Side ab is equal to AB, the Extremes, 
a and b, will fall on A and B; and, becauſe ac is equal to 
AC, and be to BC, the Point e muſt neceſſarily fall on C 
If not, let c, if poſſible, fall at d, in the Ark Cd, de- 
ſeribed on A, with the radius ac; wh. Ad AC, equal ac. 
But, Bd is not equal to be; for, if an Ark of a Circle 
be deſcribed, on B, with the Radius bc, being equal to 
BC, it will cut the Ark, dd, at C, and the Line Ad, at e. 
17 Wherefore, the Point c cannot fall at d, nor elſewhere 
0 but on C, in the interſecting Point of the two Arks. 
Th. the Triangles, agreeing in every part, are congruous. 


N. B. This Property does not hold good in any other Figure. 


Hence, an Angle is made equal to a gigen Angle, as in Pr. 4; 
and hence, an Angle is bifected according to the 2nd method, 
Prob. 9th; viz by making two Triangles, congruous with each 


41-2 
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THEOREM VIII 4. Euclid. 


Triangles having two Sides, in each, reſpectively, 
equal, and if the Angles, contained by thoſe Sides, 
are alſo equal; then, the remaining Side, of the one, 
ſhall be cqual to the remaining Side of the other; 
the remaining Angles, of the one, equal to the re- 

mining Angles of the other, viz. thoſe that are 
5 oppoſite equal Sides; and the whole Triangles are 
equal, and congruous, | 


»L—et the Triangle, abc, have two 
| Sides, ab, bc, equal, reſpectively, to 
AB, and BC, of the Triangle ABC; and, 
let the Angle abc be equal to ABC, 


A 


Angle a is equal A, and c equal C; and 


B the Whole Triangle, abc, equal to ABC. 


Dem. For, ſuppoſe the Triangle, abc, applied to, or laid 
upon, the Triangle ABC, in ſuch wiſe, that the Side 
a b, of the one, agrees with AB of the other Triangle; 
the Extreme a, with A, and b with B. - Poſt, 5. 

Then, the Side bc will fall upon BC; - by Def. 14; 
for, they contain equal Angles, by the Hypotheſis, 
The Extreme c, of the one, will coincide with C, of 
the other; becauſe, bc is equal to BC. 
Therefore, the remaining Sides, ac and. AC, muſt 
_ neceſſarily agree, and be equal to each gther; the Angle 
a will coincide with A, and c with C; and conſequently, 
the whole Triangles, abc, ABC, are congruous; 
therefore, the Triangle abc is equal to ABC. 


Cor, 


Then, the Side ac is equal to AC; the 


; 7 — « 7 the "I * 
CC YER 
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Cor. Hence, if two Sides of one Triangle be equal, re- 
ſpectively, to two Sides of another Triangle, and the con- 
tained Angle, of one, be greater or leſs than the contain- 
ed Angle of the other, the remaining Side will alſo be 
greater or leſs; and converſely. 

For, ſuppoſe two Triangles, a be, ABC, having their 
Sides, ab and bc, reſpectively equal, to AB and BC. 

It is evident, that, if the Angle abc 

was the leaſt poſſible; i. e. if the inclina- 


tion of the Sides, ab, bc, was ſuch, that 
it is not poſſible to conceive a leſs Angle, 
the two Sides, a b, bc, would nearly coin- 
cide ; and conſequently, the length of the 
remaining Side, ac, would be ſomewhat 
more than the difference between ab and . 
be; viz, ac=ab—bc, nearly. | : 

Again, Suppoſe the Angle made by the Sides AB, BC 
equal ab, bc, the largeſt poſſible, ſo as, nearly to fall in- 
to one Right Line; it is manifeſt, that the remaining Side, 
AC, would be ſomewhat leſs than the length of both, AB 
and BC; i, e. ACZAB+BC, nearly. 

Hence it is plain, that, whether the Angle, abc or ABC, 
contained between ab and bc, or AB and BC, be greater 
or leſs, the remaining Side, ac or AC, will alfo be greater 
or leſs; and converſely, the greater or leſs the Side, ac or 
AC, the greater or leſs is the Angle, a be or ABC. 

For, ſuppoſe the Triangle abc applied to ABC, the 
dide ab to AB, the Angle a to A, and b to B; and let the 
Ark of a Circle be deſcribed, from c to C, on the Center B, 

Then, ſuppoſe the Angle aBc opened or enlarged, to 
the ſeveral Apertures, a Bd, a Be, aBC; it is evident, that 
as the Angle aBc is increaſcd, at aBd, &c. ſo is the re- 
maining Side, Ad, Ae, &c. continually longer; from Ac, 
the ſhorteſt poſſible, to AC, the longeſt, 

Hence the 24th and 25th of Euclid are clear, and manifeft, 

8 | | What 
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What I have here advanced 1s, I preſume, ſufficient conviction, 
if not Demonſtration, of the properties therein contained. 

The ſhorteſt way to knowledge is the beit ; where perfect De. 
monſtration is neceſſary, I ſhall be as brief as is conſiſtent with 
perſpicuity, and where it is not, I ſhall briefly illuſtrate. 

Thoſe who are not ſatisfied with this Demonſtration of the two 
laſt, ſelf-evident, Propoſitions (of Euclid) may refer back, after the 
12th (and this is not of uſe between) and, by drawing the Right 
Lines de, e C, &c. they will find, that the Side Ae, or AC op- 
polite to an obtuſe Angle, Ade, or AeC, is greater than the Side 
Ad, or Ae, which is oppoſite to an acute Angle, A e d, or ACe. 

The 5th might be a C— to the 8th. For ſince, in two Tri. 
angles, if there be found two Sides, in one, equal reſpectively to 
two Sides in the other, and containing equal Angles, the third 
Sides are equal; it certainly follows, that if all the three Sides are 
reſpeCtively equal, the Triangles are equal and congruous; ſeeing 
it is not poſſible for an Angle to be greater or leſs, but the Side 
oppoſite is alſo greater or leſs, 


THEOREM IX. 49. Eucid, 


In Iſoſceles Triangles, the Angles at the Baſe are equal 
to one another, 1.e, if a Triangle have two equal 
Sides, the Angles, oppoſite to them, are ao equi 


B 
Let ABC be an Iſoſceles Triangle; the 


Side AB equal to BC. 
Then, the Angle A is equal to C. 


the equal Legs, AB, BC, and draw BD; 


AA . 


2 LC it will alſo biſedt the Baſe, AC. 


Dem. In the Triangles ABD, DBC, the Sides AB, BC 
are equal (Hyp.) and, BD ie common to them both. 
Now, the Sides AB, BD are = CB, BD, reſpeQtively. 
And the Angle ABD is equal to DBC. Con. 
Th. AD=DC, and the Triangle ABD=DBC., - 8. 
But, in congruous Triangles, oppoſite equal Sides are 
equal Angle. Th. 7 and g. 


Th. the Ang. A=C, being oppoſite the common Side BD. 
" Or 


Biſect the Angle ABC (Pr. 9.) made by 
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Or it may be demonſtrated thus, after Euclid, 


Let the equal Sides, AB, AC, be pro- 
duced below the Baſe, to D and E. 
Make AD eq. AE, and join DC and BE. ; 


Then, in the Triangles ABE, ACD, 


there are two Sides, AB, AE, reſpectively E/ 
equal to AC, AD; and the Angle A 1s 2 
common ; wherefore, DC=BE ; and the 
Angle ABE is equal to ACD, - - 8. 

But, BD=CE (Ax. 7.) and BC being common; the 
Triangle, and conſequently, the Angle, DBC=BCE. - 7. 
Alſo, the Angle BCED=CBE ; conf. ABC = ACB. - Ax. 2. 


Cor. 1. The external Angles, made by producing equal 
Sides of a Triangle, or the Side which lies between them, 
are alſo equal, amongſt themſelves. 


For, the Ang. DBC BCE; conf. ABF =ACG. - 2. 


2. An Equilateral Triangle, is alſo equiangular, 
For, oppoſite to equal Sides are equal Angles, 


3. If a Triangle have two equal Angles, the Sides oppoſite 
them are alſo equal. And, if all the three Angles of a 


Triangle are equal, it is equilateral. 


4. A Right Line, biſecting the Angle, and the Baſe, con- 
tained between equal Sides, is perpendicular to the Baſe; 
and conſequently, two Right Lines drawn from the ſame 
Point in a Perpendicular to a Right Line, to Points, 
equally diſtant from the Perpendicular, in that Line, are 
equal, | 

For, the Angles ADB, BDC, being equal, are conſe- 
quently Right Angles. (See firſt Figure.) C. 2. Th. 1. 


N. B. Hence are performed the 6th, 7th and 8th Problems; 


vz. by conſtructing Iſoſceles Triangles. 
| 8 2 THE Qs 


den. to MS 
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THEOREM X. 32. Euckd, 


If any Side of a Triangle be produced, the external 
Angle is equal to the two remote Angles of the Tri- 

_ angle. ': And, the three Angles of every Triangle 
are, together, equal to two Right Angles. 


In the Triangle ABC, let any Side, as 
AC, be produced. Then, the Ang. BCD 
is equal to the two Angles, A and B. 


From C, draw CE parallel to AB. 


Becauſe CE is parallel to AB - Con, 
A 8 73 and they are both cut by the Right Line 
©: BC, the Angle BCE=ABC. - Th. 4. 

And, becauſe AB and CE, being parallel, are cut by the 

Right Line AD, the external Angle, ECD=BAC, the 

internal and oppoſite; - - - 4. Tb. 

But, the Ang. BCE (eq. B)+ECD (eq. AJ=BCD.Ax.-2. 

Therefore, the external Angle, BCD, g AB, the two 

remote Angles of the Triangles, Q. E. D. Ax. 3. 


2. The three Angles, A + B + BCA, are equal to two Right 
Angles. | 
Having produced AC, and drawn CE, parallel to AB, 


Dem. The Angle BEEZABC, and ECD=BAC — 4. 
Wh. BCD (eq. BCE +ECD) is equal to ABC + BAC. 
But, the Angle ACB, +BCD= two Rt. Angles. - - 1. 
Therefore, the three Angles, A+3+BCA, are equal to 
two Right Angles. 


This and part is alſo elegantly proved, by drawing 2 


Right Line, FG, through any Angle, B, parallel to the 
| oppoſite pide, AC, | 
DEM. 
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Dem. For, the Angle FRA =A, and GBC=BCA - 4, 
conſ. the Ang. A+ABC+BCA(eq.FBA+ ABC+CBG) 
are equal to two Right Angles. = - C. 3. Th. 1. 


other two Angles, it is a Right one. 

For, if either Side, containing the Right Angle, be pro- 
duced; the external Angle, being equal to the two remote 
ones, is equal to the Right Angle to which it is con- 
tiguous. (Defin. 11.) 
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2. There can be but one Right Angle, or one Obtuſe Angle, 
in a Triangle. 
Becauſe, if there be one Right Angle, the other two 
are, together, equal to a Right Angle. 


3. If a Triangle have one Right Angle, the other two are 
acute, and equal to a right one; and, if the Triangle be 
Iſoſceles, the two Angles, at the Hypothenuſe, are each 
equal half a Right Angle, For, they are equal. - Th. . 


4. If the ſum of two Angles of a Triangle be known, the 


other is alſo known. 
For, it is the Complement of two Right Angles, 


two is known, 


5. If the Sum of two Angles of a Triangle, either together 
or ſeparately, be equal to two Angleg of another Tri- 
angle, the two remaining Angles are equal. 


the ſame; i, e. they are equal to two Right Angles. 


6. The equal Angles of every Iſoſceles Triangle are acute. 

For, however ſmall the Angle at the Vertex, the 
Angles at the Baſe are, each, equal to half the difference 
between that Angle and two Right Angles, 


Cor. 1. Hence, if one Angle of a Triangle be equal to the 


7. The 


-J 


Alſo, if one Angle be known, the Sum of the other 


F 
2 


For, the Sum of all the Angles of every Triangle 18“ 
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7. The Angles of an Equilateral Triangle are each-60 Degs. 
For, it is two thirds of a Right Angle, or one third 
of two Right Angles, 


8. All the Angles of every Quadrilateral are, together, 
equal to four Right Angles, 
For, by drawing a Diagonal, it is divided into two 
Triangles; and all the Angles, of each Triangle, are equal 
to two Right Angles; conſequently, the ſum of all the 
Angles, of both, are equal to four Right Angles; and 
they are equal to all the Angles of the Quadrilateral. 
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Note. The two following Theorems are alſo deducible from 
the laſt Propoſition; which, not being elementary, are not num- 
bered amongſt the other Theorems. 


THeo. 1. All the internal Angles, of every right lined Fi- 
gure, are equal to twice as many Right Angles, wanting 
four, as the Figure has Sides. ; 


Every right lined Figure, may be reſolved into as many 
Triangles, as the Figure has Sides, wanting two; by draw- 
ing Diagonals, from any Angle, to all the oppoſite Angles, 


N S In the irregular Hexagon ABCDEF, 
let there be drawn the Diagonals AC, 
AD, and AE; which divides it into four 

2 Triangles, ABC, ACD, &c. 


Dem, Becauſe, by the Theorem, the three 
Angles of every Triangle are equal to two 
Right Angles, the Sum of all the Angles 
of the four ron, vw ABC, ACD, &c. 


: 5 are equal to eight Right an 1a 
And, they are equal to all the internal Angles of the Hexagon, | ang 
Therefore, all the Angles of the Hexagon are equal to eight mo 
Right Angles. | cel 
But, a Hexagon has ſix Sides, and twice ſix is twelve; rein 


by taking away four, there will remain eight Right Angles; 
which are equal to all the Angles of the Figure, 0 
| T3 
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Or; by aſſuming any Point, as F, within the Figure, 
ABCDE, and drawing Lines to every Angle, from that 
Point, FA, FB, &c. it will be divided into as many Tri- 
angles, as the Figure has Sides. 


Now, the Angles of all the five Triangles 
are equal to ten Right Angles. - - Theo. 10. 

But, one Angle, of each Triangle, is at 
the point F, within the Figure; and all the 
Angles about a Point are equal to four Right 
Angles (Cor. 2. 2.) conſequently, the remain- 
ing Angles, of the Triangles, are equal to all 
the Angles of the Figure; which, in a Pen- 
tagon, are equal to fix Right Angles, 


Cor. Hence, the Sums of all the Angles, of every right 
lined Figure, having an equal number of Sides, are equal. 


THx0. 2. All the external Angles, made by producing 


every Side, of any right lined Figure, are equal to four 
Right Angles. 


For, ſince the internal and contiguous external Angle, BAEþ 
BAG, &c. are equal to two Right Angles (Th. 1.) the Sum of 
all the internal and external Angles, together, are equal to twice 
as many Right Angles, as the Figure has Sides. 


ur. 


Cor. The ſums of all the external Angles (taken together) 
of every Right lined Figure, are equal. Fa | 


SCHOL. 7575 property of right lined Figures is, at 2 really 
Surprizing ; for, the external Angles of a Triangle, are equal to all 


the external Angles of any Poligon, whatever, and of any number 
of Sides, . ** ns 


i) "2 


The general utility of the knowledge of this property of Tri- 


| anyles, in the laſt Theorem, is very extenſive. It is, perhaps, the 


moſt perfect Demonſtration that can be given; and we may con- 


ceive an Idea of its extenſiveneſs, from the Corollaries and Theo- 
rems already deduced from it. 


THE O- 


4 But, all the internal Angles are equal to as — wanting 
pour; conſequently, the external Angles are equal to fo : 


— 
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THEOREM Kl. 26. Euclid, 


Triangles having two Angles, and one Side, reſpec- 


nw 


© tively equal to two Angles, and a correſponding 


Sidez whether it be the Side, between the equal 
Angles, or either of the other, which are oppoſite 
to equal Angles; the remaining Sides and Angles 
ſhall be equal, and the Triangles are congruous. 


. The firſt part of this Propoſition, viz. when the equal Sides lie 
between the equal Angles, 1s ſo very obvious, that it might have 
been made a Corollary to the 8th, from which it is eaſily deduced, 


Dem. For, if AB, equal DE, be applied to DE (Poſt. 5.) 


if the Angle A be equal D, and B equal E (the equal 
Sides, AB, DE, lying between) then will AC fall on 


DPF, and BConEF. - - - - - Def. 14. 
| Conf. the Angle C, will fall on F, and the Triangle 
ABC, coincide, or agree in every reſpect, with DEF. 


2, Let ABC and DEF be two Triangles, 
whoſe Angles A and C, of the one, 
are, ſeparately, equal to D and F, of 
the other; and let the Side AB, of the 


one, be equal to DE, of the other. 
Then, the Triangles, ABC, DEF, 


are equal, and congruous. 


Dru. Firſt, if the Side AC be not equal to DF, it is either 


greater or leſs ; ſuppoſe it leſs, and take DG equal AC, 


and draw EG. 
Then, 
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Then, becauſe AB DE (Hyp.) and DG=AC, by 
Suppoſition ; the Sides, AB, AC, ate reſpectively equal 
to DE, DG; and the Angle BAC EDG. FHyp. 
Wh. EGS BC and the Triangle DEG=ABC «< - - 8. 
conſequently, the remaining Angles, of the one, are equa! 
to the remaining Angles of the other, which ate oppoſite 
equal Sides; wherefore, the Angle DGE is equal ACB, 
And, DFE=ACB (Hyp.) wh. DGE=DFE. - Ax. 3. 

But, DGE is greater than DFE; - - Th. 10. 
for it is an external Angle of the Triangle FEG; | 
it is, therefore, both equal and greater, which is abſurd, ' 
Therefore, AC is not leſs than DF. fy | | 

After the ſame manner, it may be proved not greater; 
conſequently, AC is equal to DF, 

Th. the Triangle ABC is equal to DEF; and congruous, 


Again; if it be affirmed, that BC may be either greater 
or leſs than EF; ſuppoſe BC greater than EF. 
Take BH equal EF, and join AH, 


Then, the Angle BAC, being equal to EDF, is greater 
than the Angle BAH ; which deſtroys the Hypotheſis, 
Wherefore, BC cannot be greater or leſs than EF. 


This Theorem concludes the general properties of Triangles, 
mentioned in the preamble to this Book; which I have kept as 
near together as poſſible z by which properties, peculiar to Tri- 
angles, only, we can, with certainty, atlirm them to be congru- 
ous, conſequently equal, 


Firſt, when all the three Sides, of one Triangle, are equal, re- 
ſpectively, to the three Sides of audther Triangle. (Th. 7.) 


2nd. When there are found only two Sides reſpectively equal to 
two Sides, and containing equal Angles between thoſe Sides. (8.) 


3dly, When two Angles, of the one, are reſpectively equal to 
two Angles of the other; and one Side of each Triangle, eithet 
lying between the equal Angles, or oppoſite to equal Avgles, alfo 
equal ; by this Theorem, 
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THEOREM XII. 18; Euclid, 


In every Triangle, the greateſt Side ſubtends the great- 
eſt Angle; and the leaſt Side ſubtends the leaſt Angle. 
e 


Let ABC be a Triangle, whoſe Side 
AC, is greater than CB; I ſay, the 
Angle B, is greater chan the Angle A. 


Biſect the Side AB, in E; draw ED 
perpendicular to AB, and join DB. 


4 


Dem. In the Triangle ADB, the Side AD=DB; = C. 4 9. 
wherefore, the Angle BAD is equal ABD. - -< Th. q. 
But, the Ang. ABD (eq. BAD) is leſs than ABC. Def. 14. 
Therefore, the Angle ABC (oppoſite to AC) is greater 
than BAC, which is oppoſite to a leſs Side, BC. 


Or thus, after Euclid. 
By Hypotheſis, AC is greater than CB, 
Make CD equal to CB, and join DB. 
Then, the Ang. CBD=CDB. - Th. . 
But the Ang, CDB is greater than CAB. 10. 


And, CBD (eq. CDB) is leſs than ABC. 
Th. the Angle ABC is greater than CAB, 


aud. The leaft Side ſubtends the leaſt Angle. 


AB is teſs than BC; then, the Angle C is lefs than A, 
Make BE equal BA, and draw AE, 


Deu. Now, the Angle AEB = BAE. - Th. 9. 
But, AEB is greater than ACB, = - 10, 
Th. BAC, which is greater than BAE, is greater than 

-ACB, which is leſs than AEB (equal EAB) QE. D. 
Cox. 
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Cor. 1. In Triangles, oppoſite the greateſt Angle is the 
greateſt Side; and the leaſt Side is oppoſite the leaſt Angle. 


Cor. 2. A Perpendicular is the ſhorteſt Line, which can 


be drawn from any Point to a Right Line. And that q 
Line, which falls neareſt to the Perpendicular, is ſhorter 
than the more remote ones. 


Let CD be perpend. to AB. Draw, at pleaſure, CE & CB. 


2 


Now, ſince CDE is a Right Angle, 
CED is acute, - - + C. 3. 10. 
Therefore, CE, which ſubtends the Right 
Angle, is greater than CD. - - Theo, 


2ndly. Becauſe the Angle CED is acute; TB R obtufe, = 
Conſequently, CB is greater than EK. PTheo. 
Therefore, CE, which is neareſt to the Perpendicular, CD, 

js leſs than CB, which is more remote from it. 


THEOREM XIII. 20. Euclid. 


In every Triangle, any two Sides, taken together, are 
greater than the remaining Side. 


Let AB be the greateſt Side of the 
Triangle ABC. | 

I ſay, the Sides AC, CB, are, together, 
greater than AB, 

Produce AC to D; make CD equal CB, 
and Join BD. A 


Du. Then, becauſe CN = CB, the Ang. CBD=CDB - 9. 
But, the Angle ABD is greater than CPD, equal CDB, 
Then, ſince in the Triangle ADB, the Angle ABD is 
greater than ADB; the Side AD is greater than AB + 12, 
But AD = AC TCB (Con.) therefore, AC CB, ig 
greater than AB. Q. E. D. 8 
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THEOREM XIV. 221. Euclid. 


If, from any Point within a Triangle, two Right 
Lines are drawn to the extremes of any Side; thoſe 
Lines, taken together, are leſs than the other two 
Sides of the Triangle, but they contain a greater 

eee. | 


| 


In the Triangle ABC, aſſume any Point, 
E, and draw EA, EB. 

I fay, that AE added to EB, is leſs 
than AC added to CB. | 
And, the Angle AEB is greater than ACB, 

Produce AE to D. 


ns: In the Triangle ACD, the Sides, AC, CD, are 
greater than AD, = = - - - - - 13. 
Add DB to both; and AC + CD+#+DB, (eq. AC+CB) 
is greater than AD+DB. - - = - Ax. 8, 
Again. In the Triangle EDB, the Sides, ED, DB, 
are greater than EB. | 
/ Add AE to both; and DB + AD is greater than EB + AE. 
- But, AC+CB is greater than AD-+DB, - - praved, 
N Therefore, AC+CB is ſtill greater than AE + EB. 


Judy. The Angle ADB is greater than ACB, and AEB 

4 is greater than ADB; — - - - 1. Th. 10. 
conſequently, AEB is glu greater than ACB. 

v4 — Por, the Angle ADB is external, in reſpect of the Tri. 
angle ACD; and AEB, i in reſpe& of BED, 


— Con. Hence; if two Triangles have one Side, in each, 
equal to one another, or have one Side common; and, if 
the remaining Sides, of the one, be leſs, reſpectively, than 
the remaining Sides of the other, they will contain a 
greater Angle, 


TH Þ Os 


* 
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THEOREM XV. 34. Euclid. 


In every Parallelogram, the oppofite Sides and Angles 
are equal; 8 is cut into n e Teen by 
a Diagonal. 3 ieh I W nt 07:1 


Let ABCD be e a 1 


The Side AB i is wal to DC, and AD 
is equal to Bo. 
Alſo, the Angle D is equal to B, and þ ; 


'Aequal to C. 1 
. Draw either Diagonal; ; a5 AC. et. 3 


Deu. By Def. 33d. AB is parallel to DC; and they are 
both cut by AC; wh. the Angle BAC ACD. - Th. 4. 
And, becauſe AD is parallel to BC, and are both cut by 
AC; the Angle DAC=ACB,; and AC is common; 
wherefore, the Triangles, ABC, ADC, are congruous-1 I. 
Therefore, the Side AB=DC, and AD=BC. - Def. 43. 
Alſo, the Angle BD (Th. 11.) &, DAB=BCD-Ax.6, 
(For, BAC ACD, and DAC=ACB (Th. 4.) as above; 
and conſequently, BAC CAD SACD +ACB.) 


Cor, Hence, it is manifeſt, if Right Lines be drawn be- 
tween the extreme Points of two Right Lines, which 
are equal and parallel (ſo as not to croſs each other) they 
are alſo equal and parallel, 


As AD and BC, n the Points A & D, B & C. 


4 


Hence, the 33d of Euclid is evident. | 
THE O- 
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THEOREM XVI. 


The two Diagonals of a Parallelogram biſect each 
other. And, every Diameter divides a Parallelo- 
gram into two equal and congruous Figures. 


In the Parallelogram ABCD, draw 
the Diagonals, AC and BD. | 


1 fay the Diagonal AC is biſected by 
DB; and, DB is alſo biſected by AC, in 
the Point E, of their mutual InterſeRion, 
11 

Dau. Becauſe, AB is parallel to CD, and are both cut by 
AC and BD; the Ang. BACZACD, & ABD=BDC.4 
But, AB=DC (15:); wh, 22 Triangle AEB=DEC; 

and alſo congruous. „F > IH 
wh. DE=EB & AE=EC, wie oppoſite equal Angles, 
Therefore, the Diagonals, AC, & BD, are biſected, in E. 


eee The Diameter, FG, divides © the Parallelogram 2 
ABCD, into equal and congruous Fi igures, ; 
AFD is equal to FGBC. 


Dem. ww the Triangle ABC is — 5 to ACD. + 15. 
The Angle AEG g= FEC (2.) and GAE ECF, - 4 
and AE EC (above) wh. the Tri. AGE=EFC. - 11, 
Let them be taken away; there remains AEFD=CEGB. 
and conf. AAGE+AEFD=AEFC+CEGB. - Ax. 6. 
Th. the Trapezium AGFD is equal to FGBC. Q. E. D. 


Cor. Every Right Line, which divides a Parallelogram, and 
paſſes through the Center, is biſected at the Center, 
As, FG is biſected in E. 
THE O- 
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THEOREM XVII. 41. Euclid. 


If a Triangle have the ſame Baſe as a Parallelogram 
and lie berween the ſame Parallels, i. e. having the 
fame Altitude, the Triangle is equal to half than 
Parallelogram. 1 


* 


In the Parallelogram ABCD, aſſume 
any Point, E, in the Side AB, and _ 
EC and ED. 

The Triangle DEC is equal half the || 
Parallelogram, ABCD. 

Draw EF, parallel to AD and BC. 


Dem. The Parallelograms, AEFD and FEBC, are biſected, 
by the Diag DE&EC; ADE=DEF, & FEC=EBC-15. 
Wh. the Triangle DEF + FEC=ADE + ECB. « Ax. 6. 
But, the Triangle DEC=DEF +FEC. - Ax. 2, 
Therefore, Q DECZADE +ECB. Q. E. D. 


Or; produce AB, make BE equal to AE, and draw CE. 


Then, A BEC (equa! AED. 8.) compleats the Par. 
DEEC (15. Cor.) which is equally divided by the Diag. EC. 
The ä DEC = EEC (equal AED+ECB) - « 15. 


Caſe the Second. 
When E falls without the Par. ABCD, in AB produced. 
The Triangle DEC is equal half the Par. ABCD. 


Draw EF, as before, parallel to BC; meeting the Baſe, 
DC, cds. in F 


Dem. DE biſects the Par. AEFD;; wh. AED=DEP -15. 
and, the Diag. CE, cuts the Pat. CBEF, in BCE=ECF. 
Wherefore, the Triangle DEF—-CEP (equal DEC) 
is equal half the Parallelogram A F- B (equal ABCD.) 
ie, the Tri, DEC is equal half the Par, ABCD. QE. D. 


* . 
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THEOREM XVII. 
Containing the 35th, 36th, 37th, and 38th of Euclid. 
Parallelograms, or Triangles, having the ſame or equal 


| Baſes, and equal Altitudes, are equal, 


.Fhe Parallelogram ABCD js equal 

to the Parallelogram AFGD; ftanding 

on the ſame Baſe AD, and between 

the ſame Parallels AH, BG; i. e. they 
have the ſame-or equal Altitudes. 

TI Alſo, the Par. ABCD is equal to 

EFGH, having equal Baſes, AD=EH, 


Dem. Now, AB=CD, and AF=DG. <- Th. 15. 
And, the Angle BAF=CDG. - . 6. 
| Wherefore, the Triangle ABF DCG - < 8. 
But, the Triangle ICF is common to both; 
wherefore, the Trapezium ABCI=IFGD. <- Ax. 7, 
Add, to both, the Triangle AID; which is common; 
the Parallelogram ABCD is equal to AFGD - Ax. 6, 


75 4 1 Again. The Par. ABCD, is proved equal to AFGD. 
4 For the ſame reaſon, EFGH AFG D, FG being common. 
925 FTPhberefore, the Par. ABCD=EFGH. - - - Ax. 3. 
Pp But, AD FG and EH=FG (15); wh. AD=EH--Ax.3, 
Ih. the Parallelograms, AC and FH, have equal Baſes, 
| Secondly. Draw the Diagonals BD, DF and EG. 
Now, ſince every Triangle is equal to half a Parallelogram 
having the ſame Baſe and Altitude, = - - - Th. 17. 
the Tri. ABD =half the Par. ABCD; &, AFD=half AFGD 
Therefore, the Triangle ABD is equal to AFD. Ax. 4. 
And, for the ſame reaſon, the Triangle ABD EGH. 
(For, the Parallelogram ABCD is equal to EFGH.) 


And, their Baſes, AD, EH, are alſo equal, Q. E. D. 
| ; wks 7 Co. 
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Cor. Equal Parallelograms or Triangles, having the ſame 
or equal Baſes, have the ſame Altitude; or, are contain- 
ed between the ſame Parallels. 


This Corollary is the converſe of the Theorem, and contains 
the 39th and 40th Propoſitions of Euclid. | 


N. B. From this Theorem, the 24th, 26th, and 25th Problems 
are deduced ; which may be found particularly uſeful to Surveyors 
of Land, &c.; ſeeing, by its means, any Plot or Survey, though 
ever ſo irregular, in Figure, may be reduced, with the greateſt 
facility, and accuracy, to a Trapezium or Triangle; and, its 
Area obtained at one Operation, (See Prob. 24.) 

Alſo, by its means, almoſt any right-lined Figure, as well as 
a Trapezium, may be divided into two equal Parts, by a Right 
Line from any detetmined Point, in any Side. 

An Example, of which, will be tound in the Appendix. 


SCHOL. Hence it is evident, that two Spaces may differ greatly in 
 Circumference, yet contain the ſame Space; and alſo, that two Fi- 
gures or Spaces, of equal Circuit, may contain very different Areas. 


THEOREM XIX. 43. Euclid, 


In every Parallelogram, the Complements are equal, 


In the Parallelogram ABCD; aſſume 


G B 
any point, as I, in the Diameter AC; | / / 
through which, draw EF and GH, pa- | 
rallel to AB and AD, 1 5 
II . | 


I ſay, the Complements, DI and IB, D 
are equal to each other, 


Dru. AC divides the Par. DB into two Tris. ABC=ACD. 
And the Parallelograms AGIE and IFCH, are divided into 
equal Triangles AGL=AIE, and IFC ICH. - Th. 15. 
Now, if from the equal Triangles ABC, ACD, there be 
taken away the equal Triangles AGI, IFC =AIE, ICH, 


there will remain, the Par. DEIH equal to IGBF. - Ax. 
3 THE O- 
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THEOREM XX. 47. Euclid 


In every Right-angled Triangle, the Square of the 
Hypothenuſe, is equal to the Squares, of the two 


Sides, containing the Right Angle. ; 
Let ABC be a Right-angled Triangle, Wl 

On the Hypothenuſe AC, deſcribe : 

| 8 the Square ACDE ; ant, on the Sides = 

| — AB, BC, deſcribe the Squares AFGB 4 

| and BHIC. 5 

ö I fay, the Square AD, of the Hy. 
\ A is equal to the two Squares, A6 

| and BI, of the Sides, AB and BC, 

© Fu 


E 


Square Bl is equal to the Rectangle KD. Draw FC & BE, 


Dem. In the Triangles FCA, ABE, AF, AC are reſpec- 


tively equal to AB, AE; and they contain equal Angles, 


For, FAB=zEAC (Ax. g.) and, if BAC be added to both, 
the Angle FAC=BAE. - - - - - Ax. 6. 
Wh. FC=BE, and the Triangle FCA=ABE. - Th. 8. 


But, the Tri. FCA is equal to half the Square FB - 17. 


(for, they have the ſame Baſe, FA; and, they are between 


the ſame Parallels, GC and FA.) 


And, the Tri. ABE (eq. FCA) =half the ReQ. AKLE; i 


(on the ſame Baſe, AE, & between the Parallels BL & AE) 
Therefore, ſince the Tri. FCA=ABE (and they re 
each equal to half the Square AG, or the Rectangle AL) 
the Square AFG; is equal to the Rectangle AKLE - Ax.5 


Again 


From the Right Angle, B, draw BK : 
perpendicular to AC; which, produce to L, parallel to CD. 1 
The Square AG is equal to the Rectangle AL; and, the 


Rr EE 2.2 
l 1 3 3 — 
a * 
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Again; the Square BI is equal to the Rectangle CKLD; 
Draw Al and BD. 
Then, in the Triangles AIC, CBD, the Sides IC, 
CA, are equal to BC, CD, reſpectively. 
And, the Angle ICA=BCD (ACB being common) -Ax. 6. 
wherefore, the Triangle Al C C BD. Th. 8. 
But, the Triangle IAC, = half the Square CH; - 17. 
(having the ſame Baſe, CI, and between the Par. AH, CI) 
And the Tri. CBD (eq. IAC)= half the Ret. KD -17. 
(being on the ſame Baſe, DC, & between the Par*.LB, DC) 
Wh. the Square BI is equal to the Rectangle KD-Ax. 5. 
But, the Square AG was proved equal to the ReQ. AL. 
and AL+KD=AD (the Square of the Hyp. AE.)-Ax. 2. 
Therefore, the Square AFGB + BHIC=ACDE. QE D. 
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Or, it may be, as elegantly and more briefly, demonſtra- 
ted after the following manner. 
| G 
Having deſcribed the Squares FB E P 
and BI, of the two Sides AB, BC,p % 
Jet the Square of AC, the Hypothe- | 
nuſe, be inverted ; as AEDC. | 


Through B, draw KL parallel to CD. AN | 
Join BD & BE; and produce IH to D. K 


Then, the Square AG is equal to the Rectangle AL; 
and the Square CH is equal to the Rectangle CL. 


Dem. For, the Triangle AEB half the Square AFGB -17. 
having the ſame Baſe, AB, and Altitude, BG. 

The Tri. AEB is alſo equal half the Re&. AELK - ſame 
having the ſame Baſe, AE, and Altitude, AK. 

Tb. the Square AG is equal to the Rect. AL, - - Ax. 5. 


U 2 | Again 
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Again; the Tri. BDC=half the Square BHIC ; - 17, 
(on the ſame Baſe, B C, & between the Parallels DI, BC), 
And the Tri. BDC is alſo equal half the Rect. KLDC; 
(having the ſame Baſe, CD, and Altitude, LD.) 

Wh. the Square BHIC = the Ret. K LD C. - Ax. 5. 
But, the Ret, AL+LC= the Square AEDC. - Ax. 2, 
Th. the Square AEDC (of the Hyp. AC) is equal to the 
Squares, AFGB and BHIC, of the two Sides, AB & BC, 


Cor. Hence; if, in a Triangle, the Square of one Side be 
equal to the Squares of the other two Sides, the Angle, 
contained by thoſe two, is a Right Angle, 


I have been more particular in the Demonſtration of this f4- 
mous Theorem, than any of the preceding ones; not becauſe it 
is the laſt of this Book, but, becauſe it is ſa extraordinary in itſelf, 
and of ſuch ſingular uſe throughout the Mathematics, It is alſo 
of great uſe in the following Books of the Elements; inſomuch, 
that, without it, we ſhould not be able to advance much further, 
Pythagoras is ſaid to be the inventor of it; for joy of which, it 
is ſaid, that he offered a hundred Oxen to the Deity, who inipi— 
red him with ſo noble, and ſo uſeful, a Theorem. 


That there may not remain the leaſt doubt, in the mind of any, 
concerning the truth it contains, I have added another Figure; 
the Demonſtration of which is both ocular and mathematical. 


EX, 3. Let the Square AEDC, of the Hypothenuſe AC, 
be inverted, as before; and, having drawn the Squares of 
the two Sides, AB, and BC; produce FA and FG, IC 
and IH, meeting in K and L; forming the Square FLIK. 


The two ReQtangles AB CK, and BGL, are equal; 
being under equal Lines, AB BG, and BCS BH. 
And the four Triangles ACK, AFE, ELD, and DIC, 
are equal between themſelves, and alſo to the Rectangles, 
BL, BK; each being equal to half a Rectangle; 
as ACK, equal half ABC. - - Th. 15. 


But, 
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But, the large Square FLIK, is equal IF * 1 
to the two Squares FB, and BI, added to 
the two Rectangles, BL and BK. - Ax. 2. 4\ ct T 
It is alſo equal to the Square AEDC, 
added to the four Triangles ACK, AFE, --:» 
ELD, and DIC. | 
And, the four Triangles are equal to the 
two Rectangles, BL and BK. F G —, 


Conſequently, the Square AEDC is equal to the two 
Squares, FB and BI, of the Sides, AB and BC. 


Note, If the Squares, AFGB and BHIC, are cut ac- 
cording to this Figure, by inverting the Square AEDC ; the 
Parts, ſo divided, will exactly cover the Square AEDC. 

For, the Perpendicular Db being drawn, and bc made 
equal to b D (equal CI) draw cd parallel to bD. 

Then, the Trapezium, AEaB, is common to both ; 
the Tri. AFE is congruous with ABC, & EaG with Cdc; 
alſo, the Trap. CIHe will agree with Dbcd; and, CeB 
will coincide with D a b, which completes the Figure. 


Therefore, the Square AFGB + BHIC=AEDC. - Ax, 2. 


Having, in theſe twenty Theorems, gone through the firſt 
Book of the Elements of Geometry, (ſeventeen of which, con- 
tain the whole thirty-four, according to Euclid) it will not, I 
preſume, be impertinent, before we proceed further, to ſay 
ſomething of its utility. It is reaſonable fer a perſon, who has 
gone ſo far, to aſk, of what uſe are all thoſe properties of Tri- 
angles and Parallelograms, &c, ? which queſtion, though perti- 
nent enough, it may not be ſo eaſy to give an anſwer to, which 
ſhall be ſatisfactory; unleſs we are acquainted with almoſt every 
branch of the Mathematics. 

If the ſtudy of Geometry was of no other uſe, than for the en- 
uring us to Demonſtration ; by which we may have conviction in 
the quelt of Truth, it would be great. Geometry is Truth itſelf ; 
the manner of reaſoning geometrically, 1s ſolid and convincing. 


It is neceſſary for a Perſon who would be a great Orator, at the 


Bar, &c. to ſtudy Geometry ; it teaches how to range our Ideas, 
to ſtate the Premiſes fairly, and to draw Concluſions from them 
with clearneſs and certainty, But, when we conſider that it is 
an 
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- 


an Introduction to the Mathematics, a Key to let in the fi; 
Ideas, to further and more extenſive knowledge, we ſhall pur- 
ſue it with avidity. 

The knowledge of the properties of Triangles and Parallelo- 
grams 1s very extenſive, and of 3 uſe in almoſt every mathe- 
matical ſcience; as Surveying, Navigation, Perſpective, Attro- 
nomy, and numerous others, depend on them. The Demon- 


'. trations of the moſt ſimple general properties of "Triangles, in 


Theo. 7, 8, 9, 11, 12, 13, and 14th, are neceſſary for the Demon- 


Nration of others, as well as for reference, for the proof of what 


is aſſerted in other Works. The 1oth, a general property, and 
the 2oth, a particular one, are more ſublime properties of Tri— 
angles; and are, perhaps, the moſt perfect Demonſtrations that 
_ be given; which are frequently quoted and referred to here- 
The affinity between Triangles and Parallelograms, in Theo- 
rems 15 and 17th, is the foundation of Mepſuration of Superficies. 
The properties of Parallelograms and Triangles in the 18th, are 
very extenſive; the equality of the Complements of Parallelo- 
grams, in the 19th, is alſo of great utility ; both, which, carry 
with them the ſtrongeſt conviction imaginable. 
In reſpect of the properties of Right Lines, and Angles formed 
by their Interſections, in the firſt tix Theorems, the knowledge 
of which, though in a manner ſelf-evident, is abſolutely neceſſary 
for attaining the properties of Figures. I ſhall juſt give one in- 
ſtance, as a ſpecimen, of what great things may be effecled, trom 
the knowledge inculcated by the fourth Theorem; viz. that the 
alternate Angles, formed by a Right Line cuting two parallel 
Lines, are equal. | 

It would hardly gain credit, with ſome, to aſſert, that it is poſ- 


fable from the meaſure of a ſmall portion of the Earth's Circum- 


ference to determine the whole, by means of that ſimple proper- 
ty; yet nothing is more certain, and that, without much more 
previous knowledge, than, that the ſame portion or ark of every 
Circle, gives or ſubtends equal Angles at the Center ; and con- 
ſequently, equal Angles being formed at the Centers of Circles of 
any Radius, will cut off equal portions of the Circumference. 
(See the Theory of Plane — ; 

It is very practicable to meaſure the diſtance between two places, 
on a level Plane; -and, by means of an Inſtrament, contrived tor 
that purpoſe, any ſpace or diſtance between two places, very re- 
mote, may be aſcertained, let the ground, between, be ever ſo 
irregular, interſperſed with Hills and Vallies ; in which caſe, it 
muſt be obſerved, that the meaſure, ſo obtained, is not the real 
Diſtance between thoſe places, which can only be meaſured by a 
Right Line (ſee Def. 3, and 4.) and which is impoſſible to be had 


by an Inſtrument. And, let the Ground between two remote places 


bs ever ſo apparently level, it is not a Plane, but a portion of a 
Sphere; 


Book I. ELEMENTS or GEOMETRY. 157 


Sphere; and conſequently, the meaſure, by an Inſtrument, over 
the Sruface, is the meaſure of an Ark of a Circle, of which the 
Chord Line is the true Diſtance. (See Def. 22.) 

This convexity of the Earth would be obvious, to ocular con- 
viction, if its Surface was regular. In a perfect Calm, when the 
Surface of the Sea is at reſt, it is diſcernable, that a Ship at a 
diſtance, in going from Land, will gradually appear to deſcend; 
the Bottom or Hull of the Veſſel will ſoon be loſt to ſight; and, 
by means of Teleſcopes, the Sails and Rigging of the Ship may 
be ſeen, when the Hull is apparently ſunk in the Water; which 
alone, is ſufficient conviction, to any thinking Perſon, of the 
Earth's rotundity. 

Now, although it is poſſible to meaſure a ſmall portion of the 
Earth's 5 with tolerable accuracy, it would be im- 
poſſible to meaſure the whole; becauſe it is, in no part of it, en- 
tirely circumſcribed with Land; and there is no dependence on 
the meaſures taken at Sea; therefore it is impracticable, for ſeve- 
ral reaſons, to obtain its true Circumference by actual meaſure- 
ment. ; 

It is eaſy to conceive, that two Right Lines or Poles erect- 
ed perpendicular to the Earth's Surface, at any tolerable diſtance 
from each other, are not parallel between themſelves ; becauſe, 
the Earth, being a Globe, or globular, every Right Line or 
Plane, which is perpendicular to its Surface, would, it produced, 
pais through its Center. Conſequently any two Right Lines, 
which are perpendicular, would, if produced, form an Angle at 
the Center; which Angle, is greater or leſs in proporzion to the 
diſtance of the Perpendiculars from each other (ſee Art. 1. Theory 
of Plane Angles.) Hence it is plain, from what has been faid, 
that nothing more is required, than to determine the Angle 
which two Perpendiculars would form at the Earth's Center, ac- 
cording to the Diſtance between them. 


Suppoſe a ſmall portion of the Circumference (which may be 
repreſented by the Circle FG H) be meaſured, from B to D, 
where the Earth is as nearly on a level as poſſible. (By a ſmall 
om I would not be underſtood to mean leſs than two or three 

egrees, or about 200 miles.) 

Let AB repreſent a Pole, or Stile, erected perpendicular to the 
Horizon, at B; it will conſequently, tend to the Center, at C. 
Now the Ark BD being meaſured, due North or South, and 
another Pole, D E, erected perpendicular to the Horizon, at PD, it 
will alſo tend to the Center, C, making an Angle, ACE, with AB, 

The whole myſtery is to determine that Angle, | | 


From the immenſe diſtance and magnitude of the Sun, in re- 
ſpect of the Earth, its Rays, and conſequently the Shadows of 
Objects, ca the Earth, are projected in Right Lines, parallel 
amongit themſelves, 

It 


- 


1752 ELEMENTS or GEOMETRY. 


It muſt alſo be obſerved, that this operation can only be per. 
formed at or between the Tropics; becauſe, the Sun is never ver- 
_ tical beyond them. Suppoſe the Perpendicular AB to be erected, 


When it is in the Meridian of that place, | 


the Shadow of AB will be projected to. 
wards C, the Center of the Earth, for no 


At the ſame Time, any other perpendicular 
Line, as ED, at a great diſtance from AB, 
will caſt a Shadow, as DF, in proportion 
to the length of the Perpendicular DE. 


a | 
Now, becauſe ED is perpendicular to FD the Angle EDP i; 
a Right one. (Def. 11.) Wheretore, the meaſure of ED being 
known, and the length of the Shadow DF taken, DF being con- 
fſiderea as a Tangent, and DE the Radius, the Angle DEF is de. 
termined, by Trigonometry; or, by a Scale of equal parts, mak- 
ing a 3 Triangle of the two given Lines, ED and DF 
(Prob. 13.) which will give the Angle DEF, 

But, EF is parallel to AB; and E DC is a Right Line 
cuting them both; wherefore, the Angle ACE is equal to CEF 
(Th. 4.). Therefore, the Angle, at C 1s determined. 

. Now the Angle B CD being known, which, ſuppoſe equal two 
and a half or three Degrees; then, as ſo many Degrees is to 360, 
ſo is the Ark BD in Miles, &c. to the whole Circumference; by 
the Rule of Three, or Proportion. | a 
Or, having deſcribed a Circle of any Radius, and made an 
Angle BCD, equal to DEF, which a Ray of Light makes with 
the Perpendicular DE (Prob. 4.) it will intercept a portion ot the 
Circumference, BD, which being taken in your Compatles (be- 
ginning at B or D) fee how oft it is contained in the Circumſe- 
rence FGH ; which, multiplied into the number of Miles, meaſu- 
red on the. Ark BD, will give the meaſure of the Earth's Circum- 
ference, in Miles, 5 : | 


Hence it is alſo evident, that, if a large portion of the Earth's 
Surface was a Plane, inſtead of being ſpherical (of which let FG 
be a Section) we ſhould, at any diſtance from I, where a Right 
Line, CI, from the Center, is perpendicular to FG, appear as 
if on a declining Plane; and the farther from the point I, the 
greater will be 4 inclination; inſomuch, that in going from I, 
towards F or G, we ſhould ſeem as if climbing an aſcent; making, 
at K, the acute Angle LKG, with the Plane FG. For, a Perion, 
ſtanding upright at K, would tend towards the Center C, in the 
direction LC; and conſequently, would be more inclined to F G, 
the farther the point K is from the Perpendicular CI. | 


E LE- 


Shadow of it can be projected on the 8Sur- 
face, the Sun being perpendicular over it. 
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HE ſecond Book of Elements treats of the properties 
or powers of Right Lines, divided at pleaſure, and 
otherwiſe. It generally ſeems, at firſt, ſomewhat ſtrange 
and obſcure to beginners, who are unacquainted with Men- 
ſuration; but, if they carefully obſerye the inſtructions, I 
have given, concerning Rectangles, all difficulty will ſoon 
vaniſh. The method or manner of Demonſtration, is, in 
the firſt eight Theorems, both ocular and mathematical ; it 
is alſo, in the ten firſt, numerical, and does not admit of the 
leaſt doubt to any, who are tolerably verſed in the funda- 
mental rules of Arithmetic. 3 
It is of eſpecial uſe in attaining a knowledge of the pro- 


perties of the Circle, as contained in the third Book. For 
which reaſon, I adviſe the young Student, not to paſs it over 


lightly and with indifference, but to digeſt it carefully, and 
be ſure he underſtands it perfectly; the ten firſt particularly, 
before he adyances further; elſe, he will frequently be obli- 
ged to turn back ta them. Therefore, I adviſe him to get 
them by Heart, ſo, as to be clearly certain of the power of 
a Line, ſo and ſo divided, whenever it occurs in the courſe 
of this Treatiſe; it will greatly facilitate his purſuit of * 
remainder, and ſave him ſome trouble. 

This ſecond Bock treats alſo, more fully, of the 2 — 
of Triangles, in general; ſhewing, as in the right-angled, 
the proportion which the Square of any Side of a Triangle, 
of any ſpecies, has to the Squares of the other two; by which 

i means, 
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means, the Perpendicular, and, conſequently, the Area of 
any Triangle may be obtained by calculation, in Numbers, 
by the meaſures of the Sides only, the Perpendiculars being 
otherwiſe unattainable. Likewife ſome other properties of 
Triangles and Parallelograms, which are not in Euclid. 
I have' made no alterations in this Book, nor abridge- 
ments; but have added ſome very elegant Theorems. The 
Demonſtrations, in general, as well in the other Books as 
this, I have made as brief as is conſiſtent with perſpicuity, 
and the nature of Demonſtration. 


RECTANGLES and SQUARES are already defined. 
(See Def. 34, & 35, in the general Introduction to Geometry.) 


A Rectangle, or right-angled Parallelogram, is ſaid to be 
under, or contained under two Lines, which are the mea— 
ſures of es 

& RES If a Right Line be any how divided, 
| X | 1 as AB, in C, che Rectangle AC B or 
BCA is the ſame; and ſignifies a ReQ- 


I angle unger the two Segments, AC & CB; 


i. e. ACXCB; as X. 

But the Reds, ABC and BAC, are 
different from that, and from each other, 
if the Line be divided unequally. 

ABC £3 ſignifies a Rectangle under 
the whole line, AB, and the Segment, 
BC, or ABXBC; F. 

And, BAC means one under the whole 
line, AB, and the other Segment, AC, 


1 or BAN ACH; as Z. 


The middle letter is always t twice meant. 


AXIOM. ReQangles or Squares, contained under equal 
Righ: L nes, are equal, 
As V and X, under the Line ab, eq. AB, and be, eq BC, 
And the Squares Y and Z, under cd, equal CD. 
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THEOREM I. 


The Rectangle contained under any two Right Lines, 
is equal to all the Rectangles, under cither Line, 
and the ſeveral Segments of the other, divided in- 


to any number of parts, at plcature. 


Let AB and Z be the two given Lines; and let AB be 
divided, at pleaſiire, in E and F. 
I fay, that ZXAE+ZxEF + ZXFB " 


=AB multiplied into Z. | — 1 
On the Line AB, conſtruct the Rect- 7 
2 
6 


angle ABCD, whoſe Sides AD and BC |. 
are each equal to Z. - - Pr. 18. % 
Through E and F, draw EG and FH, 
parallel to AD and BC; dividing the Rect, | 3 4 
ABC into three Rea, AG, EH &F C, 1 3 


Dem. Now, becauſe AD and BC are both equal to Z;-Con 
EG and FH are alſo equal Z.- - - Th. 15. I. & Ax. 3. 
For, ABCD is a ReQtingle, by Conſttuction; 
wherefore, AG, EH and FC are ReQahgles, 

But, the Rect. AC=all the ReA®. AG, FH & FC- Ax. 2. 
and the Sides AD, EG, FH and BC, are each equal Z. 
Therefore, ZXAE+ZXEF+ZxFB=ZxAB: 


In Numbers thus. 


Let AB repreſent, by ſome Seale, 12 Feet, or any other 
meaſure; and, let Z be equal 8 of thoſe Parts. 
Let ihe Segment, AE be 3» EF 4, and FB 5. 


Then, the ReR. AG, i. e. ZK AE, or 83,224. 

+ the Re. EH, i. e. ZXEF, or 8x 4,=32: 

rte Rect. FC, i. e. Z XF B, or 8 5, 40. 

= the Rect. AC, i. e. ZXAB, or $x12=96. 
X 2 Cor, 
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Cor. If the two Lines are divided into Parts, at pleaſure ; 


the Rectangle under the two whole Lines, is equal to all 
the Rectangles under the ſeveral ſegments of both Lines, 


THEOREM II. 


If a Right Line be divided, any how, into two parts; 
the Rectangles under the whole Line and each 
Segment, are equal to the Square of the whole Line. 


46.446 B 
[| Let AB be divided, at pleaſure, in E. 
I ay, that ABXAE +ABXEB=ABXAB, 
j. e. the Square of AB, 


* 48: 4-8 On the given Line, AB, deſcribe the Square 
— ; 3 through E, draw EF „ paral- 


Dru. Now, AB Cb is a Squara; by Conſtruction; 
wherefore, AD, and B C are, each, equal to AB- Def. 35. 
And AEFD, EBCF, are Rectangles. (Con.) 
wherefore EF is equal to AD, or BC;- - 15. 1. 
But, the Square ABCD the Rectangles AF, FB-Ax. 2. 
Therefore, ABXAE + ABXEB=ABXAD, or AB g. 


In Numbers, let the whole Line, AB, be g; 
and let it be divided in AE 5,5, and EB 3,5. 

Now, the Rect. AF, i. e. ABXAE, or 9x 5,5, =49,5- 
+ the Rect. FB, i, e. ABXEB, or 9x 3,5,=31,5- 
= the Square AC, i. e. ABXAB, or gxg, = 81,0. 


N. B. This Theorem is only a particular caſe of the former, 
viz. when the two given Lines are equal; and might have been 
a Corollary to the ert; but I was not willing to break the order 
ef Euclid unneceſſarily, 


2 THE O- 
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THEOREM III. 


If a Right Line be divided at pleaſure z a Rectangle 
under the whole Line and either of the Segments, 
is equal to a Rectangle under the two Segments, _ 
added to the Square of the Segment, firſt taken. 


Let AB be divided in E. X 6.5 
I fay, that ABXBE=AE*xEB+EBqn. 


Conſtruct the Rectangle AB CD, under 
the whole Line AB and the Segment EB; 
and draw EF parallel to AD. 


34 - 

Dem. The Rectangle AEFD added to the Square EBCF 
is equal to the Rectangle ABCD. - = Ax. 2. 
But, the Rect. AF is under the Segments AE, EB, (eq. EF) 
and, FB is the Square of EB, the Segment firſt taken. 
Fh. ABXEB (or ABEC) =AEXEB (AE BEA) EBA 
Alſo, ABXAE=AEBC23+AEdn, of the leffer Segment. 


Let the whole Line, AB be 10, 5; let AE be 4, & EB, 6, 5. 
Then, the Rect. AF, i. e. AEXEB, or 4x6,5=26 
+ the Square FB, i. e. EB EB, or 6 „5 *6,5 8427285 25 
= theRetT ABCD, i.e, ABXEB, or 10, 5x 6, 68,25 


N. B. I have given this Line, in Numbers, fractional; 
and alſo divided the former, fractional-wiſe, In order to 
ſnew, that it will hold true in Numbers (as in Lines) any 
how divided; which, I adviſe the young practitioner to try, 
by various fractional divifions, if he be converſant in Deci- 
mals; it will be of, ſome ſervice, and make him more per- 
fect in the whole Theory of this fecond Book, 

| THE O- 
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THEOREM IV; 


If a Right Line be divided at pleaſure ; the Squares 

of the two Segments, added to two Refangles un- 

der the Segments, are equal to the Square of the 
18255 whole Line. 


2 2 | 
1 |. Let AB be the given Line; divided, at 
Y EE TE, OS 3 Js 
ws 3 . Oy: Then will the two Squares of AE & EB 


—JH. added to two Rectangles under AE & EB; 
| be equal to the Square of AB, 
On AB, conſtruct the Square ABCD, 


(of and draw EF parallel to AD. 


N Make AG equal AE, and draw GH parallel to AB. 


Dem. Then, becauſe ABCD is a Square (Con.) the Sides 
Ad, DC, & BC, are each equal, to AB; and the Angles 
A, B, C, and D are all Right ones. Def. 35. 
Wh. ſince AG was made equal to AE, GD is equal to EB, 
But, GH is parallel to AB, and EF is parallel to AD; 
wh. HC, and FI, IH, and FC, are each equal to EB. 
EI and Gl are, for the ſame reaſon, each equal to AE. 
And, the Angles AEI, IHC ; AGI, and IFC, are each 
equal to ABC, and ADC, - - 2. Th. 4. I. 
Wherefore, AEIG and IHCF are Squares of AE and EB, 
and GF, FH are Rectangles under the Segments AE & EB 
And, they are all equal to ABCD, the Square of AB-Ax.2 
Therefore AE +EBQO +2 AE Xx EB ABA. 


Let the Line AB be 8, divided at E, in 5 and 3. 
Then, the Square GE, i. e. AE, or 5 5, 25 
+ the Square FH, i. e. EB, or 3 3, 2 9 
+ two Rect. GF & EH. 2 AEBE2; 2. 5 3. 30 
"= the Square ABCD, i. e. AB Q, or 8x8,=04 
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Cor. Ifa Line be equally divided, the Rectangle under the 
Segments is a Square, and is equal to the Square of ei- 
ther Segment. 

Hence, the Square of a whole Line is equal to four 
times the Square of half the Line. 4X4X4=8x8,=64. 


T HE OR EM V. 


If a Right Line be biſected, and alſo cut unequally 
at pleaſure; the Rectangle, under the two unequal 
parts added to the Square of the intermediate part, 
i. e. the difference between the equal and unequal, 
is equal to the Square of half the Line. 


Let AB be cut equally in C, and unequally in D. 
Then, the Rectangle under AD and 
DB, added to the Square of CP, is equal 
to the Square of A Cor CB. - 


On CB, half AB, deſcribe the Q CBEP.. 9 
Draw DG parallel to CF; make DPH 
equa] DB, and draw KH parallel ta 
AB, and AK parallel to CF. 


4 
A 


Dru. Now CFEB is a Square (Con.) and AC=CB- Hyp. 
wh. BEZAC (Ax. 3.) & AK, Cl, are each =DH-Def. 7, 
But DH=DB (Con.) wh. AK & CI are each =DB- Ax. 3. 
Th. the Rect. AKIC is equal to the Rect. DGEB. - Ax. 
Add, to both, the Rea. FD; &, AI+FD=FD+GB - 6. 
but Al+ID,eq. AH,=ADBc2, & FGHT is the © of CD; 
for, DG is parallel to CF, and are each equal to CB-Con. 
alſo, KH is parallel to AB, and CI is equal to DB; 
conſequently, IF and GH are each equal to CD.- Ax. 7. 
Th. the Rect. AH + the Square FH=the Square CFEB.- 2. 
i.e. ADXDB+CDQ=AC, or CB . 


Let 
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Let the whole Line AB be 16; AC=CB each =8$ ; 
let CD be 3, and DB 5; then AC+CD, AD, =11, 


Then, the Rect. AH, i. e. ADB Q, or II * 5 55 
+ the Square FH, i. e. CD Q, or 3x3= 9 
= the Square CFEB, i. e. CB q, or 8x8=64, 


THEOREM NI. 


If a Right Line be divided into two equal Parts, and 


then produced at pleaſure, or another Line be 


added; the Rectangle contained under the whole 

compounded Line and the Part added, together 

with the Square of half the given Line, is equal 

to the Square of the half Line and the Part added, 
in one Line. 


F. G_E 3 A | : 
Let the given Line AB be biſected in C, 
and let BD be added to it, at pleaſure, 


1 ſay, the Rectangle ADB added to CB 
Square is equal ta the Square of CD. 


On CD, deſcribe the Square CDEF; 
a on AD the Rectangle AKLD; by drawing AK pa- 
rallel to CF, and KL to AD, making DL equal to BD. 
Draw BG parallel to DE, and join FD. 


Dem. The Rea. AI=IB (Ax.) and IB=GL (19. 1.) 
therefore, Al is equal to Gl. Ax. % 
Conf. the Rect. AI+IB+BL=IB+BL+GL - Ax. 6 
And, if to both, be added the Square IFGH, of CB. 
The Re&. AKLD+IFGH=CFED. - - Ax. 2. 


i. e. ADB, or ADXDB+CBn=cDgo. 0 


If 
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Or it may be demonſtrated as the foregoing. 
Produce BA, and make AZ equal to BD, 
Then is ED biſected, in C, and unequally cut, in B. 
Wherefore, the Rect. EBD, under the unequal parts, 
(equal ADB) i. e. EBxBD, TCBAH S CDA. 


Let AB be 12, biſected in C, AC, 6, and CB, 6, 
and let BD, the part added, be 4. : 

Then, the Rect, AK LD, i. e. AD xXx BD, or 16x 4= 64 
+ the Square IFGH, i. e. CB, or 6x 6= 76 
= the Square CFED, i. e. CD, or 10x10=100 


THEOREM VII. 


If a Line be divided, equally or unequally, at plea- 
ſure; the Square of the whole Line, added to the 
Square of either Segment, is equal to two Rec- 
tangles, under the whole Line and that Segment, 
together with the Square of the other Segment, 


Let AB be divided, any how, in the point E. a g 5 
Then, the Square of AB, added to the 3 
Square of AE, is equal to two Rectangles un- 8 
der AB and that Segment, added to the Square : 
of EB, the other Segment. / 
Deſcribe the Square ABCD; through E, draw + 
EF parallel to AD; make AG equal AE, and | _--” 
| draw GH, parallel to AB; and j join AC. 7 


Deu. The Rect. DI=IB (19. l. ) add GE toboth; &DE=GB 
But, the Rectangle DE + GB=DI+IB+2GE; - Th. 3. 
and, if FH, i. e. the Square of EB, be added; 
they are equal to the Square ADCB GE. by 2. 
But, the Rectangles DE, GB, are under the 1 Line, AB, 
and the Segment AE; for, AD=AB and AG g AE-Con. 
Therefore 2 BAXx AE AT EB ABN AE. 

Alſo, DH+FB4+GE=DB+FH; 
or 2ABECO+AEO 9 a+EBQ. 


Let 
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Let the whole Line, AB, be 8; let AE be 3, and EB 5. 
Then the Square ABCD, of AB, i. e. 8x8=64] _ 

＋ the Square AEIG, of AE, i.e. 3x3= 91 

But, the two Rects. DE, GB, i.e. 2 AB AE, 8x 3=48 

+ the Square IFCH, of EB, — 5X25 

| | is alſo =73 


THEOREM VIII. 


If a Right Line be divided, any how, in two Parts; 
four Rectangles under the whole Line and either 
Segment, added to the Square of the other Seg- 
ment, is equal to the Square of a Line, com- 
ounded of the whole Line and the Segment firſt 
I taken. 


Let AB be divided, at pleaſure, in C; 
and, if CB be the Segment taken, 
make BD equal to BC. 


Then, four Rectangles under AB and CB 
added to the Square of the Segment AC, 
will be equal to the Square of AD, 


On the whole Line, AD, conſtruct the "NY <x AEHD, 
Draw CF and BG, parallel to AE; make Al equal AC, 
| and AL equal to AB, and draw IK, LM, parallel to AD, 


SS 


DEM. Now CF & BG are parallel to AE; & IK, LM, to AD; 
5 whetefore; FG, GH, HM, & MK, &c. are each equal CB; 
conſequently, FP, GM, OQ, and PK are equal Squares, 
And, EO, LN, NB, and QD are equal Rectangles. 
But the Rect. EO FP ABC, or ABK BC. 
Conſ. the four Rectangles EO, LN, &c. added to the four 
Squares FP, GM, &c. are equal to four times AB xBC; 
and, if the Square IC (of AC) be added, they are all 
equal to the Square AE HD, of the Line, A Dy com- 
pounded of AB and the Segment CB, equal BD. - Ax. 2. 
i. e. 4ABC Q or 4 times ABxBC+ACO=ADn, 
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Let AB be 9, divided at C, in 6 and J 
and if BD be equal CB, then AD will be equal 12. 


Then, the Rect. ABC, or ABXBC, i.e. 9x 3227. 
Conſ. 4 Rectangles, ABXBC is equal to 108 
＋ the Square of AC, 6xb= 3b . 


= the Square of AD, — 12x12 =144 


THEOREM IX. 


If a Right Line be divided, into two equal and two 
unequal Parts; the two Squares of the unequal 
Parts are, together, double the Square of half the 
Line, together with the Square of the intermediate 
Part, ” 


Let AB be biſected in C, and cut un- = 
equally in D. e \ 
Then, the Square of AD, added to the / -* 
Square of DB; is equal to twice the Square | \ 
of AC, added to twice the Square of CD, 
the difference between AC and AD. 


Draw CE perpendicular to AB, and equal to AC or CB, 
Join AE and EB, and draw DG parellel to CE. | 
Through G, where DG cuts EB, draw FG parallel to AB; 
and, laſtly, draw AG, | 


Dem, Now ſince ACE is. a right Angle, & CE is equal AC, 
the Angles CAE and AEC are half right. - C. 3. 10. 1. 
And AE SAC HCE N; i. e. equal 2ACD. -20. 1. 
for, ACE is a Right Angle, and AC=CE. - Con. 
And, becauſe CG is a Rectangle, FG DP; 
and FE is alſo equal CD; for EFG is a Right angle ; 
FEG (eq. FEA) is half right; th. the Angle FEG=EGF 
conſequently, FE is equal to FG (equal CD) C. 3. 9. 1. 
and EGO =EFo +FGn,=2CDo. =. 20. 1. 

| b | | Now, 
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Now, AEN =2ACqh ; and EGoO=2CDnoh- abore 
But AEG is a right Angle, and AGO=AEo +EGn; 
i. e. equal 2 ACO +2 CD. 
Alſo, AG = AD HT DGN; for ADG is a right Angle. 
And DG=DB ; for, GDB is a right Angle; 
and DBG =DGB, equal CEB, half a Right one. - 4. 1, 
Th. AG Q, eq. AE AEG, i. e. eq. 2ACno+2CDn; 
is alſo equal to AD ADB, equal DG, Q. 

_ Therefore, AD¹u TDB 2ACNHT2C DN. QE. D. 


Let the whole Line AB be 14, divided equally, in C, 
and cut unequally, in D, in ꝙ & 5; AC 7, CD 2, & DB 5. 
Then, AD , i. e. gx9=81 


+ DB 5x5=25 _ 0 
And Ae , i. e. 7x7=49 ] we 


"THEOREM X. 


I a Right Line be biſected, and then produced at plea- 
* ſure; the Square of the whole compounded Line, 
together with the Square of the additional Part, 
will be double the Square of the half Line and the 


Part added, together with twice the Square of the 
half Line. 


Let AB be biſected in C, and let BD be added. 


1 | I fay, that the Square of AD added to the 
Square of BD, is equal to twice the Square 
of CD, added to twice AC Square. 


Make ACE aRight angle, & CE eq, AC. 
Compleat the Rectangle CEFD, and 

produce the Side FD. 

Draw EB, cuting FD in G; and laftly, draw AE & AG, 

DEM. 


Bo 
De 


JJ "© ay” rank ĩ WOW Tay 


BL 
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Dem. Then, becauſe ACE is a R. Angle, ( con.) & AC=CE 
the Angles CAE and AEC are half Right. - C. 3. 10. 1. 


And, becauſe CEFD is a Rectangle, EF CD; 
and ſince EFG is a Right Angle, and FEG (eq. DBG, 
eq. EBC) is half right, FGE is half right. - - Ax. 3. 
wherefore, FG=FE, eq. CD; and DG=DB - C. 3.9.1. 
Now, ſince ACE is a right Angle, and CEZAC 
 AEO=Z=ACn+cCeEn; i.e. equal 2 AC Square. - 20. 1. 
And, EG, EFHTFGN; i. e. equal 2 CDS. 

But, AEG is a R. Angle; for AEC, C EG are half right. 
wh. AG, AEN +EG 0; i. e. equal 2 AL ＋2 CD 
But, ADG is a R. Angle; conſ. AG ADN +DGz; 
and, fince BOD=DG, BD DG:; Ax. 


This Propoſition may alſo be demonſtrated as the former. 


Let the given Line AB bebiſeRed in C and let BD be added; 
alſo make AZ equal PD in BA produced. 


Then, becauſe ED, is biſected in C and cut unequally in B, 
E0+BDO=2CDo+2CBo. | 

But EB=AD; for AE was made equal to BD. 

Wh. EBO+BDo (eq. AD+BDon)=2CDo+2CBn. 


Let AB be 12; divided, in C, equally; and let BD be 4. 


Then, the Square of AD, i, e. 16x 16=256 


+ the Square of BD, 4x 4= 16 RY 
But, the Square of CD, IOxIOZi00 
+ the Square of AC, 6x 6= 36 
130%2=272 


THE O- 


And, for the ſame reaſon, CEB and EBC are half right. 


Therefore, ADG+BDOG=2AC 0 +2CD-a. 
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THEOREM Kl. 


To divide a Right Line, in ſuch wiſe, that the Reck. 


angle under the whole Line and one Segment, ſhall 
be equal to the Square of the other; conſequently, 
the greater Segment, 


8 AB is the Line given, to be divided. 


% 
x If 


AB and the Segment BC, ſhall be OO" to 


. It is required ſo to cut AB, in C, that 
— \ the Rectangle, ABC, under the whole Line 


C * the Square of AC. 


3 At the extreme A, draw AD perpendi- 


cular to AB. 
Make AD equal AB, and biſect it in E; join EB. 
Produce DA. Make EF equal EB, and AC equal to AF, 


Then is AB ſo divided, in C, that AB Xx BCA CN. 


Compleat the Squares ADH B and AF GC, and produce 


GC eto l. 
Dem. Then, becauſe AD is biſected in E, and AF is added, 


the Rea. DFA, i.e. DFX AF TAE EFA. - Th. 6. 
But, EF = EB; wh. EFH =EBn; i. e. eq. . 
Conſ. DF x AF AE HABA TAE Q. 
Take AE © from both, and there remains DFX AF ABN. 


But, the Rect. DIGF. is under the whole Line DF, and 


the Segment AF; and ADHB is the Square of AB; 
wherefore, the Rect. FI the Square AH ; and if the Red. 
ADIC, which is common to both, be taken away, there 


is left the Re, CIHB equal to the Square ACGF. 
i. e. the Rea. ABC, or ABXBU=ZACD., 


I | This 
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This Propoſition cannot be exemplified in Numbers ; 1. e, the 
point C. cannot be found, nor the proof aſcertained arithmetically ; 
tor there is no Number, whatever, can be ſo divided, that the 
product of the whole Line multiplied by one part, ſhall be equal 
to the Square of the other. 

Therefore, a Line ſo divided! is incommenſurable, 


THEOREM XII 


In an obtuſe angled Triangle, the ſquare of the Side 
which ſubtends the obtuſe angle, exceeds the ſquareß 
of the other two Sides, by two ReCtangles, under 
either Side containing the obtuſe Angle, and the 
part intercepted between the obtuſe Angle, and a 
Perpendicular, let fall from the adjacept Angle, t 
the ſame Side, produced. 


ABC is an obtuſe angled Triangle. 
Produce the Sides AB and CB; and to them, 
draw the Perpendiculars AE and CD. 

I ſay, the Square of AC exceeds the 
Squares of AB and BC, by two ReQtangles AC C 
ABD, or CBE. | SN 


Dru. Fir, ACO is equal to AD DCG. - 20. r. 
and ADO=ABo +BDo-+2 ABDCEI - - - - - 4. 2. 
wherefore, ACO=AB on +BDon4CDao +2 ABD. 
But BC N is equal to CD +BDn. 
Therefore, AC A ABA +BCon + 2AB DH. 

In the ſame manner, AC may be proved equal to 
ABO+BCn+2CBE Rectangles. 
Conſequently, the Rectangles ABD and CBE are * 


. 
1 2 
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THEORE M XII. 


In every Triangle, the Square of the Side ſubtending 


an acute Angle, is exceeded by the Squares of the 
other two Sides, which contain the acute Angle, 
by two Rectangles under either of thoſe Sides, a nd 
a part of it, intercepted between the acute Angle 
and aPerpendicular, let fall from the oppoſite Angle, 


FI” In the Triangle ABC, draw a Perpen- 
dicular, CD, to the Side AB. 
Then, the Square of AC, is exceeded by 
the two Squares of AB and BC, by two 
Rectangles, ABD, under the whole Side, 
AB, and the Segment BD. 


« 
| \ 
I % 
1 


And, ABO+ACO=BCO+2BAXAD, 


Dem. Fir, ABo=ADo+DBo+2ADBc. - Th. 4. 


-And, BCS DMT DBA. '- - .-, - - 220. 1. 


Wu. AB o+4BCOo=ADon+DCo+2DBo+2ADBo 
But, ADBC2+DB O=ABDc2. "FRA GT Th. 3. 


conſequently, 2 ADBra+2 DB O =2 ABD. 


— -wherefore, ſubſtituting theſe for the other 


then, ABO+BCQ=ADon+DCn+2 ABDQ. 
But, ACO=ADn+DCn. - - - 20. 1. 
Therefore ABQ-+BC O A O+2 ABD 


Secondly, thus, more bricks, when an Angle is obtuſe. 
Produce either Side, AC, and from B draw BE perpen- 
7. - dicular to it. 

Now, AB BC TAC ＋2ACE& 

Add, on both ſides, the Square of AC. 
Then AB c ＋ ACoO=BC+2ACot 

a = - --. +. At-% 

But, 2ACECI3+2AC H= EAC; 


or 2 AE ACW. Th. 3. 
Theres ABO+ACo=BCn + 2 AEXAC. 
From which it is obvious, that the Ret, BAD EAC. 


Ls 
L 
100 
R 
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By the firſt method it may be demonſtrated ; that the ſquare of 
BC, is exceeded by the _ ot AB and AC; by tuo Rectan- 
gles BAD ; and by the ſccond, the ſquares of AB and AC, ex- 
ceeds the ſquare of BC, by two Kectangles EAC; therefore the 
Rectangle BAD i; equal to ELAC. 


SCHOL. From theſe two Theorems it is evident) that if the fqrave 
of one Side of” a Triangle exceeds the ſquares of the other c, te 
Angle ſubtended by that Side, and contained by the other two, is ob- 
tuſe; and, if the ſquare of one S.de, be exceeded by the ſpnares of 
the other tc; it ſubtendi an acute Angle; conſequently, avhen the 
ſquare x one Side is equal to the ſquares of the other to, the An 
gle it jub:cnds iñ @ Right one. ö 


Cor. Hence, the Perpendicular, and conſequently the A- 
rea of any Triangle, may be found or obtained, by the 
meaſure of the Sides only. 
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In the Tri. ABC, ACO+BCG =ABo+2ACxCD. 
Wherefure, ACh +BCoG —ABn=2 ACK&CD; byTh. 
i. e. if Ah q be ſubtracted from the ſum of Ac +BCo, 
the remainder will be two Rectangles, under AC & DC. 
Wherefore, if half that Product be divided by the Side 
AC, the Quotient will be the Segment DC. 

But BCo =BDoQ +DCqo. Or, ABa=ADo+BDo. 
wherefore, BC H DCS BD... 20. 1. 
Conf, having ſubtracted the ſquare of DC from BC . 
or of AD from ABN, the remainder will be the ſquare 
of the Perpendicular BD, the ſquare Rout of which, 
gives the Perpendicular required. 

By the ſame means, -either of the other Perpendicu- 
lars, AE or CF, may be found. 


— 

— — 

— 8 
— — — 


A 


2ndly. When the Perpendicular falls without the Tri 


angle, from the acute Angles of an obtuſe angled Triangle, 
it is this found, 


In the obtuſe-angled Trlahgle Ag C, let fall the Perpendicular 
BJ) to the Side AC, produced, 


Then, AB g ACH +CBo+2ACxCD. . Titz 
Wherefore AB —ACn+CBa= 2 ACX CD; 5 
half of which Sum being divided by the Side AC gives ED. 
Eut, CR =BDo +CTD (20. 1.) wh. CBoO = CDH SD. 

the ſquare Root of which gives the Perpendicular BD, 


A * OO 


2 /Tuso. 
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THEOREM XIV. 


In every Paralielogram, the ſum of the Squares of the 
two Diagonals is equal to the Squares of all the 
TRE Tho. Sides, together. ä 


Let ABCD be a Parallelogram. 
Draw the Diagonals, AC and BD; pro- 


duce the Baſe AD, and draw the Perpen- 
diculars BE and CF. 


| 5 | 
Dru. In the obtuſe angled Triangle ACD; 
ACo=aDo+DCno+2ADF9 - - Thr, 
And, in the Tri. ABD; BD AH SAB NT AD o—2DAED 
But, EBCF is a Parallelogram, wh. EF=BC. - 15. 1. 
and, AD=BC; wherefore ADSEF <- Ax. z. 
conf. AE = DF, ED being conimon ; wh. ADF=DAEQ 
Therefore, as much as AC N exceeds AD 0 DC, viz. 
by the Rect. ADF, twice; by ſo much is BD N exceeded 
by ABA TAD N, eq. BCN; viz. by 2DAELTQ 2A DE. 
Th. AC +BDoO=ABo+BCn+ADa+DCo. 


THEOREM XV. 


In Iſoſceles Triangles, the Square of one of the equal 
Sides is equal to the Square of any Line, drawn 
from the Vertex to the Baſe, added to a Rectan- 
gle _ the Segments of the Baſe made by that 

Line: | 


In the Iſoſceles Triangle ABC, if BD 

be perpendicular, it (BiſeRs the Baſe, and 

is evident; for AB Hg BDNTADN; 

i. e. AD¹DC Q, or X DC. 20. . 
Let BE be drawn, at pleaſure. | 

I fay, the Square of AB is equal to BE 

© Square, added to the Rect ingle AEC. 
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Dem. AB A is equal to BDO+ADa. < - - 20. 1. 
and ADD is equal to AECC9+DED. - - - 5. 2. 
(for AC, is cut equally in D, and unequally in E). 
wherefore, AB N =BD © +DE a +AECT. 

But, BEQO=BDA+DEn. - - 20. 1. 
Therefore, AB © BE TAE x EB, or Akccg. 


THEOREM XVI. 


If a Perpendicular be drawn from any Angle of a 
Triangle to the oppoſite Side; the Squares of the 
Sides, containing that Angle, added to the Squares 
of the alternate Segments of the Baſe, are equal; 

and the difference between the Squares of the Sides, 
is equal to the difference of the Squares of the Seg- 
ments. 3 b 


In Iſoſceles Triangles the ching | is manifeſt, 
In the Scalene Triangle ABC, draw the, 
| Perpendicular BD. | 
Then, the Square of AB added to DC Square | . 6 
is equal to BC Square added to AD Square. 
And the difference, between the Squares 
of AB and BC, is equal to the difference, be- 
tween the Squares of AD and DC. 


Dru. For, AB H ADT BD q. 0 
And, BC =PBD added ta DC Square. . 20. t. 
for the Angles, ADB and BDC, are Right ones. Con, 
Wh. ABO+BDoO+DCo=BCn+BDo+ADo.. 
that is, AB HA BC N, is equal to BC +ABQn4 - Ax. 3. 
Let there be taken, from both, BD , which is common; 3 
there is left ABQ+DCq equal to BC * Q. 


2nd, ADOQ=ABo BD; & DC ORC a—BD 8. 
Therefore, AD Dea AB a BON. — 


, 
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THEOREM XVI. 


3 If any Side of a Triangle is biſected, and a Right 

| Line be drawn from the oppoſite Angle to the bi- 
ſecting Point; the Squares of the other two Sides 
of the Triangle, will be equal to twice the Square 
of the biſecting Line, added to half the Square of 
the Side biſected. 


If the Triangle be Ifoſceles, the thing is clear; for the 
Squares of the equal Sides, are equal to twice the Square of 
the Perpendicular, added to twice the Square of half the 
| | Baſe. | | 
i Let the Triangle ABC be Scalene; let 
the Side AC be diſected in D; and let 
BD be drawn. | 

Then the Squares of AB and BC, to- 
gether, are equal to twice BD Square, 
added to twice AD or DC Square. 
Draw the Perpendicular BE. 


BE; and BCO=BEO+tECn. 
Wherefore, ABÞ +BCOZAEQ+ECo+2 BED. 
But. AEN EC H= ADG+2DEn. - 9. & 10. 
Wh. ABo+BTCn=2 ADo+2DEn +2BEDp. 
But, BDQ=BE+DE ©; conſ. 25D H BE +2DE © 
Th. ABQ+BCE=2 BDon+2ADno, equal ACD, 
or half AC . QE. D. | 


By this T beorem, may alſo be demonſtrated the 13th; 
viz. The Squares of the two Diagonals of every Parallelo- 
gtam, are equal to the Squares of all the four Sides. 


Deu. ABU 


: In the Par. ABCD (having drawn the Diagonals) through 
the Center, E, draw FG and HI, parallel to AB and AD. 
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In the Tri. AED, AED +ED=2EF n+AFoO+tDo 
conf. AEQn+EDa=AHo+Aron+FDoa+Din. 
And, BEO +ECO =HBq +BGno+GOn+cio. 
But, AE TECH AOC N; &, BE+HEDoO=3BDn. 
Alſo, AF FD p=iADo;&AH+HB o=;ABnon. 
and, the Ns of BG, GC, Cl, & ID=:BC+3CDgo. 
Th. AC +BDoO =ADo+ABo+BcCo+cDn. 


THEOREM XVIII. 


In any Trapezium, if the middle Points of two op- 
poſite Sides be joined by a Right Line; the ſum 
of the Squares of the two other Sides, together 
with the Squares of the Diagonals, is equal to the 
ſum of the Squares of the biſected Sides, addecl 


to four times the Square of the Line joining the 
middle Points. : 


Let the Sides AB and CD of the Trapez. 
ABCD be biſected in E & F; and draw EF. 


I ſay, the Squares of the two Sides, AB and 
CD, added to four times the Square of EF, is 
equal to the Squares of BC and AD, together 
with the Squares of AC and BD, 

Draw AF and BF, 


Dem. Now, AFO+BFn=2AEn+2 EFH. Th. 17, 
and, ADQ added to ACn=2 AFn added to 2 FD; 
alſo, BCN added to BD 2 BF q added to 2 FD g. 
conſ. AD added to AC N added to BC N added to BD H 
is equal to 2 AF N added to 2 BF H added to 4 FD n. 
But, AF added to BF i = AE Q added to 2 EFH. 
conſ. 2 AF © addedto2 BF =4 AE & added to 4 EF Square. 
But, 4 AE Square is equal to AB Square; 
and, 4 FD Square is equal to CD Square. Cor. to 4. 

Therefore, ADAC HTBCN +BDOzZAB O+ 

CDon+zFF Square. QE. D. 


_ 
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0 O III. 


HE knowledge of the properties of a Circle is the ſub- 

ject of the third Book of Elements. As a Circle i; 

the moſt perfect of Plane Figures, the properties peculiar to 

it, are moſt extraordinary: ſome of which are really ſurpri- 
zing, and are very extenſive in their application. 

A he general Definitions of a Circle, and its attributes, 

are ſo well known, and, as they are given in the General 

Introduction, in Def. 19, and the four following, it would 

be impertinent to repeat them here; ſave only what are par- 


9 ticularly neceſſary. The moſt ſelf-evident Propoſitions J 
have reduced into Axioms, for the more expeditiouſly at- 


taining the knowledge of other, more eſſential, Properties. 

- My chief aim, throughout the whole, being to render the 
Study of Geometry eaſy, and agreeable to young Students; 
for which end, I conſider, brevity, if clear, moſt conducive 
thereto ; and am perſuaded, that if the knowledge of the 
moſt fimple properties of Figures can be attained, * any 
other means, Demonſtration is uſeleſs. 

If a perfect knowledge of all that is contained in the 
Axioms of this third Book, be not acquired, by a bare re- 
cital, and inſpection of the Figure, I ſhall pronounce that 
perſon's capacity inſufficient, to purſue the Study of the 
more ſublime properties of the Circle; and, if they are 
clearly evident without, of what uſe is Demonſtration ? 
1 


bs — — 2 


„ Fs al 


«a 
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Where the truth or evidence of an Aſſertion cannot be per- 
ceived, otherwiſe, Demonſtration is abſolutely neceſlary 
but, where the evidence of fight is ſufficient, the other is, 
in 2 great meaſure, uſeleſs, 

There are ſome critical Geometricians who will not admit 
of any-thing without Demonſtration; although they cannot 
but acknowledge many Propoſitions to be ſelf- evident truths. 
It would, perhaps, be no eaſy matter to give geometrical 
Demonſtration, that all Right Lines drawn from the Cen- 
ter of a Circle to the Circumference are equal; at the ſame 
time, no Perſon of common ſenſe can deny it, who knows 
any ening of the Figure, and geneſis of a Circle, If, there- 
fore ſomething mult be given or granted, why not others, 
which are as clear and ſelf-evident? for my part, I freely 
own, I can fee no reaſon againſt it; and have, therefore, 
purſued the readieft method for attaining the end aimed at z 
viz. to acquire a knowledge of Geometry in the moſt eaſy 
and familiar manner poflible, by diveſting it of all that is 
ſuperfluous and unneceſſary ; I mean unneceſſary Demon- 
ſtration, of what is clear without it. 

| think it, however, neceſfary to apologize for the liber-" . | 
ty | have taken in abridging it. Inſtead of 31 Theorems, *< 
in this third Book, according to Euclid, I have no mote 

than 15; from Euclid ; the reſt are diſpoſed of in the man- 
ner following, | | 


The 2nd, the 5th and 6th, the roth and 13th, are made 
Axioms, 

The gth is a Corollary to the sth. go 

The 18th and 19th are Corollaries to the 8th ; and the 
23d and 24th may be deduced from the 3rd. 

The 11th and 12th are both included in the 7th. 

The 26 and 27th are the 2nd Corollary to the gth ; the 
28th and 2gth, Corollary and of the 3rd ; and the 37th is 
the 3rd of the 16th. | 

The fix Problems are in Practical Geometry. 
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DEFINITIONS: 


For the definition and geneſis of a Circle,. ſee Def. 19. 
and 20, in the General Introduction. 


DEF. 1. Equar CIRcl Es are ſuch as have equal Diame- 


ters or equal Radii, 


2. Circles are ſaid to cut one another, when their 
Circumferences croſs or interſe& each other in 
two Points. A and B. 


ferences meeting, either internally or externally; 
in any part, they do not cut each other. 
As X and Z touching in the Point E. 


4. A Taxcent. A Right Line is called a Tan- 
gent, when, being in the ſame Plane with a 
Circle, it touches the Circumference, only; 
without cuting it. As ABinB. | 
And, the Point B, in which it touches the 
Circle is called the Pol x r or Cox rAcr. 


Point without a Circle cuting the Circumfe- 
rence in two Points. As AD, in C and D. 


6: A SEGMENT, of a Circle; is any portion of 4 
Circle, cut off by a Right Line; which is called 
a CHoRD LINE; or SUBTENSE. 
As AB making two Segments. 


' eircle (ACD or AED) it is called a GREATER 
or LESSER SEGMENT, | 
7. The Angle cf a Segment, is the mixed Angle 
Which is contained under the Chord Line and a 
pottion of the Circumference, As ABCor ABE. 
| The 


3. Circles are ſaid to touch, when their Cireum- 


5. A SECANT is a Right Line, drawn from any 


If the Segment be greater or leſs than a Seml- | 


Bo 
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The Angle of a greater Segment is obtuſe, of 
a leſſer Segment it is acute. | 


8. An Angle in a Segment is that which is con- 
tained by two Right Lines, drawn from each 
extreme of its Baſe, or Subtenſe, to any Point 
in the ark of the Segment, As ACB or ADB, 


9. Similar Segments are ſuch as contain equal 
Angles, or whoſe Angles are equal. 


10. ASECTOR of a Circle, is comprehended between 
two Radii or Semi-diameters, and an Ark, or 
portion of the Circumference, intercepted be- 
tween them. As AC, CB and the Ark AB. 

Tf the Radii AC, CD contain a Right Angle, 
it is called a QUapRanT; as ADC. 


x1. An Angle in a Circle is ſaid to inſiſt or ſtand upon an 
Ark of the Circumference, which is oppoſ. te to the An- 
gle; or that portion of the Circumference below the 


Chord Line. 


The Circumference, or curved Line which bounds a 
Circle, is concave towards the Center; and, externally it 


18 convex. 


1 


The Six Axioms, or ſelf-evident Propoſitions, which fol- 
low, contain properties of a Circle which are neceſſary to 
be known, previous to the Demonſtration of the Theorems 
which follow after. 1 call them Axioms, becauſe they are 
ſelf-evident ; but fince that will not, by ſome, be allowed, 
arbitrarily, I have endeavoured to illuſtrate them, and to 


make the truth appear clear and manifeſt, 


A 2 
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„ Axtom rf, All Lines drawn from the Center of a Circle ta 
| the Circumference are egual. As EA, EC, &c, 
For, they are all Radii or Semidiameters, 


B 
bt 


2nd. Two or more Diameters, of a Circle, my- 
tually biſect each other. | 

For they all paſs through the Center; conſe- 
quently, they are biſected, in the Center, 
As AB and CD, inthe Point E. 


3rd. Circles, in the ſame Plane, which cut, or 
touch each other, inwarcly (outwardly it is ma - 
feſt) have not the-ſame Center. 

For, if they have the ſame Center, and equal 
Radii, they muſt agree in every. part, And, if 
they have the ſame Center, and unequal Radii, _ 
they are parallel Circles, and can neither cut a 
nor touch each other, in any part; for they are, 
every where, equi- diſtant. As AB, and CD. 


Atb. Circumferences of Circles cut each other in 
two points only. | 
Por, if it were poſſible to cut, or touch enly, _X 
in three Points, A, B, & C, each of the points of 
Section, will be equally diſtant from the Center 
of each Circle; and conſequently they will have 
the ſame Center, which is contrary to the 3rd. 


5th. A Right Eine joining two Points (A and B) 
in the Circumference of a Circle, falls eptirely 
within the Circle. T his i is manifeſt, 


For if not, the Curve of the Circle, ACB, muſt coincide 

in ſome entire part, with the Line AB ; which is contraty 

to the 19th Definition, in the General Introduction, and the 

Geneſis of a Circle, in N. B. Def. 20.; from which it is 

manifeſt, that the Curve, of a Circle cannot fall i in with a 
Right Line, in any part, it being uniform in every part. 

both. Cir- 
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6th. Circles touch each other, or a Right Line, 


in one Point only. 5 


1. For, if the Circles, AD and BD, touched 
inwardly, in more than a Point, as at D, the 
Curve of the lefler Circle, AD, muſt coincide in 
ſome part, entirely, with the curve of the Jarger 
Circle, BD, which, from the geneſis of a Circle; 
cannot be; ſeeing, they have unequal Radii, 
CD and ED; which produce different Curves, 
according to the Radius, which cannot, in any 
Part, fall into each other (for if they did they 
muſt coincide entirely in ſome part) therefore, 
they touch each other but in one Point. 


> ; 


\ 


2. If the Circles, A and B, touched outwardly, in 
more than a Point, they muſt cut each other 
or their Circumferences will be-a Right Line, 

in ſome part, as CD; which cannot be, for, 
it falls within both Cireles; by the 5th, 


o 


3. The Circle, B, touches the b Line, EF, 
but in one Point, at (3. B 1 
For, if it touched in more than a Point, it muſt co- 
incide, in ſome erffire part, with the Right Line EF, 
which cannot be (Def. 19. and 20.) 

If any other Line, ab, be drawn between the Line EF 
and the Center, it will cut the Circle in two points of its 
Circumference, and the part, ab, of that Line falls with= 
in the Circle ; by the laſt, 


| | As this Propmty of Circlts can only be known ſpe- 
eulatively, I preſume, that, what I have ſaid is as con- 
viltive, and ſatisfactory, as any Demonſtration whatever. 


A 2 2 THEO. 
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THEORE M L. #8. Euclid 


If a Right Line, drawn through the Center of a 
Circle, biſects a Chord Line, not drawn through 
the Center, it will cut it perpendicularly. 


In the Circle ADB; let the Right Line 
DE paſs through C, the Center, dividing the 
Chord Line AB into two equal parts, at-E, 


81 ſay, the Line DE will be perpendiculat 
to AB. 


- > _— From the Center, C, draw CA, CB. 
Dem. The Triangles ACE, ECB are equilateral and equi- 
T angular to each other, 


For, CE is common to both; AEzEB, - Hyp. 
and AC is equal to l.. Ax. 1. 
Wh. becauſe AC=CB the Angle CAE=CBE.- Th. 9. i. 


uu, the Angle AEC=CEB. - - - 8.5 


conſequently, they are Right ones, = - C. 2. 1. l. 
Therefore, DCE is perpendicular to AB-Def. 10. & 11.14 


Con. 1. A Chord (AB) being biſected by another Right 
Line, at Right Angles with it (in E) the perpendiculat 
Line, (DE) will paſs through the Center of the Cirele. 


Cor. 2. A Perpendicular drawn from the Center of a Circle 
to a Chord Line, biſects the Chord; and alſo the Ark 
of that Chord. As AFB, in F, 


aa a Right Line, or an Ark of a Circle, is biſected. 
Prob. Sth, 


T H E O- 


Boo 


If, 
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THEOREM I. 4 Euclid. 


If, in a Circle, two Chord Lines cut each other, and 
are not both drawn through the Center, they can 


not biſect each other, 


Let AB and CD be two Chord Lines 
cuting each other, in E, 

If one of them, CD (Fig. 1.) paſſeth 
through the Center, it is evident, that 
it cannot be biſected by the other, AB, 
which does not paſs through the Center, 

If neither of them paſſes through the 
Cape, one of them may be biſected, but both cannot. 


"WY For, if AB (Fig. 2.) is biſected, in E, a Right Line, 
FE, joining the Center, F, and the point of Section, E, 
will be perpendicular to AB, = - - — Th. 1. 
conſequently, AEF & FEB are Right Angles, - Def, 10. 1. 
And, if CD be alſo biſected, in E; 

FE is, alſo, perpendicular to WO. Th. r. 
Wherefore, CEF and FED are Right Angles. - - Sup. 
But, AEF, FEB are Right Angles. = - proved. 
conſequently, CEF, FED are not Right Angles.- Ax.2.1, 
for it is evident, that one is greater and the other leſs, 
Therefore, CD is not biſected in E. Q. E. D. 


THE O. 
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THEOREM III. 14. Euclid, 


Equal Chord Lines, in a Circle, are equally diſtant 
, from the Center; and Chord Lines which are 
7 -diſtant, are equal. 


Let AB * CP be equal Chord Lines in 
the Circle ADB. 
I fay, they are _— diſtant from the 
** E. 
From E, the 8 draw EF and EG 
| perpendicular to AB and CD; and join AE; 
KB, EC, and ED.“ 


ben. Now, AB is equal to CD, by the Hypotheſis. 
and AE, EB, EC, and ED are all equal. Ax. 1. 
wh. the Triangles AEB, CED are congruvus. - Def. 44. 
(for, they are equilateral, to each other, by Conſtruction) 
conſequently, they are equiangular, =-' = 7. . 
And, being alſo Iſoſceles, the Angles at A and B, C and 
D, are all equal amongſt themſelves. . 9. . 
Now, fince AB & CD are biſected in F& G, AF=DG. 
Wherefore, in the Triangles AFE, EGD, the Sides, 

AE, AF, are equal to ED, DG, reſpectively; 

and they contain equal Angles, F AE=EDG. - IG 
Therefore, EF is equal to EG. — 8 8. 1. 


420 AB and CD are two Chord Lines, equally diſtant 
from the Center of the Circle ADB. I ſay, AB=CD. 


Draw the equal Lines, EF, EG. perpendicular to AB 
and CD ; which will biſe& them, in F and G.- Gor. 2.1, 
Draw AE and ED. 


Dem. Becauſe AE ED, AE © ED a; &, EF E=EGHN. 

But, AEQ=AFo+EFa; & EDg =EG on+GDO.: 

conſ. AF EF O=EGo+GDan; wh. AF go =GDO 

5 Therefore, AF=GD (Ax. B 2.) & conſ. ABS CD-Ax. 5. 


The ſecond Part of this is the converſe of the former; 
which, I ſhould have made a Corollary to it; but on ac- 
count of tte different manner of Demonſtration ; by the 
laſt, of which, Euclid demonſtrates both. 


” 


Con, [. 'Fqual ( Chord Lines, in the dies; or equal Circles, 
fubtend equal Angles at the Center. 

For, fince AB=CD, and AE, EB, EC, and ED ate 

all equal, the Triangles AEB, CED are congruous ; 

conf. the Angle AEB C EPP. = 7. 1. 


And, ſince equal Circles have equal Radi, the ; Angles 


_ OE” cM 
bk 


Cos. 2. Equal Chords, | in the fame « or equal Circles, ſub- 


tend equal Arks, and cut off equal Segmengs. Aud 
equal Arks have equal Chords. 


duced, to H and I, FH=GI. - - - =- AX. 7. I. 


the Arks AH B, OI, are biſected, in A and 1. -C. 2. 
wherefore, the Triangle Anse, 
the Arks, AH, HB, CI, and ID, are all equal], and the 
whole Ark AHB is equal to CID. = Ax. F. 1. 
For, if AB was applied to CD, being equal, they 
would perfectly agree; the Point A with D, and B with 
O; alſo, the Point H would agree with the Point I, and 


Point, in the Ark CID; conſequently, the whole Ark, 
AB, would coincide with the Ark CID ; therefore the 
Segment AHB=CID ; and, conſ. DAHC AD IB. 


8 The ſame may be ſaid of equal C.rcles, having equal 
adii. 


THE O- 
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And, ſince EF = EG are perpendicular to AB and CD, - 


every other Point, in the Ark AHB, with a correſponding , 


which equal Chords fubtond; * equal * are alla jj 


— 


AB D; and, ſince EF=EG, if ER and EG be 2 5 
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THEOREM lv. 16. Euclid 


A Diameter is the greateſt Right Line, which can be 
drawn in a Circle; and, of all other Chord Lines, 
that is the greateſt which is neareſt to the Center. 


Let AB be a Diameter, and E the Cen- 
| ter of the Circle CDG. 
Cb and FGare Chord Lines, at different 
diſtances from the Center, 


I fay, that AB is the greateſt; and FG, 
the fartheſt off, is the leaſt of the three, 


Draw the Perpendiculars EH and El, 
to CD and FG, from the Center. 


Der. Becauſe FG is farther from the Center than CD, 
EL is greater than EH. (3.) Make EK equal te EH. 
Draw KL, perpendicular to EK, and produce LK to M; 
and, laſtly, draw EL, EM, EF, and EG. | 

Now, becauſe EH is equal to EK, and are perpendi- 
cular to CD and LM; LM is equal to CD. Th. 
But AE+EB (eq. LE+EM) is greater than LM. - 13:1. 
Therefore, AB is greater than LM, i.e. than CD, eq. LM. 


an 


th 


2nd. In the Triangles LEM, FEG, the two Sides LE, EM, 

are equal to the two Sides FE, EG, and the Angle LEM 
is greater than FEG. 7 | | 

Therefore, FG is leſs than LM; i.e. than CD, which 

is equal to LMM. Cor. to 8.1. 


ane 


THE O. 
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THEOREM v. 5. Euclid. 


If any Point, except the Center, be taken within a 
Circle, and, from that point, divers Right Lines 
be drawn to the Circumference; the greateſt of 
thoſe Lines is that which paſſes through the Cen- 
ter; and, the leaſt is the remainder of that Lime, 
produced to the Circumference. 

Of all others, drawn from that Point, that which falls 
neareſt to the Line, paſſing through the Center, 
is greater than the more remote ones; and, but 
two equal Right Lines can be drawn, from that 
Point, to the Circumference. | 


Let A be the Point aſſumed, in the Circle 
EFG; from which draw AB, AD, AE, &c. VF 


Firſt; AB, which paſſes through the 
Center, C, is greater than AD, or AF, or 


any other Line, which can be drawn from 
the point A, Draw DC. 


A 


Dem. In the Triangle ADC, the two Sides, AC, CD, 
are greater than the remaining Side, AD. - = 13. 1. 
But, CD is equal to , — Ax.1. 
wherefore, AC +CD=Z=AC+CB, i. e. AB. - Ax. 6. 1. 
Therefore, AB is greater than AD. 


and. AE is the ſhorteſt Line, which can be drawn from 
the Point A, Draw any Line, AF, and join FC. 


Then, in the Tri. AFC, AF+AC is greater than CF, 
But, CF is equal to K. <- - Ax. I. 
Wh. (taking away AC) AF is greater than AE - Ax.8.1. 
B b 3rd, That 
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3:d. That Line is the longeſt, which falls neareſt to AB. 


In the Triangles ADC, AFC, AC, CD are equal to AC, 
CF, reſpectively; for AC is common, & CD=CF-Ax. 1. 
But, the Angle ACD is greater than ACF. - Ax. 2. 1, 
Therefore, the Side AD is greater than AF.- Cor. to 8. 1, 


4th. No more than two equal Lines can be drawn, from 
the Point A, to the Circumference. 


For, ſince AF is proved leſs than AD, and AB greater, 
every Line which can be drawn, from A, between D and 
F, will be leſs than AD, and between B and D greater; 
wherefore, no other equal Line can be drawn on that 

Side EB, 

Make the Angle BCG=BCD; (Pr. 4.) and draw AG, 
Then, becauſe the Angle BCG=BCD, GCAZACD, 
For, BEG +GCA=BCD + DCA. - Th. 1.1. & Ax. 9. 

And, becauſe CG=CD, and AC is common 
we have AC, CG, reſpectively equal to AC, CD; 
and the Angle ACG=ACD ; therefore AG=AD -'8.1, 

And, as no other Line, equal to AG, can be drawn on 
that Side BE; conſequently, no more than two equal 
Lines can be drawn from the fame Point, A, to the Cir- 
cumference, 


0 Ä K em er le ee ee re ee OE SEES 


Cor. Hence it is evident, that, if from any Point in 4 
| Circle, more than two equal Lines can be drawn to the 
| Circumference, that Point is the Center. 


T H E O- 
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THEOREM YL $8. es 


If from any Point without a Circle, Right Lines are 
drawn to the concave part of the Circumference 
that which paſles through the Center, is the great- 
eſt; and that Line which falls neareſt to it, is 
greater than that which is more remote. 

of thoſe, which fall upon the convex part of the 
Circumference; that is the leaft, which, if produ- 
ced would paſs through the Center; and that Line, 
which falls neareſt to it, 1s leſs than any other, fur- 
ther off. And, no more than two equal Lines, 
can be drawn from any Point, without the Circle, 
either to the convex or concave part of the Cir- 
cumference. * 


D — 3 7 
Aſſume the Point, A, at pleaſure, and . \" JS 
* ; 1 


draw AB, AD and AE. 
Firſt; AB which paſſes through the 


Center, C, is greater than AD or AE, not N N ; 
paſſing through the Center. Draw CD. I 
Dem. Then, in the Triangle ACD, the two Sides AC, 

CD are greater than A).. Ph. 13.1. 


But, CD=CB ; wherefore, AC + CB, i.e. AB, =AC+CD; 
conſequently, AB is greater than AD. 


and. AD is greater than AE. Draw CE, 


Then, in the Triangles AEC, ADC, the Sides AC, 
CE, are reſpectively equal to AC, CD. - - Ax. 1. 
and the Angle AC is greater than ACE, - Ax. 2. 1, 
therefore, AD is greater than AE. Cor. to 8. 1. 

B b 2 3d, 


| 
| 
| 
| 
| 
| 
| 
2 
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3rd. AG is leſs than AH or Al. Draw CH and CI. 


Then, in the Tri. ACH; AH+HC is greater than A. 


But, GC i equilto HC; -. AX. . 
wherefore, AC=GC, i. e. AG, is leſs than AH- Ax.8. 1. 


4th. AH is leſs than AI, which falls further from AC. 
For, in the Tri. AIC, the two Sides, AI, [C, are greater 
than AH, HC, to any Point, H, within the Triangle - 14.1. 
But IC=HC; wherefore, AH is leſs than AI. Ax. 8.1, 


5th. No more than two equal Lines can be drawn from any 
point (as A) without the Circle, either to the convex or 
concave part of the Circumference. 

For, ſince all Lines drawn from A, between G and H, 
are leſs than AH, and between H and I, greater ; no other 
Line, drawn on that Side AB, can be equal to AH. 

But an equal Line, AK, may be drawn on the other Side, 

So likewiſe ; all Lines, drawn from A to the concave 
Periphery, between AB and AD, are greater than AD; 
and between AD and AE, leſs; conſequently, no other 
Line can be drawn, on that Side AB, equal to AD. 

But, if BF be made equal BD, and AF be drawn, 
AF is equal to AD. Draw CF; which is equal to CD, 

For, the Angle FCB= BCD, by Conſtruction, 
wherefore, FCAZ=ACD -< Th. 1, 1. & Ax. 7. 1. 
Wh. in the Triangles ADC, ACF, the Sides AC, CD 
are reſpectively equal to AC, CF; for CF, CD are Radii; 
and, the Angle ACD ACF, therefore AF AD - 8. 1. 

No other Line, equal to AF (eq. AD) can be drawn 
on that Side of AB; wherefore, but two 'equal Lines 
can be drawn from any Point, A, without the Circle, ei- 

ther to the convex or concave part of the Circumference. 


Cor. The greateſt Right Line that can be drawn, from 2 
Point without a Circle, to the convexity of the Circum- 
ference, is equal to the leaſt drawn to the concave part. 

For they unite in a Tangent to the Circle, at L. 


Bc 


16 
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THE OR E M VII. 11. 12. Euclid. 


If two Circles touch each other, a Right Line, join- 
ing their Centers, will paſs through the Point of 
contact of the two Circles. 


Firſt; let AB and AH be two Circles, 
touching each other, inwardly, in A. 


C is the Center of the leſſer Circle, AB. 


Draw the Right Line AC; it will, if pro- 
duced, paſs through D, the Center of the 
other Circle, 


If not; let any other Point, as E, be the Center of AH, 
and draw EC, cuting the two Circles in F & G, and join AE. 


Dem. Then, becauſe C is the Center of the Circle AB, 
CA is equal to CF, = =» - -'.- -U 
If CE be added to both, then CE+CF= CE4-CA- $3 
But, CEA. CA is greater than AE. Th. 13. 1. 
and, EA is equal EG (by the Suppoſition). Ax. I. 
wherefore, EG is leſs than EF (the greater than the leſs) 
which is abſurd, and cannot be, b 
Therefore, E is not the Center of the Circle AH; 
conſequently D is the Center; and, the Right Line * 
paſſes through the Point = contact, A. 
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2ndly. AB and BH are wo Circles, touching each other, 
outwardly, at B; C is the Center of AB. 


Draw the Right Line CB; which, if produced, will 
paſs through the Center, D, of the other Circle; 


If it be denied, let E be ſuppoſed to be the Center of 
BH, and draw CE and BE, 
2 | 5 Then 
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Then, becauſe C is the Center of the Cir 
cle AB, CF is equal to CB; 
and, if E be the Center of BH, EG=EB. 
Wherefore, CF +GE=CB+BE. - Ax. 6. I. 
And, if FG be added to the former; CE, i. e. 
CF+FG+GE, is greater than CB +BE, 
But, CB+BE is greater than CE- Th. 13.1 
wherefore, BC+BE is both greater and leſs 
5 than CE, which is abſurd, and cannot be. 
Therefore, E is not the Center of the Circle BH; 
conſequently D is the Center: and, the Right Line, CD, 
joining the two Centers, C and D, paſſes through B, the 
Point of Contact. 
Cor. Circles touch each other, either inwardly or out- 
wardly, in a Point only. 


THEOREM VIII. 16. Euclid. 


If a Right Line be drawn, through the extreme point 
of a Diameter of a Circle, at right angles with 
the Diameter, it will fall wholly without the Cir- 
cle; and no other Right Line can be drawn, from 
the Point of contact, between the Tangent and 
8 the Circle. 5 8 


Let AB be a Diameter, and DG a Right 
Line drawn at right angles with AB, 
through the extreme B, 


Draw CD cuting D in DG. 
I fay, the Point D is without the Circle, 


Dim. n h Tri. CDB, the Angle DBC is a right one; 
conf. BDC is acute; wh. DC is greater than BC. 12.1, 
But, the Point B, is in the Circumference. 
wherefore, the point D is beyond the Circumferenee -Ax. 1 
conſequently BD falls wholly without the Circle, 


4% 
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'Or thus after Euclid. 


If BD does not fall without, it will cut the Circle; 
ſuppoſe in B and E. Draw EC. 

Then, in the Triangle EBC, EC CB; Ax. 1. 
wherefore, the Angle CE BS CBE. 
But, CBE is a right angle (Hyp.) conf. CE; is a right one. 
And the two angles, CEB, EB C, of the Triangle CEB, 
are equal to two Right Angles. 
But all the three Angles of every Triangle=two R. angles. 


Therefore, BE, i. e. BD, does not cut the Circle, but 
muſt neceſſarily fall without it. 


2nd. Let BE be drawn (if poſſible) between DB and the 


Circumference of the Circle, 


Now, ſince CBD is a Right Angle, CBE is acute. 
Let CF be drawn perpendicular to BE. 


Then, CF, ſubtending an acute Angle, is leſs than CB, 
But, the Point B is in the Circumference. 

conſ., CF does not reach the Circumference, = Ax. 1. 
wherefore, the Point F is within the Circle. 

Therefore, the Right Line BE cannot be drawn between 
the Tangent, BD, and the Circumference, 


Cor. 1. A Tangent touches a Circle in one Point only. 
For if it touched in two Points it would cut the Circle, 


Cox. 2. A Right Line perpendicular to the Tangent, at 
the Point of Contact, paſſes through the Center. 


Cor. 3. A Right Line drawn from the center of the Circle 
to the Point of contact, of a Right Line touching the 
Circle, is perpendicular to that Tangent. 


Con. 4. The Angle of a Semicircle is a right one. 
For, it is greater than any right-lined acute angle. 


| N. B. 
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N. B. The external Angle, made by a Tangent and the 


adjoining Ark of the Circle, is leſs than any right-lined An. 
gle whatever, | 

For it has been proved, that a Right Line cannot be 
drawn, from the Point of contact, between the Tangent 
and the Circumference ; wherefore, the Angle GBH cannot 
be made leſs by a Right Line, ſeeing it will cut the Circle, 
and conſeqnently make a larger Angle, at ſome other Point 
in the Circumference. 

Yet may the Angle GBH be leſſened infinitely, by curved 
Lines; which is, apparently, a Paradox. 

For ſince the Angle of a Semicircle is Right, and the 
Tangent BG is perpendicular to the Diameter, AB, there 
cannot be left any remainder of the Angle as a Compliment 
to it; becauſe, the Compliment of an Angle is its deficien- 
cy of a Right Angle; or (being obtuſe) to two Right Angles, 

Now, fince it has been proved that a Right Line cannot 
touch a Circle but in one Point only; it muſt hold equally 
true, in reſpect of a large Circle as of a ſmall one. 

Wherefore, if any other Radius, greater than BC, be 
taken, as BI, and an Ark, Ba, be drawn, it is evident 
that the Angle G Ba is leſs than GBH. | 
If a larger Radius, BA, be taken, and, on the Center A, 
an Ark, Bb, be drawn, the Angle GBb is leſs than G Ba; 
-nvtwithſtanding, the Angles, ABH, ABa, and ABb, are 
the ſame (by the 4th Cor.) and it is evident, that if a ſtill 
larger Radius be taken, the Angle GBb may till be leſſened 
infinitely, | 


SCHOL. Hence it is manifeft, thet any Right Line, GH, is infi- 
nitely divifible, by enlarging the Radius BA infinitely ; ſeeing that, 
-_ the Circumference of a Circle cannot coincide with two Points, 


B and G, of the Right Line B G. 
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THEOREM IX. 20. Euclid. "WY 


An Angle, at the Center of a Circle, is double of an 
Angle touching the Circumference, when both 


ſtand on the ſame Ark. 


B 
In the Circle ABC, let AEC be an Angle 


at its Center, and ABC is an Angle touch- 

ing the Circumference ; both ſtanding on the 

ne Ark AC. 
I ſay, the Angle AEC is double the An- 

e ABC. A 
Draw the Right Line BE, and produce it to D. 


Dem. In the Triangle ABE, becauſe the ſide AE = EB, 
the Angle A is equal to ABE - - - - =- - 9.1. 
But, the external Angle AED the Angle A+ABE- 10.1 
Therefore, the Angle ABD= half the Angle AED 
Alſo DBC DEC; for the Triangle EBC is Iſoſceles. 
Conſ. AED AT DEC (i. e. AEC) twice ABD + DBC; 
i. e. equal to twice ABC. 

Therefore, the Angle AEC is double the Angle ABC. 


Caſe 2nd. When the Angle CEF, at the 
Center, falls without the Angle CBF, at 
the Cirenmference. Draw BED, as before. 


Now, the external Angle, DEC, ECB? 
+EBC; (10. 1.) and ECB=EBC - 9.1 
wherefore, DEC is equal to twice DBC, 
And, the Angle DEF =E*B+EBF; 
therefore. equal twice DBF. 

Conſequently, DEF—DEC, i.e.CEF, =2DBF —2DBOC, 
le, 2CBF, Therefore, the Angle CEF is double CBF. 
K-42 Cor, 
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Cor. 1. The Angle at the Circumference, ſtanding on any 

Ark, is equal to an Angle at the Center, on half that Ark, 

For, if the Ark AC be CF, the Angle AEC=CEF.* 

But, the Angle AEC is double ABC, &, CEF double CBE 

conſequently the Angle AEC (eq. CEF)\=ABC+CBF; 

1. e, the Angle ABF, on the Ark ACF, is equal to AEC, 
(or CEF) on AC, or CF, half that Ark. 


Co. 2. In the ſame or equal Circles, Angles ſtanding on 
equal Arks, whether they be at the Center or at the Cir- 
cumference, are equal to one another. | 

This is evident from the laſt; for the Ark AC being 
equal to CF, the Angle AEC=CEF; and, the Angle 
ABC (eq. half AEC) CBF, half CEF. | 
And, becauſe the Radii of equal Circles are equal, the 
Angles on equal Arks, in equal Circles, are alſo equal, 
And converſely, equal Angles ſtand on equal Arks. 


THEOREM X. 21. Euclid. 


All Angles, which ſtand on the * Ark, or are in 


the ſame Segment of a Circle, and touching the 
Circumference, are equal to one another. 


In the Segment ADC, the Angles ABC, 
ADC, and AEC, are all equal. 


To the Center, F, draw AF and CF, 
making the Angle AFC. 


1 ; Dem+ Then, the Angle AFC, at the Cen- 


| | ter, is double AEC, at the Circumference. 
For, they ſtand on the ſame Ark, AG C, or Chord, AC. 
But the Angle AFC is double ABC, or any other Angle, 
ADC, touching the Circumference. - - - Tb. 9. 
Wherefore, the Angles ABC, ADC, &c. being each equal 
half AFC, are, therefore, equal amongſt themſelves. 


* Theory of Plane Angles, Art. 4. Page 23. 


In 


Are 
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If the Segment be a Semicircle, or Jeſs than a Semi- 
circle, it may be demonſtrated after this manner, 


ACC and AHC are Angles in a leſſer Segment, AGHC, 
The Angle AIC (being external, in reſpect of the Trian- 
gles Gal & ICH) = the Angle G + GAI; and alſo, 
to HHC; wherefore, the Angle G+GAI=H +BCL. 
But, the Angle GAI, ie GAH HCl, i.e. HCG; above. 
Therefore, the Angle AGC=AHC. Q. E. D. | 


Cur. Right Eines, BC and AH, joining the extreme Points 
of two equal Arks, AB and CH, in the Circumference 
of a Circle, ſo as not to croſs each, are parallel. 

For, having drawn AC) the Arks AB, CH being equal. 
the Angle BCA is equal to the Angle CAH. - C. 2.9 
Therefore, BC is parallel to Al. Tz. 4. 1. 


THEOREM XI. 22. Euclid. 


In every Quadrilateral, inſcribed in a Circle, the op- 
polite Angles are equal to two Right Angles. 


ABCD is a Trapezium incribed in a Circle, 
I ſay, the Angles A and C, alſo B and D, 


are, together, equal to two Right ones. 


Draw the Diagonals AC and BD, , 5 

| 1 2 

Dru. Then, in the Triang. ABD, the Angle DAB+ABD 
added to BDA are equal to two Right ones. = 10,1. 
But, the Angle BCA = BDA; and ACD = ABD. - 10. 
Wh. BCA + ACD, i. e. BCD, + BAD=twoRightAngles 


Cor. 1. Theexternal Angle, CBF, made by producing any 
Side, AB, of a Quadrilateral inſcribed in a Circle, is 
equal to the oppoſite Angle, ADC, - by Theo & 1. 1. 
2. Every Parallelozram inſcribed in a Circle is a Rectangle. 
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THEOREM XII. 31. Euclid. at t] 


An Angle, at the Circumference, in a Semicircle, is 
a Right Angle. 


In the Circle AB CD, let AC bez 
Diameter, and E the Center. 
To any Point, B, in the Circumference, 
draw AB and CB. | 
I fay the Angle ABC is a Right Angle. 


Draw EB; the Triangles, AEB, BEC, 
D | are Iſoſceles. AE, EB, and EC being equal. 


Dew. Then, becauſe AE=EB, the Angle EAB=ABE 
and, becauſe EB=EC, the Angle EBC=BCE = 9.1. 
wherefore, the Angle ABC=BAC+ACB - - Ax. 6. 
But, if one Angle of a Triangle be equal to the other 
two, it is a Right Angle. - C.1.10.1 

| Therefore, ABC is a Right Angle Q. E. D. 
Or, if AB be produced, the external Angle CBF 
is equal to BAC + BCA - -<- -<- Th. 10.1, 


It may be otherwiſe proved, after this manner. 


Draw ED perpendicular to AC, and join BD. 

: Now, the Angle AED is double the Angle ABD. 
And the Angle DEC is double the Angle DBC. - Th. g. 
But, the Angles AED, DEC, are Right ones. Con. 
wherefore ABD, DBC are each half Right - C. x. 10. 1. 
Conf. ABC, i. e. ABD DBC, is a Right Angle. 
Or, the Angle ABC at the Circumference, ſtanding 

on the Ark or Semi-circumference ADC, is equal to an 
Angle at the Center, AED or DEC, (which are Right 
Angles) on half that Ark, - - - - - - Th. 9. 

| Cor. 
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From this Theorem is deduced that moſt elegant and expeditious 
Method for making a Right Angle, or drawing a perpendicular 
at the extremity of u Right Line; Prob. 10. Method. 11t, 


Con. An Angle in a Segment, leſs then a Semicircle, is 
obtuſe; and an Angle in a greater Segment is acute. 


In the Segment ADC; ſeeing that theAngleABC is right, 
ACB, in that Segment, is acute. - - - - C3. 10. 1. 
And, the Angle AGB+ACB=twoRizht Angles - Th. 11. 
But ACB is acute; wherefore AGB is obtyſe. - Def.13, 


Turo. The Angle in a leſſer Segment exceeds, and the 
Angle in a greater, is deficient of a Right Angle, by the 
Angle made between the Chord of the Segment and a 
Diameter, drawn from either extreme of the Chord. 


uae „ 


Let AC be a Diameter, and ABC is a Right Angle. 
Draw two Chords, DC and EC, and join DB and EB. 


Then, in the leſſer Segment DBC, the B 
Angle DBC is greater than the Right 


— 


| 


U C 
Angle ABC, in a Semicircle, - Ax. 1. : 
And the difference is the Angle DBA, 

A 


But, the Angle DBRA=DCA.-Th. 10. 8 
Therefore, the Angle DBC, in a leſs 
Segment, exceeds a Right Angle, by the Angle ACD, 


2nd, In the greater Segment EDBC, the 
Angle EBC is leſs than a Right Angle ABC. 
And, the deficiency is the Angle ABE, equal ACE. 
Therefore, the Angle, EBC, in a greater Segment, &c, 


6 
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THEOREM XIII. 32. Euch 


The Angle made between a Tangent and a Right 
Line, cuting the Circle, drawn from the Point of 
Contact, is equal to the Angle made in the op- 
polite Segment. 


Let ABC be a Right Line, 3 the 
„ Circle BDE, in B. | 


Draw at pleaſure, from B, the Chord BD, 


The Angle ABD is equal to DEB, or 
any Angle made in the Segment DBE. 

And the Angle DBC is equal to DG3, 
in the other Segment, DBG. 


Draw BF perpendicular to AC, and join FE. 


DEM. Now BF is a Diameter of the Circle, - C. 2.8. 


wherefore, FEB is a Right Angle. Th. 12. 


1 J But, ABF is a R. Angle (Con,) conf. FER=ABF, Ax. 9. 
But, the Angle FED=FBD (10) Th DEB DBA, Ax. 


. 


: 2nd. Let BG be the Chord of the Segment GFE3, 


Draw GE, making an Angle, GEB. 


Then, the Angle GDB (eq. GEB)=GBA ; as above, 
And, the Angle G+GDB+DBG=two R. Angles, -10.1, 
But, the Angle ABD+DBC= two Right Angles. - 1. I. 
and the Angle GDB (eq. GBA) +DBG =DBA. - Ax.2.1. 
T herefore the remaining Angle, DGB =DBO. - Ax. 7.1. 


Or, in the Quadrilateral DEBG, the oppoſite Angles, 
DGB, DEB, are equal to two Right Angles. - Th. 11. 
And the Angle ABD +DBC=two Right Angles. - I. I. 
But, the Angle DEB=DBA, (as above) Th. DGB DBC. 


T HE O- 
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THEOREM XIV. 35. Euclid. 


In Circles, if two Chord Lines cut each other; 
the Rectangle, contained under the Segments of 
one Line, will be equal to the Rectangle under 
the Segments of the other. 


iſt, When both paſs through the Center, it is evident. 


For, the Rectangle under the Segments of each, is the 
Square of the Radius; conſequently they are equal. 


NO 


2nd, In the Circle ACBD; if AB, 
paſſing through the Center, biſects CD, 
which does not paſs through the Center, 
in E; then, the Rectangle AEB, is 
equal to the Square of CE, or ED. 


Let F be the Center. Draw CF. D 


C 


. 
ö . 
. 
, 
I 
i 1 
f 
4 
. 


Deu. Then, becauſe AB is biſected, in F, and cut un- 
equally, in E; AE x EBT EF FBA - 5. 2. 
en. zur. 
for, CEF, is a R. Angle (C. 2. 1.) and CF FB. - Ax. 1. 
Wherefore, AE X EB A EFH =CEn +EFn. 

Take away from both, EF, which is common; 
There remains AEXEB=CE ©. i. e. C AEB CED. 


3rd. When 
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- 


2rd, When, neither, of them paſſes through the Center, 


and, when neither is biſected, by the other, 10 


From the Center, F, draw FG and 
FH perpendicular to AB and CD; and 
? join AF, FD, and EF. 


Now AB is biſected in G, and cut unequally in E; 
wherefore, AE x EB EG = AGO - - =- $52 
Add, on both ſides, FG; | 
then, AEXEB+EG oO +FG n,=AG no +FGo-Ax.6.1; 
BuEFo=EGo+FGn;e&AFo=aAGo+rocno-2c: 
Therefore, AE x EBT EFH = AFN. 25 


After the ſame manner, it may be proved, that the 
Rectangle CED + EF © is equal to AF . 


For, CD is alſo biſeQed, in H, and unequally cut, in E. 
Wherefore, CEXED+HE Q=HD ©. Add HF © to both. 
Then, CEXED-þHEQ+HFn (equal EF) 20.1 
is equal to HDO+HEFA ; i. e. equal FD. 

But FD=AF; wherefore, FDOG=AFo - Ax. I. 
conſequently, CE ED EFH AF Q; (equal FD) 
But, it was proved, that, AEX EB+EFoO=AFqn. 

W herefore, taking away EF , from both, 

there remains AEXEB=CEXED. . Ax. 7. 1. 
Or, the Rectangle AEB, equal CED. QE. D. 
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THEOREM XV. 


If two Chord Lines, interſe& at right angles; the 
four Squares, of the Segments of thoſe Chords, 
will Be equal to the Square of the Diameter. 


And, the Squares of the two oppoſite Sides of a 
Quadrilateral, formed by Right Lines, joining the, 
extreme Points of the Chords, are allo equal to the 
Square of the Diameter. = 


Let the Chords AB and CD cut 
each other perpendicularly, in E. 
Then, the Squares of AE, EB, EC, 


and ED, are equal to the Square of Al, 4. 
the Diameter of the Circle. A 

From the Center, F, draw FG and FH 
parallel to the Chords CD and AB; and .* 
join AF, and FD. — 


Deu. Now, fince AB & CD cut each other perpend. Hyp. 
and, FG, FH, are reſpectively parallel to CD & AB - Con. 
FG and FH are penpendicular to AB & CD. - C.2.4.1. 
Then, AB is biſected, inG.(1.3.) and cut unequally, in E. 
wherefore, AE A EBO =2AGo +2GEn ; - 9. 2. 
alſo CEn+EDog=2EHoapHDoO - - - fame 
Wh.AE+EB+CE+ED Q=2AG+2GE+2EH+2HDo 
But GFHE is a Parallelogram, by Conſtruction. 
wherefore, FUH=GE, and FG=FH = - = = 15:r. 
Conſ. the Squares of the four Segments, AE,EB,CE,&ED 
are eq. to the Squares of A, GF,FH & HD, twice taken. 
Bu,AFoOo=AGn+GFor;FDo=FHa+HDno-20.1 
conf, 24F 2 FD H= 2AG+ 2GF+ 2FH+ 2D 
Wherefore, AE+ EBT CE+ EDD =2AFo +2FDan; 
ie, =4AF;- for, AF is equal to FD. 

D d But 
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But four times AF 9 =AIn; i. e. of the Diameter. 4.2 


Th the Squares of the four Segments, AE, EB, CE, & ED, 
are equal to the Square of the Diameter. 


2nd. Having joined the extremes AD, DB, AC, and CB. 
Then, the Squares of AD and CB, together, are equal to 
the Squares of AC and DB together. 
For, ADOQ=AEn4EtEDa; and,CBo=CEn +iEBn 
But, ACO=AEqQ+ECaAo; and DBA =DE a +EBn 
therefore, ADO+CBO=ACoO+DBao 
conſequently, each is equal to the Square of the Diameter, 


This extraordinary ptoperty of the Citcle is otherwiſe demon- 
erated by Mr. Stone; which, notwithſtanding it is indiſputably 
true, does not carry with it that poſitive conviction ; in ſo much, 
that, a young Geometrician would be ſomewhat at a loſs to 
perceive it. It is as follows, 


|  Beeauſe, the Angle AED, is a Right one, the Angles EAD, ADE, 
are equal to a Right Angle (32.1.) wherefore the Arks, AC; DB, 
on which they ſtand, are, together, cqual to half the circumference 
of a Circle (26.3.) 
the Squares of AC and DB are equal to the Square of the 
Diameter (47.1.) And, becauſe the Angles at E are Right Angles, 
the Squares of AE and EC are equal to the Square of AC, aud 
the Squares of DE, EB, equal to the Square of DB. Therefore, 
the Squaresof AE, EC, DE, & EB, are equal to the Squares of AC 
& DB; which, were proved equal to the Square of the Diameter, 
Therefore thoſe four Squares, are equal to the Square of the 
Diameter. 


The References are, in this Demonſtration, according to Euclid, 


SHOL: II is avorthy of obſervation, that, as, in a Semicircle, tht 
Sides contain'ng the Right Angle are two Chords perpendiviilar u 
each other, and are equal to the Square of the Diameter; / tl! 
Squares of the Segments of all Chords which cut each other « 
right angles, are equal to the Square of the Diameter. 


THE O. 


B 


If 


Pe 


Ci 


Book III, ELEMENTS ox GEOMETRY. 203 


THEOREM XVI. 35. Euclid. 


If, from any Point without a Circle, two Right 
Lines be drawn, the one a Tangent, the other a 
Secant (i. e. one touching the Circumference, the 
other cuting it twice) the Rectangle, under the 
whole Secant and the external Segment (between 
the Point, aſſumed, and the Circle) will be equal 
to the Square of the Tangent. — 


A is the aſſumed Point. 
Let AB, touch the Circle, CBD, in the 
Point Bz AD is a Secant, cuting the E 
Circumference in two Points, C and D. 
Then, the Rectangle DAC is equal to 
the Square of AB. | 
Firſt, when AD paſſes through E, the Center of the Circle, 


Draw EB, from the Center to the Point of contact. 


Deu. Now, becauſe CD is biſected, in E, and CA is 
added to it; ADxAC+CEDQ=AEgn - - 6.2 
and, AE Q =ABQ+BEDO - - - - - 20.1 
For, ABE is a Right Angle C. 3.8 
wherefore, AD x AC ACE © =AB og +BEn. 

But, BE=CE; conſequently BEO=CEn. - Ax. B. 2 
wherefore, AD x AC CEH = AB og +CE gn. 

Take CE © from both, there remains DAC = ABN. 


1 Dd 2 and, When 


204 ELEMENTS or GEOMETRY. 


2nd, When the Secant falls on either fide of the Center. 


From the Center, E, draw EF perpen- 
dicular to the Secant, AD, or AD, and join 
the Points CE and EB, 


Then, becauſe EF is perpendicular to 
CD, Ob is biſeted in TF. C. 1.1 
And; becauſe CD is biſected, in F, and AC is added; 
ADXAC+CFoO=AFqn (6. 2.) Add EF Q to both; 
Then, ADXAC+4CF on EFS AF +EF © -Ax.6.1 
But, CF On T EF ono CE q; 
and AF H EF = AE Al. Ph. 20. 1 
whereſore, AD X AC + CEM = = AE 0; 
i. e. equal to ABO +BEDO. - - - - - 20.1 
But, BEZCE; wh. AD Xx AC BEN ABN ＋BEg. 
And, if BE be taken from both, 
there is left AD x AC= ABN. Q. E. D 


1 , 
* 


Cox. Hence, it is evident, that the Rectangles under every 
Right Line, cuting a Circle, from the ſame Point without 
the Circle, and the external Segment, are equal, 


The ReQtangle DACZDAC for, they are each equal 
the Square of the Tangent, AB. - 


2nd. If from the ſame Point A, without a Circle, two Right 
Lines AB, AB, are drawn, to the Circle, one on each 


fide, touching the Circumference, thoſe two Sangeet 
are equal, 


For, ABOD=AB 8. „being each equal to the Re, DAC 
But, equal Squares have equal Sides; 


gonſequently, AB is equal to AB. Ax. B. 2 
| | 3rd. It 


3 
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27d. If from any Point, without a Cirtle, two Right Lines 


are drawn to the Circle; one of which Lines cuts the 
Circle, and the other meets the Circumference, in ſome 
Point only ; and, if the Rectangle under the whole Secant 
and the external Segment, be equal to the Square of the 
other Line, that other Line is a Tangent to the Circle, 
and touches the Circumference in that Point. 


THEOREM XVII. 


If from any Point, in the Diameter of a Circle, there 
be drawn two Right Lines to the Circumference; 
one perpendicular ta the Diameter, the other to 
the middle point of the Ark of the Semicircle ; 
the Squares of thoſe two Lines, together, will be 
equal to half the Square of the Diameter. 


Let AB be a Diameter, C the Center, and D the middle 


Point of the Semicircle, ADB. . 
From the Point E, draw EF, per- 
pendicular to AB, and join ED. 


I ſay, the Squares of EF and ED, toge- 
ther, are equal to AC Square twice taken; 
i.e. to half the Square of the Diameter, AB. 

Join CD and CF. 


Dru. CF EFT EC M - - - - 20. 1 
wherefore, EF O Ee u ACA; for AC=CF. 
But EDO CDT EC; and DC= CF = AC, 

Conf. EDO—ECoO=EFo+ECn; i.e. AC N. 

wherefore EFO +ED © =CFoa +CD ao. 


Therefore, EFQ + ED N = 2AC N; i.e. = AB x AC. © 


THE O- 


296 ELEMENTS or GEQMETRY, 


THEOREM XVIII. 


If from the Vertex of an equilateral Triangle, con- 
ſtructed on the Diameter of a Circle, a Right Line 
be drawn cuting the Diameter; and, 'from that 
Point, anther Line be drawn, perpendicular to the 
Diameter, cuting the Circumference ; the Squares 
of thoſe two Lines, together, will be equal to the 
Square of the Diameter. 


From C, the Vertex of the equilateral Triangle ACH, 
en the Diameter AB, draw CD, at pleaſure, cuting the 
Diameter in D; from which, draw DE perpendicular 
to AB. 


1 fay, that the Squares of CD, DE, to- 
gether, are equal to the Square of AB. 
If CD be drawn perpendicular to AB, 
as CF, it is manifeſt, | 
For, CF HA FG (equal AF) © = AC 
R_SAB 0; -—- - + - 6-1 
Let CF be drawn, perpendicular to AB, 
and join EF. | 


Dem. Becauſe CF is perpendicular to AB, and AC is 
equal to CB, AB is biſected in ;- CQC.3.91 
wherefore, F is the Center of the Circle. Def. 20 & 21 

Now, AC = AB (Con) and AC g CF TAF d- 20.1 
But, AF EF, and EF EDT DF , eq. AF - ſame; 

vherefore, ACOG CF T DFT DEN. 
But, CDO=ZOCFo4DFo. 20. 
conſequently, ACQ = CD o + DEn. 
But ABZAC (Con.) Therefore, AB H= CDT DEA. 


THE O- 
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THEOREM XIX. 


if a Chord Line be parallel to a Diameter of a Circle, 
and, from each extreme of the Chord, Right Lines 
are drawn to any Point in the Diameterz the 
Squares of thoſe Lines, together, are equal to the 


Squares of the Segments of the Diameter, made 
by that Point. | £ 


Let the Chord CD be parallel to the N 
Diameter, AB; | 


and, to any Point, G, in the Diameter, 
draw CG and DG. 


I fay, the Squares of CG, GD, together, are equal to 
the Squares of AG and GB. Let E be the Center. 


Biſect CD, in F; and join FG, FE and ED. 


Dru. Then, becauſe CD is biſected, in F, 
CGa +GDa =2FGo +2FDA <- 17. 2 
And, becauſe CD is biſected, EF is perpend, to CD. - 1. 
But, CD is parallel to AB; conſ. EF is perpend. toAB-4.1 
whereſore, FGO =EF © +EGoz © 
and, ED =EFa+FDa. - - 209. 1 
conf, CG GD = 2GE -+ 2EF+ 2 FD Squares; 
i. e. equal to 2GEO +2EDQ. But AE = ED; 
wherefore, CGM GD =2GEDn +2AE,eqqualED, Q 
But, AGO + GBo =2AEnO +2GED - <- 9.2 

therefore, CG +GD a = AGo + GBn.- Ax. 3.1 
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THEOREM XX. 


If two Right Lines are drawn, from any two Points 
in the Circumference of a Circle, to the ſame 
Point in a Tangent to that Circle; thoſe Line; 


will make the greateſt Angl:, when they meet in. 


the Point of contact. 


Let A and B be the Points aſſumed, in the Circumference 
of the Circle ABC. | 
Draw AC and BC to the Point C, in which a Tangent, 
DO, touches the Circle; and alſo, to any other Point, D, 
draw AD and BD. 


Ifay, the Angle ACB is greater than ADB, 
Join AE | 
Dem. The Angle AEB=ACB. - + Th. 10. 
ſtanding on the ſame Ark, AB, 
But, the Angle AEB is greater than ADB 
for it is equal to ADB + DAE = 10.1, 
Therefore, ACB is greater than ADB. 


Con. Hence it is evident, that an Angle, AFB, which falls 
within the Circle, is greater, and an Angle ADB without 
the Circle, is leſs, than any Angle, AEB, touching the 
Circumference, and ſtanding on the ſame, or an equal, 
Ark, AB, | 


From hence may be deduced the following Problem. 


Any Right Line being given, and two Points given, or 
aſſumed, without the Line; to determine the Point 
n that Line, to which, if two Right Lines be drawn, 
from the given Points, they ſhall contain a greater 
Angle than any other Right Lines drawn, fra 
thoſe Points, 10 any other Point in that Line. 

A and 


Bot 
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A and B are the aſſumed Points; and, 
let CD be a given Right Line. 

It is required to find the Point D, ſo, 
that, if two Right Lines AD and BD be 
drawn, to that Point, the Angle ADB, 
ſhall be greater than any other Angle, made 
by Right Lines drawn, from the ſame 

Points A and B, to any other Point in CD. 
Wen the given Points, A and B, are 

| not equi-diitant from CD. 

Draw AB, and produce it till it cuts DC, in C. 


Find the Point D, ſo, that the Square of CD ſhall be 
equal to a Rectangle under the whole Line AC and the 
Segment BC. (by Prob. 25, or 30.) 

Then is D the Point fought; in which, two Right 
Lines, AD and BD, meeting, ſhall contain a greater Angle, 
than to any other point in CD, | 


Dem. For, becauſe the Rectangle ACB is equal to the 
Square of CD. (Con.) if a Circle, ABD, be deſcribed, 
through the Points A, B, & D. (by Pr. 40.) CD will be a 
Tangent to that Circle, and D the Point of contact-C. 3.16. 
Therefore, ADB is larger than any other Angle, AEB, 
made by Right Lines, drawn ſrom the ſame Points, A 
and B, to any other Point, E, in the given Right Line CD. 


If the given Points, A and B, are equidiſtant from 
the given Line; a Right Line joining thoſe Points, being 
biſected, and a Perpendicular, to that Line, drawn, from 
the Point of biſection, cuting the given Line, will give 
the Point required. | 


For, a Right Line joining the Points will be parallel to the 
given Line, (Def. 7.) wherefore, a Line perpendicular to it is alſo 
perpendicular to the given Line (3. 1.) and will, conſequently, 
cut it in the Point of contact of a Circle deſcribed through that 
Point and the two given Points (C. 1. 1. and 2. 8. 3.) 
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GEOMETRY, 


S|0 O KL IV. 


HE fourth Book of Euclid's Elements is not properly 

K elementary, but practical or mechanical; it treats 
of the inſcription and circumſcription of right-lined Figures 
in and about Circles. It is of uſe in Frigonomettp, 
Aſtronomy, &c. and alſo, in Fortification or military 
Architecture, which ſeems to depend entirely on it. 

As I do not think it proper to deviate from the order of 
Euclid, in his Books, I have therefore made it the fourth; 
'otherwiſe, I ſhould have given it a place amongſt the other 
Problems, in practical Geometry, it being entirely pro- 
blematical. I have given Demonſtration of each Propoſition, 
as brief as it will poflibly admit of; becaufe, I would not 
have the Work deficient in any part; which would be 
ſufficient reaſon, with ſome Perſons, to condem the whole. 
Nevertheleſs I am of Opinion, that great part of it does not 
require Demonſtration ; being ſufficiently evident from the 
Conſtruction ; eſpecially, as no other part of the Elements 
is dependant on it. 

There are, in ſome Books extant, ſundry other Propoſitions 
relative to the inſcription and circumſcription of right-line 
Figures, in and about other right-lined Figures; particularly 
in Stone's Euclid; and in a curious Tract of practici 
Geometry by Le Clerc. But, as there is nothing of rei 
utility in them, nor any thing extraordinary to recommend 
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them to the Curious, I ſhall not, by uſeleſs additions, to 
this, detain the Reader from matter of greater Importance 
in the fifth and ſixth Books, Indeed this may-be paſſed over 
entirely, for the preſent, and proceed immediately to the 
fifth; there being nothing, in the fourth, neceſlary to be 
known previous thereto, 


DEFINITIONS. 


- T have already, in the General Introduction, defined the 
Terms, to deſcribe, to inſcribe, and to circumſcribe ; a te- 
| petition of which would be unneceſſary. 


1. ARight-lined Figureis ſaid to be inſcribed, in a Circle, 


of to have a Circle circumſcribing it, when every Angle 
of the Figure, touches the Circumference of the cir- 
cumſcribing Circle. 


2. A Right-lined Figure is, then, ſaid to circum- 
ſcribe a Circle, or to have a Circle inſcribed, when 
every Side of the Figure touches the Circumference of 
the Circle. 8 


3. A Right-lined Figure is ſaid to be inſcribed, or to 
circumſcribe a Right-lined Figure; when every Angle 
of the inſcribed one, touches every Side of the cir- 
cumſcribing Figure. b 


4. 80 likewiſe, A Circle is ſaid to be inſcribed, in a 
Right-lined Figure, when it touches every Side of the 


Figure; or to circumſcribe a Right-lined Figure, when 


the Circumference touches every Angle. 


N.B. By inſcribing any Figure within a Circle, or any 
Right-lined Figure within another, is underſtood, the de- 
ſeribing a Figure, like or ſimilar to the given one, the largeſt 
pollible, to be contained in the other. | 


Ee 2 : -- 


- — 


— 


— — — 3 4 


— ? Ui 
1 TR 


_—y — * 
- - 
- — * - — 
3 Fra Sad 4 - — 
- - * 1 WY 1 " 


42D 
- K PX, * 
2 


212 ELEMENTS or GEOMETRY. 


| 5. A Right Line is ſaid to be applied to a Circle, 
when each extreme is in the Circumference. 


N. B. To inſcribe a Right Line in a Circle, is the 
firſt Problem of Euclid's Fourth Book, which I think entirely 
unneceſſary, as a Problem, nothing more being required, in 
the Operation, than to take the given Line, in the Compaſſes, 
and placing one point in the Circumference, at pleaſure, to 
cut the Circumterence, with the other, 

A Right Line, greater than a Diameter, cannot be inſcribed 
in a Circle. | 


All the Propoſitions of this Book, follow in the order 
of Euclid, omitting the Firſt. 


PROPOSITION II. 
To inſcribe a Triangle in a given Circle, equiangulat 
| to a given Triangle. 


Let ABC be the given Triangle, to be 

inſcribed in the Circle DEF. 

Draw at pleaſure the right line GH, 
touching the Circle in avy point of its 
Circumference; as D. | 

Make the Angle GDF equal to A, 
i. e. to any Angle of the Triangle; and 
HDE equal to another, B, and join EF. 


Dem. The Angle GDF (equal A) is equal to DEF; 
and HDE (equal B) = DFE - - - 13.3 
. Wherefore, the Angle DEF, being eq. A, and DFE eq. B 
the remaining Angle, EDF, muſt neceflarily be equal to C. 
Th. the Triangle DEF is equiangular to ABC. 101 
N. B. By 8 the Angles in this order, the Triangle in- 


ſcribed will be poſited as the given one; but any two being 
taken, the Triangle, inſcribed, will be the very fame, 


Otherwiſe; 


Be 


Otherwiſe : 

Draw at pleaſure ad, cuting the Cir- 
cumference in a and d. 5 
Make the Angle, ad c, equal toB, & join ac. 
Make, cab, equal to the Angle A, & join bc. 
The Triangle abc is equiangular to the 
Triangle ABC. 


For, the Angle abe=ade (10. 3.) equal B, by Con, 
And, the Angle cab was made equal to A; 

Conſ. a e b is equal to the remaining Angle C. - 10..3 
Therefore, the Triangle, a be, is equiangular to ABC. 


PROPOSITION Il 


To circumſcribe, that is, to deſcribe or draw, a 
Triangle, about a given Circle (touching it on 
every Side) equiangular to a given one. 


Let ABC be the given Triangle, and 
DFG the Circle given, 

Produce any Side of the Triangle, as 
AC, both ways; and draw a Radius, DE. 

Make the Angle DEF, equal to the 
external Angle A; and FEG equal C. 
Through the Points D, F, and G; draw 
Tangents to the Circle, cuting cach 
other in H, I and K. 

Then is HI K the Triangle required. 1 


N. B. Two Angles, DEF, DEG, or FEG, being made 
equal to any two external Angles of the Triangle, will 
give the ſame Triangle, HI K, but differently poſited. 

| Dem. 
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Dem. Becauſe the Right Lines, HI, IK, and HK, touches 
the Circle, in the Points D, F, and G; and, from thoſe 
Points, the Lines DE, FE, and GE are drawn to the 
Center, the Angles, EDI, IFE, &c. are right ones. - 8.3 
And, becauſe the Angles, D, E, F, and I, of every 
Quadrilateral, are equal to four Right Angles, = 11, 3 
the Angle I + DEF = two Right ones. 
But, the Angle DEF is equal to A, by Conſtruction. 
- conſequently, D IF is equal to BAC. - 1. 1. & Ax. 7, 
After the ſame Manner, the Angle K may be proved 
equal to ACB; and the Angle H, equal ABC. 
Therefore, the Triangle HIK is equiangular to ABC, 


The Reaſon of this appears obvious, from the two Theorems 
deduced from the 1th Propoſition, Book I. For, ſince (by the 
firſt) all the Angles of every Right-lined Figure are, together, 
equal to twice as many Right Angles as it has Sides, wanting 
four; and by the 2nd, all the external Angles are equal to 
four Right Angles. Alſo, by the 1oth, the three Angles of 
every Triangle are equal to two Right Angles ; and all the 
Angles, about a Point, are equal to four ; (2.1.) conſequently, 
ſince the three Angles DEF, DEG, and FEG, are reſpeQtively 
equal to the external Angles, A, B, and C, of the Triangle 
ABC; the Angles H, I, and K are, alſo, reſpectively equal 
to the internal Angles, a, b, and c, of the Triangle. 
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PFROPOSITION . 


To inſcribe a Circle in a given Triangle, (ABC) 
touching every Side of the Triangle. 


BiſeR any two Angles of the Triangle, 
ABC, and CAB, by the Right Lines 
BD, and AD, cuting each other in D; 
from which Point, draw a Perpendicular 
(DE) to any Side (AB) of the Triangle. 

With the radius DE, on the Center D, 
deſcribe the Circle EFG, which will 
touch every Side of the Triangle, ABC. 


Draw DF & DG, perpendicular to the Sides, AC & BC. 


Dru. Now, AF is equal to AE - C. 2. 16. 3 
and, the Angle EAD is equal to ma >: - - Ta 
Wherefore, in the Triangles AED, AFD, the two 
Sides AE, AD, are reſpectively equal to the two Sides 
AF, AD; and they contain equal Angles, | 
Therefore DE is equal to DBP. 8. 1 

After the ſame manner, DG may he proved equal to 
DE, and alſo to DF. 

Wherefore, the three Lines DE, DF, IP DG, being 
perpendicular to the three Sides of the Triangle, and 
being proved equal among themſelves, the Circle, EFG, 
will paſs through the three point E, F, and G; and, 

conſequently, will touch every Side of the Triangle ABC. 
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PROPOSITION V. 


To circumſcribe a given Triangle with a Circle; 
or, to deſcribe a Circle about a given Triangle, 


ABC is the Triangle given. 


Biſect any two Sides of the Triangle, 
AB and BC, in E and F. 


Draw ED and FD, perpendicular to 
AB and BC, cuting each other in D, 
the Center of the circumſcribing Circle, 


If the Triangle has a Right Angle, the 
Hypothenuſe biſected gives the Center, 

If an Angle be obtuſe, the Center of 
a circumſcribing Circle falls without the 


Triangle; the Operation is the ſame in 
both, (ſee Fig. 2.) 


Join the Points AD, BD and CD. 


DEM. Becauſe the Side AB is beſected in E, and DE is 
perpend. to AB, the Sides AE, ED, of the Triangle AED, 
are equal, reſpectively, to BE, ED. of the Triangle BED; 
and the Angle AED is equal to BED. Def. 10. 
wherefore, AD is equal to BB) - < < = 9.1 
for they ſubtend equal Angles, in the Triangle ABD. 


—— rl i een rt mos, 
—— — 


| | In the ſame manner may be proved, CD=AD, or BD, 
Is Conſequently, D is the Center of the circumſcribing 
| C:rcle, ABC, | 
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FROPOSITION:.. VI. 
To inſcribe a Square in a given Citele; and to deſcribe 
a Square about a Circle. ABCD and EFGH. 


Draw two Diameters, AC and BD, at Right Angles. 
Join the Extremes, A, B, C, D, anda , 
Square is inſcribed, 


2nd, Draw Tangents through the extreme 
Points of ,the Diameters, meeting in 
E,F,G, and H; or draw Lines, touching | 
the Circle, parallel to each Side of the 
inſcribed Square, and EFG H is a Square 


circumſcribing the Circle. 


Dem. The Diameters AC & BD biſect each other, 16 1 
therefore, Al, IC, IB, and ID, are equal ; 
and they contain equal Angels, AIB=BIC &ec. - Con. 
Wh. AB, BC, CD& AD, are all equal amongſt themſelves, 
And, the Angles ABC, BCD, &c being in a Semicircle, 
are Right Angles, Therefore ABCD is a Square, 


2ndly, Becauſe EF touches the Circle, in the Point B, it is 
perpendicular to the Diameter BD). = B. 3 
And, becauſe HG is perpend. to BD, HG is parallel to EF; 
For the ſame reaſon, EH is parallel to FG ; 
Therefore, EFGH is a Parallelogram. - - - Def. 33. 
But, AC is perpendicular to BD. (Con.) wherefore, EH 
is perpendicular to HG, and ſo is EF to FG and to EH; 
conſequently, EF Gli is a ReQangle. - - Def. 34 
But EF, FG, EH, and HG, are each equal to AC, equal BD. 
Th. EF GH is equilateral; conſ. it is a Square Def 35 


N. B. The Square, EF GH, circumſcribing a Circle, is double the 
Square, ABCD, incribed in the ſame Circle. 
For the Triangle ABC = half the Rectangle AEFB - - 17. 1 
And ADC is equal to half the Rectangle A; 
conſequently, the Square EFG H is double, ABCD. 
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FROPOSITION VI. 


To inſcribe a Circle in a Square; and to circumfcribs 
i. e. to deſcribe a Circle about a Square, 


Let ABCD be a given Square 
Draw the Diameters AC & BD cuting - 


each other in E. | 
From the Center E, draw EF perp. to AR. 
With the Radius EF, on the Center E, 
deſcribe a Circle, which will touch every 
Side of the Square ABCD. 


Draw EG perpend to BC; produce GE to], and FE to H. 


Dem. Now, becauſe ABCD is a Parallelogram, the Diago- 
nals AC & BD biſect each other, in E- 156.1 
And becauſe AB, BC, are reſpectively equal to AB, AD, 
and contain equal Angles; AC=BD - - - - 8.1 
conſequently their halves are equal. = - - Ax.1.1 

Then, ſince AE, EB, and EC are equal, the Triangles 
AEB, BEC are Iſoſceles; wh. AB and BC are biſected by 
the Perpendiculars EF & EG, conf. FB=BG. - C.4.9.1 

But, ABC is a Right Angle, and AB=PBC, - Def. 35 
and ſince AC is biſected in E, EB is perpendicular to AC 
Wh.AEB being aRight Angle ABE, EAB, are half Right; 
conſequently, BE biſects the Right Angle ABC. 

Now fince in the Triangles EFB, BGE, the Sides, 
FB, BE, are reſpectively equal to GB, BE; and the Angle 
FBE=EBG, the remaining Side EF=EG. 

After the ſame manner EH and El may be proved equal 
to EF and FG; conf. the Circle FGH touches every Side 
of the Square. 


2ndly. 
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2ndly. Having drawn the Diameters of the Square AC& BD; 
with the Radius EA or EB, deſcribe the Circle, ABCD. 


This needs no further Demonſtration. 
For, ſince the Diagonals of a Square are equal, and 
mutually biſect each other, (16. 1.) the halves EA, EB, 
EC, and ED are alſo equal; wherefore, a Circle, ABC, will 
paſs through every Angle of the Square, 


N. B. A Circle (FGHI) inſcribed in a Square, is equal to half a 
Circle (ABCD) circumſcribiag that Square. 


For, the Square of AC=AiBn—+ECa; conſequently, AC 2 
is double BC, equal FH, ©. 


But the Areas of Circles are, to each other, as the Squares 
of their Diameters, — = __ 9 | 5 1. 14 6. 


therefore, the Circle ABCD is double FGHI . 


PRPOSITION:” FUL. 


To make an Iſoſceles Triangle, having its Angles, 
at the Baſe, each double the Angle at the Vertex. 


Let AB be any given Right Line for 
one of the equal Sides, 
Divide AB in extreme and mean Pro- 
portion, in C. (Prob. 35.) 
With the Radius AB, on B, deſcribe an 
Ark, AD. : 
Make AD equal to CB, and draw BD. ( 


I fay; in the Triangle ABD, the Angles A and D, at 
the Baſe, are each double the Angle B, at the Vertex. 


Join C D, and Ceſcribe a Circle through B, C, 
and D, (Prob. 40.) or, by the 5th of this. 


Ff2 | Dew, 
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Dem. Becauſe the Rectangle BAC=BCqn - - - 11.% 


- 


And AD=BC Con.) the Rectangle BACSAD 0; 
Wherefore, AD touches the Circle BDE, at D - 16.4 
(For A is a Point without, that Cirtle, 
from which, two Right Lines are drawn; 
one (AB) cuting, the other, FAD) touches 
the Circle?) 
Therefore, the Angle ABD=ADC.- 13.3 
(For, CD cuts the Circle BDE, in the 
Point of contact, D.) 
But, the Angle ACD = ABD-+CDB, i.e. =ADC+CDB; 
And, the Angle BAD=ADB (9. 1) for AB=BD. - Con, 
conſequently, BAD=ACD ; wh. CD=AD - C. 3.9. 
But, AD=CB (Con.) wherefore, CND=CB; - Ax.3.1 
conſequently, the Angle COB=CBD - — Th. 9.1 
But, the Angle ADC=CBD; (proved, above) 
wherefore, ADC is equal to DOB. — Ax.3.1 
and therefore, ADB, BAD are each double ABD. 


The Conſtruction of this particular ſpecies of Triangles, 

in reſpect of itſelf, is of little or no uſe; or, I ſhould have 
given it a place, amongſt the other Problems, in Practical 

Geometry. But, the inſcribing a regular Pentagon in a 

Circle, according to Euclid, in the next Propoſition, depends 

on it entirely but, which may, for real uſe, in practice, be 

more readily conſtructed. Nev ertheleſs, for the manner and 


elegance of its Demonſtration, I did not think proper t0 
omit g.. 
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PROPOSITION IX. 


To inſcribe a regular Pentagon in a Circle, 
ABC is the given Circle, 


Inſcribe an Iſoſceles Triangle, ABC, 
whoſe Angles BAC, ACB are, each, 
double the Angle ABC - - Prop. I 
Biſe& each of the Angles BAC, ACB 
by the Right Lines AD and CE, cuting 
the Circumference in D and E. 

Join the Points, A & E &c. by the Right 
Lines AE, EB, BD, and DC. 
AEBDC is a regular Pentagon, 


Dex. Now, becauſe each Angle, BAC, ACB, is double 
the Angle ABC; (Con.) and thoſe Angles are biſected, the 
Angles, ABC, ACE, ECB, BAD, and DAC, are equal to 
one another, | 

But equal Angles ſtand on equal Arks, - C. 2. 9. z 
and, equal Arks have equal Chords or Subtenſes, - 2. 3. 3 
wherefore, the Right Lines AC, AE, EB, &c. are all equal; 
and conſequently, the Pentagon, AEB DC, is equilateral. 


I ſay, it is alſo equiangular, 
For, becauſe the Arks AE; EB, &c. are all equal, the 
Angles ACE, ECB, &c. are equal. 3 
wh.theAngleEBA+ABC-+CBD=EAB-+BAD-+DAC. 
conſequentlytheAngle EBD=EAC ; and ſo, of all the reſt. 
Or, becauſe each Angle of the Pentagon, AEB, 


EBD, &c. ſtands on equal Arks, ACDB, EACD, &c; 
(for each is triple the Ark, AC.) 


Therefore, the Pentagon AE BDC is equiangular. 
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EROPOSITION. K. 
To deſcribe a regular Pentagon about a Circle; 


Let ABCDE be the angular Points of 
a Pentagon, inſcribed in a Circle, through 
which draw the Tangents FG, GH, HI, &c, 
cuting each other, in F, G, H, I, and K, 
i. e. having, made the Arks AB, BC, &c. 
equal, (viz, each equal 72 Degrees) through 
the Points A, B, C, &c. draw the Tangents, 
H 28 be fore. 

The Pentagon FGHIK is equilateral and equiangular. 

Let L be the Center of the Circle; draw AL, BL, &c. 
alſo draw FL, GL, &c. 


Deu. AL, BL, &c. are perpendicular to FG, GH, &c.-8$ 3 
and they are all equal between themſelves - - - Ax. 1.3 
The Angle ALB is equal to BLC, by Conſtruction. 
AG is equal to GB, and BH equal to HC - - C. 2. 16.3 
wh. the Triangles ALG, GLB, BLH, &c. are equilateral 
and equiangular to each other; for GB=BH, &c. - 11.1 
AF=AG, and CI=CH, (ſame) conf, FG=GH, - Ax. 1 
After the ſame manner, FK and IE, may be proved equal 
between themſelves, and alſo to FG, &c; 
therefore, FGHIK is equilateral. _ 

And, ſince the Triangles ALG, GLB, &c, are equi- 
angular, the Pentagon is alſo equiangular. 
For, the Angles AGL,LGB, alſo BHL and LHC are equal 
amongſt themſelves ; conſequently, FGH=GHT. 

After the ſame manner, the Angles, I and K, may alſo 
be proved equal betwen themſelves, and alſo to F, G, & H. 
Th. FGHLK is a regular Pentagon, circumſcribing aCircle. 


Note. If the Circumference of a Circle be divided in five equal Parts, 

and the Points joined by Right Lines; then if Tangents to the 

Circle be drawn, parallel to every Chord, a regular Pentagon 
will be circumſcribed, 
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PROPOSITION XI. 


To inſcribe a Circle in a regular Pentagon; and, 
to deſcribe a Circle about a Pentagon. 


Biſect any two Sides, AB, and BC, of 
the Pentagon ABCD, by the Perpen- 
diculars EF and FG, interſecting in F; 
on which, with the Radius EF or FG, | 
deſcribe a Circle; which, will touch ' \ 
every Side of the Pentagon. Na 


2nd, With the Radius AF or FB (the Point F being found 2 
as before, or by biſecting two Angles, ABC and BCD) 
deſcribe a Circle, which will paſs through every Angle 
of the Pentagon. 


Dew. Becauſe AB BC, EB=BG. Draw AF, FB, &c. 
Then, in theTriangles EBF, FBG; FBoa=FEon +EBo, 
and, FRO =FGoO+BGon; - - - - - 20.1. 
conſequently, FE HT EBog=FGo+BGo. - Ax.3.1 
But, EB=BG (Ax. 1.1.) wherefore, EB H= BG; 
conſequently, EFH FG 0; and, therefore EF= FG 

In the ſame manner, FH may be proved equal to FG; 
F is, therefore, the Center of a Circle inſcribed. 


2nd, Becauſe AB is biſected, inE, AE EB, &AEQ=EBn 
Add EF ©, to both; and AEQ+EF O=EBO+EFa. 
But, EF is perpendicular to AB, by Conſtruction; 
conſequently, AEF, FEB arc Right Angles, = Def. 10 
wh. A! FB; and FRO= EBO+EFgqn. 
Conſequently, AF g FB N; and therefore, AF= FB. 


In the ſame manner, FC, FD, &c. may be proved equal 
to AF and FB, 


conſequently, F is the Center of a circumſcribing Circle, 


P R O- 
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PROPOSITION XII. 


To inſcribe a regular Hexagon in a given Circle, 


In the given Circle, AGF, draw a Diameter, AB. 


the Centers A and B, deſcribe two Atks, 
DCE, FCG, cuting the Circumference in 
B the Points D and E, F and G. 
Or, having drawn the Ark DCE, only, 
cuting the Circle in D and E, draw DC & 
EC. and produce them to F and G. 


Join the Points A and D, AE, EF, &c. by Right Lines, 
which compleats the Hexagon, ADGBFE. Q. E. F. 


I ſay, it is both equilateral and equiangular. 


Du. Becauſe C is the Center of the Circle AGE, the Lines 
DC, AC, and CE are equal; and, becauſe A is the Center 
of the Circle DCE, AD, AC and AE, are equal ; 
wherefore, ADC & ACE, are equal & equilateral Triangles, 
5 But, the Angles of an equilateral Triangle are, each, 
equal to one third Part of two Right Angles. - C. 10.1 

| (becauſe, the Angles which are oppoſite to equal Sides are 
equal; and the three Angles of every Triangle are, to- 
gether, equal to two Right Angles. - 9 and 10.1) 
conſequently, DCA+ACE= two thirds of two R. Angles. 
Now, becauſe the Right Line EC falls on the R. Line 
DF, the Angle ECF+ECD= two Right Angles - 1.1 
and, becauſe DCA+ACE (eq. DCE) two thirds of two 
Right Angles; ECF is equal one third part of two Right 
Angles; i, e. equal to ACE, equal ACD. 


Agata 


7 DJ With the Radius of the Circle, AC, on 


Again; becauſe the Right Lines AB, DF, & EG cut 
one another, in the Point C, the Angles DCG, GCB, & 
BCF are, reſpectively, equal to ECF, ACE, and ACD-2.1 
Wh. thoſe ſix Angles are all equal amongſt themſelves; 
conſ. they ſtand on equal Arks; and conſ. on equal Chords. 
Therefore, the Sides, AD, DG, GB, &c. of the * 
are equal to one another. 


2nd, Becauſe the Triangles, ADC, CDG, &c. are equilateral, 
and conſequently equiangular, - - - =} C. 2. 9. 1. 
the Angle ADC + CDG=DGC + CGB,/- - Ax. 3. 
i, e. the Angle ADG = DGB; and ſo of all the reſt, 


Therefore, the Hexagon ADGBFE, inſcribed in a2 


Circle, is equiangular; and alſo equilateral. 


Cor, The Side of a regular Hexagon, inſcribed in a Circle, 
is equal to the Radius, or Semidiameter of the Circle, 


For, theTriangles, ADC, &c. are proved to be equilateral. 


Hence, a Duodecagon may be inſcribed in a Circle, by 
biſecting each Ark on the Side of a Hexagon inſcribed. 
i.e, The Radius of the Circle being applied fix times in 


the Circumference, each Ark biſected gives the Sides of 
a Decagon, 


N. B. Any Poligon may be circumſcribed about a Circle, 
having firſt inſcribed one (of the Species required) by drawing 
Tangents, through every Angle, or parallel to every Side, 
of the inſcribed Figure, 


In Prob. 52, Practical Geometry, is given a general 
method for inſcribing Poligons of every Denomination in 
Circles; of which Method, there is no Demonſtration 
extant, having conſulted ſome able Mathematicians con- 
cerning it, 


G 2 I ſhall 
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| Boc 
I ſhall, here, give another general method, which admits 
of Demonſtration (granting an Ark of a Circle to be 
divided into any number of equal Parts) which is as follows, 1 
Let DFC be a given Circle, in which it is required cc 


to deſcribe a regular Pentagon. 
| Draw AB, at pleaſure, touching the 
Circle DFC in any Point, C; on which C 


Center, draw a Semicircle AHB, with any 10 
Radius at diſcretion. A 
Divide the Semi-circumference into five 
equal Parts, i. e. make the Arks A 1, 1 2, P. 
2 3, &c. each equal 36 Degrees. H. 
Draw C1, C 2, and produce them till they cu 
cut the Circumference, in P, E, F, and G. di 
| Join DE, EF and FG, and it is done, Po 
Dem. Becauſe the Angs DCE, ECF, &F CG are equal - Con. 18 
the Arks, and conſ. the Chords DE, EF, & FG, are equal, f 


Alſo, the Angle ACD (eq. DCE by Con.) DEC. - 13.3 
wh. the Triangle CDE is Ifolceles ; and CD DE. - 
After the ſame manner CG may be proved equal to PG. 
conſequently DC, DE, EF, FG, and GC are all equal, 
'Thereſore, the Pentagon DEFGC is equilateral ; 
and, being inſcribed in a Circle, it is neceſſarily equiangular, 
each Angle, CDE, DEF, &c. ſtanding on equal Parts of 
the Circumference, CGFE =DCGF. 


This method of inſcribing Poligons is not in Euclid, not 
in any Author I am acquainted with, It is neither ſo operoſe 
in the Conſtruction, and is more briefly demonſtrated. 

Euclids method (for aPentagon) of inſcribing a Triangle ſimilar 
to another, {which muſt firſt be formed) whoſe Angles at the Baſe 
are double of the Vertex, is very ingenious and perfectly Geo- 
metrical; but it is liable to great error in the Conſtruction; 

inſomuch, that it is extremely difficnlt to do it, with accuracy, 
and tedious in the Operation; whereas, this is both mote 
expeditious and more to be depended on, "Ig 
3 Do. | 3 a 2 ter 
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Aſter the ſame manner, a Heptagon, or 
any Poligon whatever, may be readily 
conſtructed, as follows. . 


Draw AB, at pleaſure, touching a 
Circle in C; on which Center deſcribe 
a Semicircle, cuting the Tangent in 
A and B. | , | 


Divide the Ark of the Semicircle into as many equal 
Parts, as the Poligon, required, has Sides, viz. Seven ( for a 
Heptagon) and, through every Diviſion, draw C1, Ca, &c. 
cuting the given Circle in D, E, F, &c; which will 
divide the Circumference into ſeven equal Parts, in thoſe 
Points ; and, being joined by Right Lines, compleats the 
Heptagon CDEFGHI. T4 


The Demonſtration is the ſame as in the precedirig Propo- 


ſition, But, it may be further obſerved, that, becauſe the equal 


Angles ACD, DCE, ECF, &c. are at the Cent r of the 
Circle AKB, and at the Circumference of the Circle EHC; 
and, becauſe the Angle at the Center of a Circle, on any Ark, 


is equal to an Angle at the Circumference, on thice that 


Ark (C. 1. 9. 3.) therefore, the Semi-circumference, of one and 
the whole Circumference, of the other, are divided into the fame 
number of equal Parts, by the Right Lines, CD, CE, &c. 

If AC be taken equal to the Radius of the given Circle, it 
1s manifeſt, | | * 

It may be alledged, that the whole Circumference may as. 
eaſily be divided into any number of equal Parts, as a Semi- 
circumference. ?Tis true it may, but that admits of no other 
Demonſtration, the Sides being all equal by Conſtruction; and 
1s in no wiſe geometrical, | | f 

On account of the ſingularity of this method, having never 
ſeen it in any other work, and becauſe I find it uſeful in 
Perſpeſtive, in ſome Caſes, I thought proper to inſert it, | 
Gg 2 The 
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The Side of any Poligon inſcribed in a Circle of any 
Radius tis readily obtained, by making an Angle at the 
Center, of the number of Degrees, which is the Produd, 
ariſing from the Diviſion of 360 by the Denomination of 
the Poligon. e. g. 360 divided by 5 (for a Pentagon) 
gives 723 for a Hexagon, 60; for an Octagon, 45 ; for 
a Nonagon, 40; for a Decagon, 36. A Heptagon does 
not divide the Number of Degrees exactly; but is nearly, 
51, of more nearly, 51, 43» 

- Wherefore, having (by means of a Protractor, or Line 
of Chords) made an Angle, ACB, at the Center of a 
Circle, equal 40 Degrees; the Chord AB, of the Ark it 
ſands on, is the Side of a Nonagon inſcribed in the 
Circle FKG; i. e. AB is one ninth Part of the 

. . whole Circumference, 


For, let the Angle ACB be conſtructed 
or meaſured on any Ark whatever, as ab, 
either of a greater or leſs Radius, the portion 
AB, of the Circle AKB, will be the ſame; 
for AB and ab are each one ninth part of 
their reſpective Circumferences. 


Hence may be deduced, an univerſal method for Con- 
ſtructing Poligons of any number of Sides, on a given 
Right Line, viz. by finding, what Angle the Side of the 
Poligon, ſubtends at the Center, as above; which in a 
Nonagon is 40 Deg. Subtract 40, from 180, two Right 
WN ; the remainder i is 140, half of which i is 70. 


Conſtruct an lloſceles Triangle, ACB; on the given 
Line AB, whoſe Angles, at the Baſe, A and B, are each 
of 70 Degrees; the Angle at the Vertex, C, will be 40. 

E is the Center of a Circle which will circumſcribe a 


Nonagon, - the meaſure of whoſe Sides is AB, 
47:25 | With 
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With the Radius CA or CB deſcribe a Circle, AKB, 
it will contain AB nine times, applied to the Circum- 
ference. For, if the Angle A CB, of 40 Degrees, be 
repeated 9 fimes, as in the Figure ; it will include all 
the ſpace of the Circle, equal four Right Angles; and 
each Angle will be ſubtended by a Side of the Poligon; 
which is evident from the Figure. 


The three Angles of every Triangle are, together, equal to 
two Right Angles, i. e. equal to 180 Degrees. (10. 1.) And, 
ſince the Angle C, at the Center of the Triangle ACB, is 
equal to 40 Degrees, conſequently, the two remaining Angles, 
CAB, CBA, at the Baſe, being equal (9. 1.) they are, each, 
equal to half the difference betweel. the Angle ACB, and two 
Right Angles ; 1. e. of 70 Degrees, each, as by Conſtruction. 


Otherwiſe. The external Angle of every regular Polygon 
is equal to an Angle at the Center, ſubtended by a Side. 


For, all the external Angles of every Right- lined Figure are 
equal to four Right Angles (Th. 2. 10. 1.) and ſo are all the 
Angles about the Center of a Circle. - - - - C. 2. 2.1 

Wherefore, an ordinate or regular Poligon, having all its 
Internal Angles equal, will, likewiſe, have all its external Angles 
equal; and, being equal in number to the Angles at the Center, 
ſubtended by the Sides, each external Angle is, conſequently, 
equal to an Angle at the Center, ſubtended by a Side, e. g. 
If the Poligon has eight Sides (an Octagon) the external 

Angle is the 8th part of 360, i. e. 45 Degrees; if a Nonagon, 
it is 40 Degrees; if a Decagon 36; each being equal to the 
Angle at the Center, ſubtended by a Side. Hence. 


Let, AB be a Side given for a Nonagon; let it be pro- 
duced both ways, towards D and E. 
At the extremes, A and B, make the Angles DAF, EBG, 
each equal 40 Deg, and make AF and BG each equal AB. 
Biſect 
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Biſect AF and BG, in H and I, and draw EC and IC per- 
pendicular to AF and BG, interſecting in C; which, is 
the Center of a circumſcribing Circle, as before. 


Ir is evident, that the external Angle DAF (equal EBG) is 
equal to the Angle ACP at the Center. 

For, ACB, BCG, and ACF, are congruous Iſoſceles Triangles; 
whoſe Angles at the Baſe, AB and BG, are 50 Degrees each; 
two, of which, form an internal Angle of the Nonagon; 

as ABC + CBG = ABG; and, the external Angle, EBG, is 
the Compliment of two Right Angles; conſequently, it is equal 
to the remaining Angle ACB, of the Triangle ACP, or BCG, 


Hence it 1s alſo evident ; that, if any Right Line, as DE, 
cuts a Circle, and if from either Point, A or B, of the part AB, 
within the Circle, another Chord, AF or BG, be drawn, 
equal AB; the external Angle, DAF or EBG, made by that 
Chord and the Line DE, is equal to the Angle at the Center of 
the Circle, ſubtended by the Chord, AF or BG (equal' AB). , 


From what I have advanced, is deduced the Table, after 
Prob. 47, Practical Geometry, for conſtructing Poligons ; 
by dividing the Ark of a Quadrant, or Right Angle, into as 
many equal parts as the Poligon has Sides. 


For, the Ark of a Right Angle being divided into five equal 
parts, each will be 18 Deg. wherefore, the Angle of a Pentagon 
being ſix of thoſe parts, or one added to a Right Angle, 
i. e. 18 ＋ 90 108; which being ſubtracted from two Right 
Angles, or 180 Degrees, the Difference is 72, equal four 
times 18; which is the Compliment of two Right Angles; 
conſequently, the external Angle of a Pentagon is equal to au 
Angle at the Center, ſubtended by a Side, 

For a Nonagon, the Ark of a Right Angle 1 is ans into 
equal parts, each equal 10 Degrees. 

Now, the external Angle being 40 Degrees, equal to the 
Angle at the Center, the Angle of the Nonagon ts 50 9 or 
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five ninth parts added to a Right Angle; for, an internal and 
external Angle are, together, equal to two Right Angles - 1. 1 

Therefore a Right Angle is to the Angle of a Nonagon as 
9 to 14, difference 5, as in the Table. 5 


The reaſon of all this is ſo very obvious, it is almoſt needleſs 
to ſay more about it; ſeeing it is manifeſt, that all the external 
Angles of any Right-lined Figure, whatever, are, together, 
equal to all the Angles about a Point, ſubtended by the Sides, 
i. e. equal to four Right Angles. And, all the internal Angles 
of any Right-lined Figure are equal to twice as many Right 
Angles as the Figure has Sides, wanting four, (Th. 1. 10. 1.) 
conſequently, the external Angles being equal to thoſe four 
(Th. 2. of the ſame) are equal to all the Angles at the Center ; 
and, being equal, in number, they are equal in quantity. 


Hence, the Angle of apy regular Poligon, whatever, 
may be readily obtained, 


For, in a Pentagon, all the internal Angles, together, are 
equal to fix Right Angles ; conſequently, each Angle 1s 6 fitths 
of a Right Angle, i. e. it is equal to one Right Angle and one 
fifth part of a Right Angle ; ſeeing, there are five Angles in the 
Figure, and they are, altogether, equal to ſix Right Angles. 


The Angles of a Hexagon are, altogether, equal to eight Right 
Angles; conſequently, each Angle is equal to eight fixths of 
a Right Angle, or four thirds; i. e. equal to one Right Angle 
and one third part of a Right Angle, | 


A Heptagon has all its Angles, together, equal to ten Right 
Angles; wherefore, each Angle is equal to ten ſevenths of a 
Right Angle, i. e. equal to a Right Angle and three ſeventh 
parts of a Right Angle, 


All the Angles of an Octagon being equal to twelve Right 
Angles, it is evident that each Angle is equal to one Right 
Angle and a half; i.e. to 12 eights, i. e. to fix fourths, or 
| three ſeconds, i. e. one and a half, | | 

, 1 4 To 
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To particularize more would be unneceſſary; as it is eaſy, 
from what I have ſaid, to calculate the quantity of the Angle 
of any Poligon whatever, by the Proportion it bears to a Right 
Angle, or to two Right Angles; which muſt ever be more 
than the Angle of any Polygon whatever. 


For Poligons which have an even number of Sides, it may 
be obſerved, that the diviſion of a Right Angle, may be re. 
duced to a lower Denomination ; as for a Duodecagon, for 
inſtance ; all its Angles, together, being equal to 20 twelſths, 
1. e. 10 ſixths, or 5 third parts, i. e. to one Right Angle and 
two thirds; the Right Angle need be divided into three equal 
Parts, only, inſtead of twelve. 

Whereas, thoſe which have an odd number of Sides, cannot 
be reduced lower; but, in forming them, a Right Angle muſt 
neceſſarily be divided into as many parts as the Figure has Sides. 


The method of inſeribing a Quindecagon in a Cirele, ac- 
cording to Euclid, is a matter of mere curioſity; firſt, to 
inſcribe an equilateral Triangle, and afterward a Pentagon, 
in the ſame Circle, in order to get a fifteenth part of the 
Circumference ; which, notwithſtanding it admits of perfect 
Demonſtration, is liable to great error in Practice. 


PROPOSITION KL 
To find the Side of aQuindecagon inſcribed in aCircle, 


Let ABC be a given Circle, in which it is required to 
inſcribe a Quindecagon. 

Draw, DG, at pleaſure, a the Circle ABC in A. 
With any Radius, AD, on A, the Point of contact, _—_— 
a Seme-circle, DEFG., 

Inſcribe the equilateral Triangle ABC; by making the 
Arks DE, EF and FG, each equal to the Radius AD, and 
drawing AE, AF to B and C, and joining the Points BandC. 


Du. 
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Dem. For, the Arks, DE, EF „& FG, are 


equal by Conſtruction; wherefore, the | „ 


Angles DAE, EAF, and FAG, are equal. C 
But, the Angle BCA is equal to BAD, 
i.e. EAD; and, CBA is eq. to CAG -13.3. 
conſ. BCA, CBA, BAC, being equal, 
reſpectively, to DAE, EAF, and FAG; 
the Triangle ABC is equiangular; and 
therefore it is equilateral - C. 3. 9. I. 


Now, if the Ark of the Semicircle, DEFG, be divided 
into five equal parts, for inſcribing a Pentagon, as, before 
into three (in E and F) and, if Ar, Az be drawn, cuting 
the Circumference, at H and I ; AH and HI are Sides of 
a Pentagon, inſcribed. 

In reſpect of the Operation, I leave it to the di- 
ſcretion of the Practitioner, to take -what method he 
moſt approves. 

Granting AB to be the Side of an equilateral Triangle, 
and AH, HI, to be the Sides of a Pentagon inſcribed; 
BI is the Side of a Quindecagon, or Poligon of 15 Sides. 


For, becauſe AB is the Side of an equilateral Triangle, 
the Ark AHB is one third part of the whole Circumference. 

Alſo, AH and HI being Sides of a Pentagon, the 
Arks AH and HBI, are each equal to one fifth part of 
the Circumference, i. e. the Ark AHT is equal to two 
fifths, equal fix fifteenth parts; for HI, one fifth, isequal 
to three fifteenths. 

Now, ſince AHB is one third part of the Circumference, 
it contains five fifteenths ; for three times five is fifteen. 

Wherefore, BI is equal to one fifteenth part, and is, 


therefore, the Side of a Quindecagon, inſcribed in the 
Circle ABC. 
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. 
OF PROPORTION, 


HE fifth Book of the Elements of Euclid contains the 


ſublime Doctrine of Proportion; which is, psrhaps, 


the moſt ſubtle manner of reaſoning, the moſt brief, ſolid 


and convincing, that the Art of Man could deviſe. It is 


eſſentially neceſſary in demonſtrating all the Propoſitions of 
the ſixth Book, which alone is ſufficient to recommend it. 
But, where we conſider its general and extenſive uſe, 


throughout the Mathematics, it is impoſſible to be diſpenſed 


with. The Doctrine it contains is not only uſeful in, but, 
it is the Criterion of almoſt every mathematical Science; 


infomuch, that, without the knowledge it teaches, we ſhould 


not be able to advance one ſtep further, 
I muſt ever be of opinion that the readieſt and eaſieſt way 


of acquiring knowledge, is the beſt. The Doctrine of 


Proportion is, in ſome meaſure, born with us; it is a portion 
of Reaſon, implanted in us by Nature; which does not 
require a formal Demonſtration, ſo much as barely to be 
illuſtrated, by ſome familiar Examples; and which, indeed, 


may paſs for Axioms, for moſt of them are really ſuch. 
In 
4 
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In expreſſing and comparing Quantities, of any Species, 
it has been found neceſſary to make uſe of certain Symbols 
or Figures. Which Symbols, Marks or Characters, are 
entirely arbitrary, and might as well have been applied to 
ſignify the Qualities of Things, as Quantity. But, having 
been accuſtomed, from our infancy, to expreſs our Ideas of 
Proportian by Numbers; we no ſooner become acquainted 
with Numbers and the Characters applied to them, but 
we find it almoſt impoſſible, in our Ideas of Magnitude, 
or Quantity of any kind, to compare or eſtimate their Ratio, 
abſtracted from Numbers. In reſpe& of Magnitude, as to 
ſolid Extenſion, or Body; we ſay, when compared, it is 
twice, thrice, or four times as big as another ; ſo likewiſe 
of Extenſion, as to length, ſimply, we expreſs it by one, two, 
or three Yards, Chains, or Miles, &c; and ſo of any other 
Quantity whatever, 


Hence, the mode of expreſſing Quantity, by Numbers, 
is the moſt natural, fimple, and eaſy; and therefore, it is no 
wonder, when we find it expreſſed by other Characters, or 
by Lines, as it is done by Euclid and all his Commentators, 
in the fifth Book, that it appears, at firſt, to thoſe who have 
not conſidered it, quite foreign to the purpoſe ; but, in reality, 
the difference between Lines and Numbers, in expreſſing 


Quantity, conſiſts, only, in being more familiarized to one 
than the other, 


Therefore, ſince Lines, Characters, and Numbers, are 
only different modes of exprefling Quantity, I muſt needs 
think that the beſt, which is the moſt natural and 
ealy to conceive; beſides it is much more convincing 
for, unleſs Lines are divided into the ſame equal Parts, 
whereby we may form a judgment by how much one 
Magnitude, or Quantity of any kind, exceeds another, 
we have no Idea of their Proportion; otherwiſe, than 
Hh 2 that 
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that one does exceed or is more than the other; whereas, 
Numbers aſcertains the Ratio, whether it be equal or 
unequal. 


If Characters (as A, B, C, &c. ) are made uſe of, they only 
denote Quantity, ſimply, but in what Ratio, or Proportion, is 
beſt expreſſed by Numbers; algebraic Characters are not ſo 
expreſſive to thoſe who are not well verſed in them; they 
do not convey an Idea adequate to that given by Numbers, 
neither do they aſcertain the Ratio: and, if Lines are divided 
into equal Parts, to expreſs the Ratio, it is the ſame as 
Numbers; becauſe, we only know the Proportion by num- 
bering the Parts. 


It is eaſily known that there is Analogy, or ſimilarity of 
Proportion, when, in four Quantities, the firſt (i. e. any one) 
contains the ſecond (any other) or is contained, the fame 
number of times, as a third contains the fourth, or is con- 
tained by it ; whether it can be expreſſed in whole numbers, 
as once, twice, thrice, &c; or once, twice and a half, a third, 
a fourth, or any other fractional number whatever. 


E. g. 6 has the ſame Proportion to 24 as 4 has to 16, or 


3 to 12, each being contained four times-in the other; their 
Ratio is, therefore, as 1 to 4. q has the ſame Proportion 
| to 24 as 6 to 16; for each is contained in the other, twice 
and two thirds; the Ratio is as 3 to 8. So likewiſe, 27 is 
to ꝙ as 21 to 7, or 12 to 4; for, each contains the other 
thrice ; therefore, the Ratio is as 3 to 1. 18 is to 1245 
12 is to 8, for they are, each, as 3 to 2. Thus may the 
Ratios of any commenſurable Quantities, whatever, be ex- 
preſſed by Numbers; and, indeed, ſuch as are incommen- 
ſurable, by approximation, are continually approaching nearer 
to the truth, till the deficiency is leſs than any aſſignable 
Quantity whatever, 


- 


Suppoſe 
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Suppoſe any four Terms or Characters, A, B, C, D, to 
repreſent four Quantities, that are analogous in their Ratio, 
: two, and two; i. e. when A (any one) has the ſame Pro- 
portion to B (any other) as C, a third, has to D, the fourth; 
which is thus written, A: B.:: C: D and is read thus; 
as A is to B, ſo is C to D. The four Points, dividing the 
two Pairs, denotes an equal Ratio between them. 


The whole bufineſs, of this fifth Book, is to ſhew, what 
various ways they may be changed, and ſo ordered amongſt 
themſelves, that the Proportion ariſing, on both ſides, may 
ſtill de equal or analogous; which, will admit of great 
variety; ſeing, the Ratios of ſeveral Quantities, that are 
analogous, may be expreſſed by the ſame Numbers; as, 2 to 5 
expreſſes, equally, the Ratio of 6 to 15, of 8 to 20, and of 
14 to 35; each being contained in the other, reſpectively, 
twice and one half. 


Therefore, either by Alternation, Inverſion, Compoſition, 
Diviſion, converting, or mixing the Terms, the Ratio of 
each, may, in each change, be expreſſed by the ſame Num- 
bers; & conſequently, there is always equality of Proportion. 
Nor indeed, is it poſſible it ſhould be otherwiſe, if the Terms, 
on both ſides, be ordered & changed after the ſame manner. 


Wherefore, I am and ever was of opinion, notwithſtand- 
ing what the learned Dr. Barrow, in his mathematical 
Lectures, and Dr. Keil, in his Preface, ſays to the contrary, 
and the high encomiums which Cunn, in his Preface, be- 
ſtows on Euclid's Demonſtrations of the fifth Book; that, 
it is involving a thing, in itſelf not very intricate, if not in 
darkneſs and obſcurity, at leaſt in perplexity; ſeeing that, 
half, or more than half, of the Propoſitions may be diſpenſed 
with, or paſs for Axioms; the remainder being ſufficient, 
towards ataining a full Demonſtration of the whole. 


DE FI. 


233 ELEMENTS or GEOMETRY, 


DEFINITIONS. 


Def. I. QUANTITY is whatever may be meaſured 
or numbered, eſtimated or compared, in reſpect of more 
or leſs. | 


As Magnitude or Body; Extenſion, or length ſimply ; 
Weight, or Gravity, Meaſure, Time, Motion, &c. 


N. B. One Surface may be equal, in area, to twice, thrice or 


four times the area of another Surface; or a Line may have 
tu ice or thrice, &c. the length of another Line. Alſo, if one 
Body moves, uniformly, through twice, thrice, or four times 
the Space, through which another Body moves, in equal Time, 
it will move with twice, thrice, or four times the velocity. 
All which, come under the Denomination of Quantity, and may 
be expreſſed or repreſented by various Symbols or Characters; 
or by Right Lines, of twice, thrice or four times the length, 
one of another; or by Numbers; as 6 contains 3, 2, or 14, 
twice, thrice, or four times, 


Quantities, being compared together, are of two kinds, 
Viz, commenſurable, and incommenſurable. 


Commenſurable Quantities are ſuch as have a common 
meaſure; that is, ſuch Quantities as may be divided into 
the ſame equal Parts,-or into Parts of the ſame magnitude. 


Two Quantities are commenſurable, when ſome deter- 
minate Quantity may be found, which, being taken, or 
multiplied, certain numbers of times, is equal to either, 
without deficiency or exceſs, : 


Incommenſurable Quantities are ſuch as no other Quantity 
can meaſure; 1, e. there cannot be found any determinate 
Quantity, how ſmall ſoever, which, being multiplied, will 


be equal to each of the other; but that there will be a de - 


ficiency or exceſs, in one or the other, 
LS N. B. 


- 
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N. B. Any two Quantities, whoſe Proportion, to each other, 
can be expreſſed by Numbers, are commenſurable ; two Quan- 
tities, whoſe Ratio is ſuch as cannot be expreſſed in Numbers, 
are ſaid to be incommenſurable to each other. 


Def. II. An AL1iqQuorT, or equal Part, is that, when 
a leſs Quantity is contained any number of times, preciſely, 
in a greater; i. e. when a leſs Quantity, being taken or 
multiplied any number of times, is equal to a greater, 

Thus; an Inch, or a Foot, is an Aliquot part of a Yard 
or Fathom ; or an Ounce of a Pound, &c; 3 is an Aliquot 
part of , 12, or 15, &c, 


Def. III. MuLTiPLE. That Quantity is called a Mul- 
tiple, in reſpect of another Quantity, when it contains, 
exactly, or is equal to the other, being taken any number 
of times ; then, the leſs is ſaid to meaſure the greater, 

Thus; a Foot is a Multiple of an Inch, of two, three, 
four or fix Inches, but it is an Aliquot part of a Yard, &c. 

A Yard-is a Multiple of a Foot or of an Inch, &c. but 
it is an Aliquot of a Fathom or Furlong, &c. 


Def. IV. RATIO, or PrRoPoRTION,* is a mutual 
habitude or relation of Quantities, of the ſame kind, in 
reſpect to more or leſs. 

Quantities are ſaid to have Ratio to one another, which, 
being multiplied, can exceed each, other. 


ä a. 


This Definition is rejected, by ſome, as ungeometrical. , 
Profeſſor Simſon ſays, after a long quotation from Dr. Barrow's 
18th Lecture, ** that he fully believes, the zrd and 8th Definitions 
of the 5th Book (the 4th and 6th of this) are not Euclids, but are 
added by ſome unſkilful Editor.” TI muſt freely own, that I am at 
a loſs to conceive why it is they cavil at them; which, to me, ſeem 
both proper and neceſſary. 

Dr. Barrow ſays, that, ** Euclid had, perhaps, no other deſign 
in giving this Definition (which he calls metaphyſical) than to 
give a general, though a groſs and confuſed, notion or idea of Ratio 
ä to 
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In order to which, it is neceſſary that they be of the ſame 
ſpecies or kind, e. g. A Line (having no breath) cannot, 
by multiplying, be compared with, or be equal to the ſmalleſt 
ſurface. Alſo a Surface, (having no thicknefs) cannot, by 
multiplying, be equal to, or compared with a Solid. 80 
neither can Weight be compared with Time, or Motion, &c. 
W herefore, ſuch Quantities as are not of the ſame kind, are 
heterogeneous, and can have no Ratio to one another, 


N. B. The Ratio of two Quantities is not expreſſed by the de- 
ficiency or exceſs of the Antecedent to the Conſequent; 
although they may be compared by them, it is not their Ratio, 

RAr 1 o, is the Value of the Antecedent Term in reſpect of 
the Conſequent. (See the next Definition). | 


Thus, If A is to B as 3 to 5; the Ratio is 3 or 3 fifths of 
the Conſequent. But, if B be taken for the Antecedent, the 
Ratio is greater, viz. as 5 to 3; i. e. J or 5 thirds, which is 

one, and two thirds of the Conſequent; whereas, in the former 
Ratio, the Antecedent, is two fifths deficient of its Conſequent, 


a 


to beginners” grant it; was it not neceſſary, then, to give ſuch 
a general Idea? which, if it be metaphyſical, cannot, I preſume, 
with propriety, be called groſs, though it may be confuſed ; as, in 
my Opinion, is every thing relative to Metaphyſics, for, we can 
only reaſon, on ſuch abſtracted ſubjects, from Analogy, of ima- 
ginary Beings with coporeal; which do not, properly, admit 
of Analogy. | ; 
He ſays, further, that nothing in Mathematics depends on 1t, 
{the 6th) and that, both might well be ſpared, without any loſs to 
Geometry.” I am aſtoniſhed at ſuch an Aſſertion; does nothing 
depend on Proportion, or Ratio, and Analogy of Ratios ? cal 
we (as he ſays we ſhould principally) attend: to thoſe which follow, 
before we know what is meant by Ratio ? can we have any notion 
of any one, from Alternate Ratio to equality of Ratios, betore 
we know what is meant by Ratio, ſimply ? which, in itſelt is un- 
doubtedly metaphyſical ; yet, we cannot have any notion of Rat 
in abſtract; as the Doctor takes great pains (in his zoth Lecture 
to convince us, that Ratios are not Quantities; who ever ſuppoſ 


it? at the ſame time, I find it impoſſible to form an idea of 


Ratio, abſtracted from Quantity, which is the Eſſenee wo 
| ati 
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Def. V. ANTECEDENT and CoNnSEQUESNT are the 


Terms of a Ratio. 

In every Ratio there muſt nece{larily be two Terms, 
denoting two Quantities, The Antecedent is that which 
is firſt named, and being referred to, or compared with 
another Quantity, the latter is called the Conſequent. 

Thus, A: B, or B; A ſignifying, that A has ſome Ratio 
to B, or B to A, (which it neceſſarily muſt if they be 
ſuppoſed to repreſent two Quantities of the ſame kind) 
AorB is the Antecedent, B or A is the Conſequent, 


according, as they are taken, firſt or laſt. 


A Ratio has no exiſtence, either phyſically or metaphyſically, 
without Quantity; the Term, Ratio, implies Quantity; where is 
the Ratio to exif, if nct in Quantity? can we conceive a Ratio 
between non-exiſtences ? the ſuppoſition is abſurd, and cannot be, 
Therefore, I look on the Definitions of Ratio, and Analogy ot 
Ratios, to be abſolutely neceſtary in Geometry, that they were 
given by Euclid, and that his Elements of Proportion would be 
unperfe&t without them. | 

Some Geometers make a diſtindtion betwecn Ratio and Pro- 
portion; for, Dr. Barrow, in his 4th, and Mr. Stone, in his 8th 
Definition, ſay, Proportion is a ſimilitude of 3 which, 
if Ratio and Proportion be the ſame, {as the Doctor afnrms, in a 
Note, annexed) is an abſurd Definition; viz. Ratio is a ſimilitude 
of Ratios. Dr. Keil, in his 8th Definition, calls Proportion 
Analogy, and ſays, © Analogy is 4 fimilitude of Proportions z** 
and Profeſſor Simſon ſays, ** Analogy, or Proportion, is the 
ſunilitude of Ratios,” 
Now, in my opinion, the diſtinction betweem them is ſo very 
nice, that it requires very acute diſcernment to diſcover the diffe- 
rence, What is by them called Proportion is, pfoperly Analogy, 
1. e. when the Ratios are equal or ſimilar; for, Dr. Keil, in his 
4th Definition, ſays, Magnitudes are faid to have Proportion to 
one another.“ Mr. Stone fays, ©* Magriitudes ate ſaid to have 2 
Ratio to one another.“ Pr. Barrow, in his fatth; changes 
Magnitudes for Numbers, but makes uſe of the Term Ratio. 
8o likewiſe, in the ſixth Definition; Keil ſays, “ Magnitudes 
that have the ſame Proportion oo. Simſon and Stone ſay, in the 
6th * Magnitudes which have the ſame Ratio, are called Pro- 


portionals ;" conſequently, they all mean the fame thing, by 
\atio and Proportion, 3 
Ii Def. VI. 
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Def. VI. ANALOG, “ of RAT ros, is a ſimilitude 
or equality of Ratios, i. e. When the Antecedent 9 


e 
one Ratio contains its Conſequent, equally, as the An. , 
tecedent of another Ratio contains its Conſequent. . 
92 | | 2 th 
* Tt was not the Deſign, of thoſe Geometers who made uſe of be 
this Term, to define Analogy, in abſtract, but only, to explzin 
what is meant by analogy of Ratios (between two and two Quay. 
tities) which is a very proper and expreſſive Term, for equality ta 
of Ratios; it was neceſſary, that ſome one or other ſhould be mad: v 
uſe of. Analogy, applied to Ratios, is, at leaſt to me, ver 
expreſſive of the thing meant by it; much more ſo, in my Opinion, the 
than Proportion; which is only another Term for Ratio, or Ratio fourt 
for Proportion; which, Terms, are ſynonimous, and equally 
expreſſive. To what purpoſe are all the various changes, by 
alternation, inverſion, &c. if we take away Analogy ? all the ut 1 
that is or can be made of them is, only, to ſhew, that the reful: 
of theſe changes is Analogy ; the chief, if not the only way of 
reaſoning from Proportion, in general; conſequently it is not a 
unneceſſary Term. g 
If we muſt needs be caviling, there are other Definitions which or 
are much more exceptionable; as the fourth of Euclid, viz. 2 
„Magnitudes are ſaid to have a Ratio to one another” &c; in 
reality, it is not a Definition of any thing, but is only meant v U 
acquaint us, what Quantities can have Ratio to each other; wich A 
common ſenſe has amply provided for: who would ever think f 
comparing Time with Gravity, Meaſure, &c; or with any cor. 1 
real ſubſtance, Superficies or Solids ? dent: 


The fifth is not, properly, a Definition, but intended, only, 2 3 
a ſign of Analogy (ſee the Remark on it, at the end of this ü 
Book). The gth is leſs ſo than either of the former, viz. Pro -W 


8 (or Analogous Ratio) conſiſts of three Terms, at leal. 40 

That does this define? nothing; can any Perſon be at a loſs u an 
know, that there muſt needs be three Terms, who has had Analog conſe 
of Ratios defined, where he always finds four? but, one of tit ow 

four, is ſometimes taken twice, I therefore, look on it as ſuper 

fluous and unneceſſary, ſeing it is a neceſſary conſequence n Ag 
| Analogy ; yet, it is not improper, by way of Nota bene or Remari; alſo | 
| but there could be no impediment, to the attaining of the reſt, T 
| 1 was never mentioned. Therefore, it may, very ſafely, i 5 
oted out of the Vocabulary of Definitions; for, to u and ĩ 

Dr. Barrow's own words, Proportion would ſuſtain no loſs by i. | 
— and I do verily believe, that this was never given by Euclid, N. B. 
as a Definition. Te 


2 Or, 
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Or, when the Antecedents, of both Ratios, are contained 
equally in their reſpective Conſequents. 


Thus; q has the ſame Ratio to 3, as 6 to 2 for each 
is as 3 to 1, i. e. each Antecedent contains its Conſequent 
thrice; therefore, there is the ſame Ratio or Proportion 
between them, and they are ſaid to be Analogous. 

Alſo, 6istog as 2 to 3, for each Antecedent is con- 
tained once and a half in its Conſequent. 


When the ſecond Term has not 'the ſame Proportion to 
the third, as the firſt has to the ſecond, or the third to the 
fourth, they are ſaid to be directly or diſcretely proportional. 

Thus,4:6: :8: 12, directly or diſcretely; but, 4:6::9:131 
is both directly and continual. (See Def. 7.) 

When one Antecedent contains its Conſequent, or is 
contained in it, more than the other Antecedent contains 
or is contained in its Conſequent, though by ever ſo ſmall 

a part, the Ratio is unequal; and they are called, ſimply, 

UxEOUAL RaT1os, 


Analogy of Ratios is thus expreſſed; A: B:: C: D. 

The firſt and third Terms, A and C, are the Antece- 
dents, and may be taken for any Quantities whatever; 
B and D, the third and fourth, are the Conſequents. 


Wherefore, if A be ſuppoſed, in Numbers, to repreſent 9, 
and C, 3; and, if B be equal 6, it will be thus, 9:6::3:2; 
conſequently, D will repreſent 2. But, if B alſo repreſents 3, 
then will D expreſs or ſignify but 1, viz. 9: 3: 3: 1. 

Again; if B repreſent a greater Quantity than A, D will 
alſo be greater than C; thus, 9: 12: : 3:43 or 9:15: 3:5. 

The three firſt Terms being fixed or known Quantities, 
and in a certain order, the fourth is a neceſſary conſequence. 
N.B. In Analogy of Ratios, there muſt neceſſarily be three 

Terms, ſeing that there is ſimilitude or equality of Ratios, (and 


each Ratio conſiſts of two Terms, the Antecedent and Con- 
| Ii 2 ſequent; 
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ſequent; Def. V.) But, fince the Conſequent of the firſt Ratin 
may, alſo, be the Antecedent of the ſecond (as A: B:: B: C) 
three Terms are ſufficient to conſtitute Analogy ; in which cafe, 
it is neceſſary that they are all of the ſame ſpecies or kind. 


But, when there are four Terms (A: B:: C: D) the ff 
Ratio (A: B) may be of a different ſpecies from the other (C: D) 
for, there is the ſame Ratio between a Foot and an Inch, two, 
three, or four Inches, &c. as between a Pound, and one, two, 
three, or tour Ounces, (Troy Weight) conſequently, there may 
be Analogy of Rativs, between heterogeneous Quantities, 


Def. VII. ConTinuaLl RATIO is when, in three 
or more Quantities, the firſt is to the ſecond, as the ſecond 
to the third, as the third to the fourth, &c.; or, more 
p:operly, the third is to the fourth, as the ſecond to the 
third, and that, as the firſt is to the ſecond. 


Thus. In four or more Quantities, A. B, C, D, if C 
has the ſame Proportion to D, as B has to C; and, if B 
has alſo the ſame Proportion to C, as A has to B, they are 
then in continual Proportion, or geometrical Progreſſion; 
and are thus writ, or ſymbolized; A: B: C: D. 
N. B. Each Term being twice taken, except the. firſt and laſt, are, 
therefore, both Antecedent and Conſequent, 1. e. the ſecond 
Term is a Conſequent in reſpect of the firſt, and the third of 


the ſecond ; but they are, allo, Anteccdents in reſpec ot the 
third and fourth Terms. | 


In continual Ratio, all the Terms are, neceſfarily, of the 
ſame ſpecies or kind: ie. T'he Quantities muſt be homogeneal, 


If A and C, the two firſt Terms, or D and C, the two laſt, are 


any fixed or determinate Quantities, all the reſt are deter- 


minable; which, in Numbers, is obvious. 


Let A be 4, andB6; it will then be thus, 4:6:9: 131 ＋π c. 
each conſequent Term containing its Antecedent once and 
a half, But if A be t 3, and B 6, it will be 3:6:12:24 * 
the Ra tio being as 2 to 1, or double. TY 


Or, if A repreſents 2, and B 6, then 2:6: 18: 54+ Ke. the 


Ratio being triple, or as to 3 to 1. So that, whatever Ratio 


there is between the firſt and ſecond, that Ratio is continued. 
Therefore, 


lat 
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a Therefore, when the Ratio is increaſing (or rather when the 
) Quantity is increaſing, for the Ratio is the ſame, throughout) 
A the Quantity ot C, D, &c. is determined either by Addition or 
Multiplication; as in a decreaſing Ratio, (i. e. when the An- 
fl tecedent is the greater Quantity) by Diviſion or Subtraktion. 
| | 
N Def. VIII. PROPORTIONALS are ſuch Quantities as 
. are in the ſame Ratio; diſcretely or continual. 


Proportionals conſiſt, at leaſt, of three Terms, or 
Quantities; which are uſually ſymbolized by Right Lines; 
or by Characters, as A:R::C:D, the Ratio being de- 
termined by Numbers, | 


r 


Def. IX. MRAN PRoPORTIONAL, and TRIAS 
PROPORTIONAL. 3 2/1/44 
) When there are three Terms, only, or, if three Terms 
} are Proportionals, as A, B, C, they are in continual 
. Proportion; thus, if A is to B, as B to C, in equal 
Ratio; then, the middle Term, B, is a Mean, between 
the other two; and is, therefore, called a MEan, 
PROPORTIONAL. = . 
The firſt and laſt Terms are the Extremes of the Pro- 
portionals; either of which, A or C, when there are 
but three, is called, a THIRD PROPORTIONAL, 
in reſpect of the other two. 


Hence it is evident, that, in continual Proportion, of four 
or more Quantities, each Term, except the firſt and the 
laſt, is a Mean, between its Antecedent and Conſequent. 
N. B. If two Terms or Quantities are given, and a third be re- 

quired, in the ſame Ratio to either of the given Terms as that 

has to the other, the Quantity found is a third Proportional. 


Def. X. EX TREE and MEAN PROPORTION is, 
when any Quantity is ſo divided, into two Parts, that, 
the leſſer, the greater, and the whole, are in continual 
o e dr. 2 

6 A Right? 
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A Right Line is ſaid to be divided in extreme and mean 
Proportion; when, being cut into two unequal Parts, 
the Ratio of the whole Line, to the greater Segment, is the 
ſame as of the greater Segment to the leſs, 


If the Line AB be cut in C. A 8 


Then, if the whole Line, AB, is to AC as AC is to CB ; 
AB is divided in extreme and mean Proportion, 


Def. XI. A FouR TR PROPORTIONAL, 


If four Terms, A,B, C, and D, are Proportionals ; 
whether they are analogous, only, or in continual Pro- 
portion, either of the Extremes, A or D, is à fourth 


Proportional, in reſpect of the other three. 

N. B. If three Terms or Quantities are given, and a fourth is 
required, in the ſame Ratio, to any one of the given Quantities, 
as the remaining two have, the one to the other; the Quantity, 
ſo found, is a fourth Proportional. 


Def. XII. DupTlicArE and TRIPIICATE RAT 10. 


If four, or more Terms, A, B, C, D, are in continual 


Proportion; the firſt, A, is ſaid to have, to the third, C, 
a duplicate Ratio of A to B, the firſt to the ſecond. 

And the Proportion of A to D, the firſt to the fourth, 
is triplicate of A to B; and fo on. 


Def. XIII, ALTERNATE RAT10 is the mutation of 
the two middle Terms, of four proportional Quantities ;* 
j. e. when Antecedent is compared with Antecedent, and 
Conſequent with Conſequent ; and they are called homo- 
logus, corational, or correſponding Quantities, 
Thus, A:B::C:D, directly. — , 27:18; :6:4. 
Then, A: C:: B: D, alternately — So, 27:6: :18:4. 


— * — 


_——Y * "y 


* Alternate Ratio cannot exiſt or take place, unleſs both Ratios 
are of the ſame ſpecies; ſeeing, there is no Ratio or compariſon 
MO, between 


2 


% —— K — „ ww 
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N. B. When the Product, ariſing from the multiplication of the 
two middle Terms, is equal to that of the two Extremes, it 15 
a certain proof of Anzlogy, conſequently, it will be the ſame, 
whether — are taken directly or alternately. | 


Def. XIV. INV VERSE RATIO is when the Conſequent 
is taken for the Antecedent, and compared with the An- 
tecedent as a Conſequent, | 

In this Caſe, the middle Terms become the extremes, 
If A: B:: C: D dircaly. — 27:18: :6:4. 
Then, B: A:: D: C inverſely. — So, 18:27: : 4:6. 


Def. XV. CourouvpED RAT to is when the Ante- 
cedent and Conſequent, being taken or added together, 
as one Quantity, are compared either with the Antecedent 

or with the Conſequent. | 

If A: B:: C: D; then, AB: A, or B,: CD: C, or D. 
5:9: : 2: 33 then, 156, org, : : 5: 2, or 3. 


Def. XVI. DrvyrpED Rar 10 is when the difference, 
between the Antecedent and the Conſequent, is compared 
either with the Antecedent or the Conſequent. 
If A: B:: C: D. Then, whether A be greater than B, or 
B than A; the difference, being taken, is compared either 
with A or B; as alſo, the diffe.ence between C and D, 
is compared with Cor D. | 
Thus, A- B, orB — A,: A, orB,: :C—-D,oD—C:,CcorD, 
15:6: : 5:23 then, the difference, 9,: 6, or 15, : 3:2, or 5. 


—— —_ — 


between Quantities that are heterogeneous. (ſee Def. IV.). For, 
if four Quantities are in analogous Ratio, (A: B:: C: P,) it is not 
neceſſary that the firſt pair (A, B,) ſhould be of the ſame kind as 
the laſt (C and D.) But, in Alternate Ratio, the Antecedent of 
one Ratio is compared with the Antecedent of the other, and 
Conſequent with Conſequent; wherefore, it is abſolutely neceſſary 
that both Ratios are of the ſame kind. 

B. In the ſeven following Definitions, it is the ſame whe- 
the&they are of the ſame kind or not; i. e. each pair may be of 
a different kind and heterogeneous to the other. 

Def. XVII. 
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Def. XVII. Convenst RAT TO is when the An. 
recedent is compared wich the difference between the 
Antecedent and the Conſequent. 


If A: B:: C: D. Then, whether A exceeds B, or Bexceede A; 
it will be thus; A: AB, or BA,: : C: CD, or D-. 
12:27: : 4:03 and, 12 or 27,:15 (the difference): : 4, or 9.5. 


Def. XVIII. MIX EDB RAT 10 is when the Antecedent 
added to the Conſequent, as one Quantity, is compared 
with the exceſs, by which the one exceeds the other; 

- And, vice verſa, when the difference, between them, is 
compared with the ſum of both, | 

If A: B:: C: D; then, A+B:A—B, or BA, :: C 
C -D, or D-C. 7.3:: 21:9; then, 10:4: 30:12; 
the Antecedent being the greater Quantity. 


Def. XIX. ORDIX ATE RATIO of EGAL ITI. 


If there be three or more Quantities in one Rank ot 
Order, in any Ratio whatever, and as many in another 
Rank, in the ſame Ratio, comparing two and two; 
i. e. as the firſt is to the ſecond, in one Rank, ſo is the 
firſt to the ſecond, in the other; and, as the ſecond is to 
the third, ſo is the ſecond to the third, &c.; it will then 
be as the firſt is to the laſt, in one Rank, fo is the firſt to 
the laſt in the other; or (comparing, the Extremes) as 
the firſt is to the firſt, fo is the laſt to the laſt. 


In the two Ranks A, B, C, D, and E, F, G, H; 
If, A: B:: E: F, and B: C:: F: G; alſo, as C: D.: G: H. 
Then, as A: C, or D,: E: GorH; alſo, as A: E:: C: G, o: H. 
Let the firſt Rank be as 3:7: 5: 8; and let E be 
Then, F will be 21, G will be 15, and H 34, 
For, as 3:7: :9: 21; and as 7:5: 21: 153 alſo, as 5:8: 1524. 
Then 3: 5, or 8, as 9: 15, or 243 and as 3:9: : 5: 15, or 8:24. 
Ratio 
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Ratio of equality * is of two kinds, ordinate and inordinate, 


Ordinate Proportion is what is already defined ; or, 
when there are, at firſt, but four Quantities, in analogous 
Ratio, either diſcretely or continual ; and other Quantities 
are aded, after the ſame manner, and in equal Ratio. 


For example; let the Ratio of C: D be as A: B. 


Now, if other Quantities be added, on both ſides, in ſuch 
wiſe, that the Ratio is the ſame, ordinately, there is ſtill equality. 


Firſt, let the Quantities added be Antecedents; 
If A: B:: C: D; then, let E be to A as F to C; 
or, let them both be Conſequents, viz. as B: G:: D. H. 

It is manifeſt, that, in either Caſe, the Ratio is ſtill 
the ſame; being taken progreſſively. 


For, as E:B, or A:G,::F:D, or C toH; 
alſo, as A: B, or C:D,::E:F, or G to H; in either. 


Def. XX. IN ORDINATE RaTio of EqQuaALITY 
is, when in equal Ratios of two Quantities each; as the 
Conſequent of one Order is to ſome other Quantity, ſo is 
another Quantity to the Antecedent of the other Order, 

Then, as the Antecedent, of the firſt, is to that other 
Quantity, ſo is the other Quantity to the Conſequent 
of the other Order, 


If A: B:: C: D; and, if B: E:: F: C; then, A: E:: F: D. 
3:4::21:28; and, 4:14: :6: 213; then, 3:14: : 6:28. 

Again, if E: G:: H: F; then, A: G:: H: D. 

For, 14:7: : 12:63 then, 3:7: : 12128. 


10 5 


By Ratio of equality is not meant equality of Ratios ſimply; 
but, in two Ranks of Quantities, whoſe Ratios are ordinate or inor- 
Cinate, the Ratios are equal, at equal Diſtances from the Extremes. 


K k Def. XXI. 
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what Proportion ſoever. 
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Def. XXI. ComeosiTtion of RAT IOS. 


In any Number of Quantities, and in any Order, 
whatever; the Ratio of the firſt to the laſt is equal to that 
which is compounded of all the intermediate Ratios. 


If A, B, C, and D, repreſent as many Quantities 
whatever is the Ratio of A to B, of B to C, and of C toD: 


the Ratio of A to D, is equal to the Ratio compounded 


of them all. 


Thus, if A is to Bas 3to 5, Bto Cas 5 tos, andC to D as8 tob. 
„ A 3 B 5 er 
Then, A D: : 3:0; compounded of B 72 C 8 & of 55 7 


i. e. Multiply all theAntecedents into one another; 3 x 5 x 8=120; 


anddivice theSum, by that of alltheConſequents; 5 x 8 x 6=240, 
then is A to D, as 120 to 240, or as 3 to 6; i. e. as Ito 2, or . 


* 
| — — 


* This laſt Definition is generally given in the ſixth Bock, for 
which 1 cannot conceive a reaſon. The Doctrine of Proportion is 


a diſtinct ſubject, and therefore, all which relates to it ſhould be 


together, in one Book; which, according to Euclid, is che fifth: 


to which (in the ule and application of it, in the ſixth and other 


Books,) we may refer on alt Occaſions. 


Dr. Barrow, indeed, gives nearly the ſame thing, in both. 
In Def. 20. B. 5. he ſays, * any number of Magnitudes being put; 
the proportion, of the firſt to the laſt, is compounded out of the 
proportion of the firſt to the ſecond, the ſecond to the third, and 


the third to the fourth, &c. till the proportion ariſe.” 


The proportion, which is between the firſt and the laſt, will, and 
mutt neceffarily, ariſe, by the compoſition of all the intermediate 
Ratios, which 1s evident from the manner of compounding them; 
nor is it poſſible to be otherwiſe ; ſeeing that, each of the inter- 
mediate Quantities is both Antecedent and Conſequent. There 
fore, the Ratio emerging at laſt, ſeeing, it depends entirely on 
the firſt and laſt, muſt ever be equal to the Ratio of the firit to 
the laſt ; let the intermediate Quantities be ever ſo many, and in 


According 
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According to Euclid, there are fix various ways of reaſon- 
ing, from Proportion, including ordinate and inordinate 
Ratio in that of Equality; which, in effect, is all one. 
Inordinate Ratio differs from ordinate, in nothing but the 
diſpoſal of the laſt Quantity; for, whether it be conſidered 
and compared as an Antecedent or as a Conſc quent, by 
placing it firſt or laſt; the Ratio, in either caſe, being the 
ſame, it will {till be as the firſt to the laſt, ſo is the full to 
the laſt; but not, one Quantity, (added) to the cth2;, as in 
the former caſe, where the (Quantities, added, are both An- 
tecedents, or both Conſequents. 


But there is another way of reaſoning by Proportion, 
diſtin from the reſt, which is not in Euclid ; viz. mixed 
Ratio, (Def. XVIII.) that is, comparing the ſum of the An- 
tecedent and Conſequent with their difference, In reſpect 
of Converſe Ratio, it differs in nothing from inverſe, which 
includes all Conyerſe Ratios whatever; ſince, all Ratios, 
that are analogous, are inverſely ſo, or converſely, which is 
the ſame thing. Nor do I ſee any Reaſon, why the 15th 
Definition, of Compounded Ratio, has not a converſe, as well 
as the 16th of Divided Ratio; ſecing that, oye holds good 
as well as the other; and is as neceſſary to be Known, it 
being as frequently made uſe of as the other, 


That the manner, and the order, of the ſeveral changes may 
be ſeen at one view, I have given them over again; with the 
converſe of each, in the following abſtract; keeping the 
ſame Ratio throughout the whole. In which five Caſes, 
viz. alternating, inverting, compounding, dividing and 
mixing, with their converſe, together with equality, ordinate 
and inordinate, is contained all the variety in which the 
Terms, of analogous Ratios, may be changed and flill be 
analogous; and which, anſwers almoſt every purpoſe, of 


reaſoning from Proportion. 4 ̃ 7 
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If A: B:: C: D, directly, as 3 to 2; thus, 21: 14:: 9:6, 
Then, A: C:: B: D, alternately. = - = 21: 9::14:6. 
Alſo, B:A::D:C, inverſely. - - 14:21: 6:9. 
And, Ar B: A, or B, :: CD; C, or DO.) 

rr e by Compoſition. 
Alſo; A, orB,: A +B :: C, orD, : C. 

2411, or 14, + 35-3: 9, or 6, 15 
And, A- B: A, or B,: bn 
7:21, or 14, ::: 3: 0, or 6, 
Alſo: A, or B,: AB:: C, or D: C -D 
21, or 14: 7 19, or 6:3 
Again, AgB: A- B:: CD: C, mixing; 35: 7:15: 3. 
or, AB: AB: C -D: CD, converſely, 7:35: 01%, 


converſely, 
| by Diviſion, 


| 5 converſely. 


Ordinate Ratio of equality. 
If A: B:: C: D; and, if B: E:: D: F; then, A: E:: C: F. 
21:14:19: 6; and, 14:42: 6:18; then,21:42:: 9:18, 
Inordinate Ratio of equality. 
If A: B:: C; D; and, if Bi E:: F: C; then, A: E::F:D. 
21:14:: 9: 6; and, 14:42:: 3:4; then, 21:42:: 3: 6. 


Thus, having ſhewn all the variety of changes, and, that 
the Ratios emerging from each, in numbers, are equal or 
analogous; there remains, one might reaſonably ſuppoſe, 
nothing more ta be done. For, after this knowledge once 
obtained, of what uſe can it be to perplex the Student, with 
a tedious Demonſtration of what, in Numbers, is clear and 
manifeſt; and which, I am perſuaded, needs no further 
Demonſtration. Nor do I fee, excepting Alternate Ratio, 
(which is, alſo, ſufficiently evident, in Numbers) that any 
of the reſt require Demonſtration ; or are made more mani- 
feſt by it. For, the Ratios of all commenſurable Quantities 
may be expreſſed by Numbers; and it is ſufficiently manifeſt, 
that, by Analagy, it muſt alſo hold true in reſpect of Quan- 


tities, which are incommenſurable. : 
t 


Book V. ELEMENTS or GEOMETRY. 253 


It is evident, that, ſince A: B:: C: D, whether the Ratio 
of A to B be commenſurable or incommenſurable, the Ratio 
of C to D being the ſame, as A to B, they will ſtill be 
analogous in every change. 

E. g. Suppoſe the Ratio of A to B and of C to D be as the Side 


of a Square to the Diagonal; or, as the Diameter of a Cirele 
is to its Circumference, &c. 


-- * 
— 


— 2 
n 


Now, it is manifeſt, that the Side of one Square is to its 
Diagonal, as the Side of any other Square is to its Dia- 
gonal; conſequently, their Ratios are equal, notwithſtanding 
they cannot be expreſſed in Numbers; for 3: 5 :: 9:15, 
i. e. 3: 5 :: 3:5; conſequently, 3:3: : 5:5, &c. Therefore, 
ſince the Side of one Square, is to its Diagonal, as the Side of 
any other Square to its Diagonal; conſequently, as Side is to 
Side, ſo is Diagonal to Diagonal; alſo, as the Side added to the 
Diagonal, is to either Side or 1 ſo is any other Side 
added to its Diagonal, to either; likewiſe as one Diagonal is to 
the Side, ſo is the other Diagonal to the Side; or, as the Dia- 
gonal, leſs the Side, to either, ſo is the Diagonal, leſs the Side 
to either; and thus it muſt ever be through all the variety of 
Changes that can be, if they are ordered and changed after the 
ſame manner, on both Sides. 
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In what I have advanced, on the Subject of Proportion, is 
contained the eſſence of the whole fifth Book of Euclid; 
and if it be clearly underſtood, the Doctrine of Proportion is 
already acquired; and conſequently, all that can be ſaid more 
of it, by way of Demonſtration, is, in a great meaſure, 
ſuperfluous. However, not to leave the whole Doctrine of 
Proportion without a Foundation, leaſt it ſhould be cenſured 
by the ſcrupulous, I have demonſtrated or more fully 
illuſtrated, ſome of the moſt eſſential, on which the whole 
depends; ſome of the others I have made Axioms, for 
being ſelf evident they require no Demonſtration, 


AXIOMS, 
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5 AXIO Ms, or ſelf-evident PROPOSITIONS. 


Ax. I, One Quantity is to any other Quantity, as all the 

Parts of one, is to all the Parts of the other. 
„ Let A and D be two Quantities, and, let A be 
= divided, any how, into Parts, a, b, c; alſo let D 


. be divided any how, in d, e, and f. 
| : Then, A: P. aT be: def. 


Equimultiples,“ or equal Parts, of equal Quantities 


A are equal, 
| [aſe] 4 Let A and B be equal Quantities; then, if C 
and D be equal twice or thrice, &c. of A and B, 


reſpectively; 2A=2B, or 3A=3B, i. e. C=D. 
Alſo, if A and B be divided into two or more 
equal Parts, aa, ö b, &c; ag bor; Arg B, &c. 


I. Any Multiple of the whole is equal to the ſame | 


1 = f p | Multiple of all its Parts, taken together. 


| Let B be taken any Multiple of A; then, what- 


ever Multiple B is of A, it is manifeſt, that it 


b 
contains the ſame Multiple of a and b, the Parts 
1 of A and B; a, a, a, and b, 5, 6. 


IV. The ſeventh Propoſition of Euclid. 


Al 2 Equal Quantities have the ſame Ratio to any 


third Quantity, or to equal Quantities. 
For, if A and B be equal Quantities, they have 


: the ſame Ratio to a third Quantity, C, or to equal 
| D 5 Quantities, D and E; ſeeing that, either may be 
: taken for the other, 


9 


* By Equimultiples is meant, that the Quantities are taken, 
or multiplied, an equal number of times. 


V. The 
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V. The ninth Propoſition of Euclid. 


Quantities that have an equal Ratio to the ſame 
Quantity, or-to equal Quantities, are equal, 


If A and B have the ſame Ratio to C, or D; 
Alſo, if A has the ſame Ratio 


A and B are equal. 
to C, as B to D; if CSD, A=B. 


VI. The tenth Propoſition of Euclid. 


That Quantity which has the greater Ratio to a 
third Quantity, or to equal Quantities, is the 
greater Quantity. And, of two Quantities, that, 
to which a third Quantity has a greater Ratio, 1s 

the leſſer Quantity. 


If C has a greater Ratio to B, than A has to B, 


C is greater than A, 


Alſo, if A has a greater Ratio to D than to C, 


D is leſs than C. 
VII. The fifteenth Propoſition of Euclid, 


Quantities have an equal Ratio to their Equi- 


multiples ; or to their equal Parts. 


Let A and B be two Quantities, in any Ratio 
whatever; and let them be taken an equal number 


of times: Or, let them be divided into the ſame 
number of equal Parts; The wholes of A and B 
are equimultiples of thoſe Parts, 


A:2Aor 3A, : B: 2B or 3B. i. e. 1:2 or 3:: 1: 2 or 3. 
Or, as 3A, or A, : A:: 1B, or 3B, : B. 
Alſo, A: Aa (tA) or At, ::B:Bb (2B) or Bt. 


other, as their Equimultiples; or, as their equal 
Parts. 


0 


2 
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VIII. Quantities are in the ſame Ratio, to each f 
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Let A and B be any Quantities, divided into 
equal Parts, as before, at @ and 5, or 1,2, 3; 
alſo, let C and D be any equimultiples of A and B. 

Then, A: B:: 2A: 2B, or as 3A: 3B; i. e. as C: D. 

For C and D are any equimultiples of A and B; 


Wherefore, as often as A contains B, or is con- 


tained in B; ſo often 2 A contains 2B, or is 
contained in 2 B; i. e. as C contains D, or is con- 
tained in D; conſequently, A: B:: C: D. 

Alſo, as A: B:: Aa (1A): B ( B) 
or, as Al to Bi. (3A to 3B.) 


If two Quantities be divided into Parts of equal 
magnitude (conſequently equal amongſt themſelves) 
then, one Quantity is in the ſame Ratio to the 
other, as the number of Parts, in one, to the 
number of Parts, in the other. 


Let A and D be two Quantities, divided into 
equal Parts, a, b, and c; d, e, f, and g; 

Then, A:D::3:4; or, as 6 to 8, &e. 
i. e. as a U is tod +e+f +8 


If Quantities are proportional; the firſt to the ſecond, 


as a third is to a fourth, &c; then, if the firſt be 
any multiple or equal part of the ſecond, the third 
is an equimultiple or equal part of the fourth, &c. 

For Quantities are to each other, as the numbet 
of Parts in one, to the number of Parts in 
the other. 58 — by the th. 

Therefore, if A: B:: C: D; A contains, or is 
contained in B, as often as C contains, or is con- 
tained in DP). — — Def. b. 
otherwiſe, the Ratios are not equal, or analogous. 


" XI. In 
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Axiom XI. In four proportional Quantities, 
j. e. when any one is to another, as a third is 
to the fourth, (Def. 6.) whether the firſt be equal 
to, greater, or Jeſs than the ſecond, the third is 
alſo equal to, greater, or leſs than the fourth. 


If A: B:: C: D; then, if A be equal to B, C=D; SIS 


and, if A be greater, or leſs than B; C is, alſo, 
greater, or leſs than D. 
For, A has the ſame Ratio to B, as C to D; 


And, a greater Quantity cannot have the ſame 
Ratio to a leſs, as a Jeſs to a greater. Def. 6. 


XII. The fourteenth Propoſition of Euclid, 


If four Quantities are proportional; then, if the 
Antecedent of one Ratio be greater than the An- 
tecedent of the other, the Conſequent of the firſt is 
alſo greater than the Conſequent of the other; if 
the firſt are equal, the other are alſo equal; and, 
if leſs, leſs. | 
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For, A:B;:C:D; and, if A be equal to, \ 


greater, or leſs, than B, C is alſo equal to, greater, 
LE j mr ĩᷣͤ— 

Wherefore, if ASC, B=D (Ax. 5.) and con- 
ſequently, if A be greater or leſs than B, C is, 
neceſſarily, greater or leſs than D. 


XIII. The eleventh Propoſition, of Euclid. 


| Ratios that are equal to the ſame Ratio, or to | 
equal Ratios, are equal between themſelves, 

This follows from the third Axiom of Book 11, 
by ſubſtituting Ratios for Quantities, 


LI 
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XIV. The thirteenth Propoſition of Euclid. 


If four Quantities are proportional, the firſt to the ſecond, 
a5 the third to the fourth; and if the Ratio of the third to 
the fourth, be greater or leſs than a fifth Quantity has to a 
ſixth ; the Ratio of the firſt to the ſecond, is alſo greater 
or leſs than the fifth to the ſixth, 


If A: B:: C: D; and, if the Ratio of C to D be either 
greater or leſs than E to F; the Ratio of A to B is ali 
greater or leſs, than E to F. 

For, the Ratio of A to B is equal to the Ratio of C to D; 
therefore, their Ratios are the ſame, in reſpect to any other. 


Note. By miſtake, the 7th and 8th Axioms are miſplaced. But, 
as either is the other, alternately, it is of no conſequence ; ſave 
only, that the firſt part of the 8th is, properly, Euelid's fifteenth 
Propoſition. | a | 


POSTULATES 


T. Grant, that equal Ratios may be taken, one for the other, 


2. Grant, that any Quantity may be. divided into any 
number of Parts, equal to one another z or as any other 
Quantity is divided, 


3. Grant, that a Quantity may be taken or aſſumed, in any 
Ratio to any given Quantity. 


The iffamption of this laſt Axiom is not allowed by ſome Geo- 
meters; notwithſtanding, to me, it appears full as poſſible, 3 
that equimultiples, or equal parts of Quantities may be taken; 


by one or other of which Suppoſitions, they demonſtrate tht 
whole fiſth Rook, 


THE 


Bo 
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THEOREM J. 1 Euclid. 


If Quantities, which are equimultiples or equal parts 
of other Quantities, be added into one Sum, or 
Quantity; the ſame multiple or part, which one 
Quantity is of the other, reſpectively, the whole 


is of the whole, AB CD * 
Let A, B, and C be equimultiples, or | 
equal parts, of D, E, and F, reſpectively ; 


i. e. whatever multiple, or part, A is of D, 
let B be the ſame multiple, or part, of E, 
and C of F. 

Then, A, B, and C, added together, 
into one Sum, is the ſame multiple or part 
of D, E, and F, added together, as A is 
of D, B of E, or C of F. 


_ 
_— _ 


Du. For, let A be equal to 2D, or 3D; then, B=2E,orzE,&c; 
conſ. A+B+C=D+E+F, taken twice, or thrice, &c. 
But, Quantities are to each other, as the number of Parts, 
in one, is to the number of equal Parts, in the other; - Ax. q. 
wh. as A: D, B: E, and C: F, :: A+B+C:D+E+F. 
Conſequently, as often as A contains D, or is contained 
in D, &c. ſo often the whole of A4-B+C contains, or is 
contained in, D+E+F. Therefore, &c. A 


For, if either be multiples of the other; the latter is, 
conſequently, equal parts of the former. 
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THEOREM IL 12 Euclid, 


If any number of Quantities, are Proportionals, 
(ie. being taken two and two, their Ratios are 
analogous) then, as any one of the Antecedents 


is to its Conſequent, fo is the ſum of all the Ante- 


cedents to the ſum of all the Conſequents, 


AB :CD..HF 


Let A, B, C, D, E, and F be propor- 
7 tional Quantities; of which, let A be to 
B, as C is to D, and as E to F. 


I ay, as A is to B, or C to D; 
ſo is A, C, and E, added together, 
to B, D, and F, together. 


ö 
L 
| 
| 


Du. Now, A: B:: C: D, and, as E: F, therefore, their 
6— —˙· l Det. 6 
Wherefore, if AgB, C=D, and EF Ax. 11. 
conſequently, A+C+E=B+D+F. - Ax. 6.1. 
therefore, as A: B, or as C:D, :: A+C+E:B+D+4F. 
Again, if A be any multiple, or equal part, of B; then, 
C is anequimultiple, orequal part, of D, & E of F -Ax.10, 
wherefore, A+C+E is the ſame multiple, or equal part, 


of BDF, as A is of B, as Cof D, and as Eof t - Th.1. 


But, Quantities have the ſame Ratio, to each other, as 
their Equimultiples, or as their equal Parts. = Ax. 8. 
Th. as A: B, as C: D, or as E: IV, : ACE: BDF. 


Now, becauſe there are ſuch Quantities, which cannot be equi- 
multiples or equal Parts, ove of the other, this Demanſtration is 
not politive, in reſpect of ſuch Quantities ; and, notwithſtanding 
they may be divided into the fame number of equal Parts, yet it 
will be tound no eaſy matter, to give perfect Demonſtration, ſee- 
ing that, equal parts are in the ſame Ratio to each other as the 
wholes. Ax. 8th, 

Suppoſe A to B, and C to D, &c. are incommenſurable, but 
in the ſame Ratio; ſtill, A+C+E:B+D+F, &c. :: A: B, &c. 
becauſe, A might either be equal to C, cr E, or it might be ſome 
| Multiple or equal Part of C, and C of E, &c, q 
3 ny 
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Or, ſuppoſe A be incommenſurable to C, and C to E, &c. 
provided A and B, C and D, &c. be commenſurable, the ſame 
thing may be done; as in the Theorem. 

But, being incommenſurable both ways, there cannot poſſibly 
be equality in either; and the Demonſtration given (or rather pre- 
ſumed) from a greater or leſs Ratio, is by no means poſitive ; ſee- 
ing, it is not aſcertained in what Degree they are ſo. 

For, A may have to B, and C to D, &c. the Ratio of the Side 
of a Square to its Diagonal, or as the Diagonal to the Side, &c. 
and A to C may be the ſame ; or, as the Diameter of a Circle to 
the Circumference ;.and C to E, in extreme and mean Proportion. 

Vet it is eaſy to conceive, from what has been proved, that (let 
the Ratio of A to B be what it may) ſince the Ratio of C to D, 
and of E to F, &c. is the ſame, conſequently, AC: BD, or 
A+C+E:B+D+F::A:B, or C to D, &c. and although it is 
not poſſible to give direct proof, in ſuch Caſe, yet we may ſafely 
conclude that it is ſo; and, on that preſumption, all which fol- 
Jows will be found poſitive, let the Ratio be what it may. 


THEOREM III. 19Euchd, 


In two Quantities, if a Part taken from one, be in the 
ſame Ratio to a Part taken from the other, as one 
Quantity is to the other; the remainders of thoſe 
Quantities are alſo in the fame Ratio, as one 


Quantity is to the other, N B 
Let A and B be two Quantities, in any - 42 6 
Ratio whatever, and, ſuppoſe any part of A 
be taken (as a) from A. 4 
Let b be taken, from B, in the ſame pro- e . 


t | 
portion to a, as 5 5 B | 
I fay, the remaining Part , is to d, as A to B. 


Let any other Quantity (f) be ſo taken, a: b: :e:f. Poſt 3] 
Dru. Now, a: b: c and a:b::A:B; conſ. c. A: B.-Ax. 13 
But, A: B:: a+c:b+d(Ax.1.) and, asa:b:c: f. Poſt. 
wherefore, a+c:b+f::a:b; i. e. as A: B. Tn. 2 
conſ. a ＋c:bUTVF ra-: ＋ 4; wh.b+ f=b+d. - Ax. 77 
Aud by taking away 6, which is common, f=4.- Ax.7.1 
But, c:f:: a: h (Poſt.) conſequently, cd: :. - Ax. 4 
And, a:b:: A: B (Hyp.) Therefore, e: d:: A: B. Ax.13 


—— 


n 
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Cok. If one Quantity be to another as a third is to a fourth; 
and, if a fifth be to the ſixth, as the third to the fourth; 
then, the firſt and fifth, added together, has the ſame Ra- 
tio to the ſecond and ſixth, together, as the third has to 
the fourth. | 


THEOREM TY. 16 Euclid, 


Tf four Quantities, of the ſame kind, are Proportionals; 
1. e. taken two and two, in a certain order, they are 


directly proportional, or analogous in their Ratio; 


they are alſo analogous when taken alternately. 


If A is to B, as C is to D; then, A is to C, 
as B to D. 
Dem. Now, ſince A: B.: C: D; whether A be equal to, 


greater or leſs than B; C is alſo equal to, greater or lets 
ER. <<; AK 


And, if A be equal to, greater, or leſs than C ; 


Bis alſo equal to, greater, or leſs than DO. = 1%, 
But, A has the ſame Ratio to B as C to D; - Hyp. 
it follows, then, that A has the ſame to C, as B to D. 
For, whether-A and B be equimultiples, or equal parts 
of CandD; A is in the ſame Ratio to C, as B to D-Ax.7. 
ſeeing that AitoBasCtoD. - - - .æ 


£m Suppoſe the Ratio of A to B he as 2 to 3; 
and, imagine them divided into equal Parts, 
* in à and s; c, d, and e. 
I Alſo, ſuppoſe C and D divided into the 
Bo. ſame number of equal Parts, reſpeRively, 
in a and b; c, d, and e. 


W Then 
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Then, ſince A: B:: 2: 3, & A: B:: C: D; C:D::2:3-Ax.13 
wherefore, the Parts, a and b, (of C) and c, d, e, (of D) 
are all equal amongſt themſelves. — Ax. 9. 
Conſequently, as a: a, or : b, ::c:c, d: d, or e: e. Ax. 4. 
But, a and b are equal parts of A; and, a and b, of C. 
Alſo, c, d, & e. are equal parts of B; and, e, d, and e, of D. 
But, Quantities are, to each other, in the ſame Ratio as 
their equimultiples, or equal parts =» - - Ax. 8. 


Therefore, as A is to C, fois Bro D. Q. E. D. 


Again. Suppoſe the Ratio of A to B, 
and of C to D, be incommenſurable; 
and conſequently, cannot be divided into G 
Parts, which are all equal amongſt 
themſelves; | | C 

Then, let A and B be dividcd into the 
ſame number of equal Parts, ſuppoſe they D _ 
are biſected, in a and 5. - Poft. 2 


Now, A:B::C:D, and A:B::a:b, - - Ax. 8. 
conſequently, C:D::a:b. - - - « Ak 14 
But, A:a::B:b (Ax. 7) and, as a:b::C:D. - as above. 
Wherefore, by ſubſtituting one for the other, Poſt. 1. 
conſequently, as A is to C, fois B to D. Q. E. D. 


E 


"0s 
43 


THEOREM * 


Quantities, which are analogous when taken directly, 
are alſo analogous, taken inverſely. 


If A is to B, as C is to D; then, Bis to A, as D to C, 
Dru. For, if A:B::C:D; then, A:C::B:D, - by 4, 
. . B: D:: A: C; then, B:A::D:C. - > fame, 

4 5 E> 
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THEOREM VI, 18 Euclid, 


Quantities which are analogous, taken directly, are 
alſo analogous, when compounded. 


If A is to B as C is to D. 
Then A added to B, is to A or B; as C added to D, is to Cor D. 


Dru. For, ſince A: B:: C: D; then, A: C:: B: D- Th. 4. 
Wh. as A: C:: AgB: CD. (2) conſ. A: Aq B:: C: CAD. 
and conſequently, as AB: A.: CD: C. Th. . 


But, B: D:: A: C; therefore, A+B:B: CAD: D- Ax. 13. 


Con- By inverſion, A, or B,: AB:: C, or D,: CAD. 


0 — —— 2 7 


THEOREM VII. 17 Euclid. 


Quantities which are analogous, directly, are alſo 
analogous when divided. 


If, in four Quantities, A, B, C, and D; Ais to B, asCtoD; 
Then, according as A or B is the greater Quantity, 

A leſs B (or B leſs A) is to A, or B, 
as C leſs D (or D leſs C) is to C, or D. 


Du. Now, A: B:: C: D. (Hyp.) wherefore, A: C:: B: D- 4. 
But, as A: C, (or B to D):: A- (or B- A): CD - 3. 
conf. A (or B): AB:: C (or D): CD 4. 
and, conſ. A—B :A (or B) :: C -D: C (or DD. 25. 
Or; - - B-A:A, or B, :: DC: C, or D. 


Cox. The Converſe of this is firſt proved, in the third ſtep. 
| T H E- 
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THEOREM VIII. 


If four Quantities are Proportionals, in' a certain 
order, they are alſo proportional when mixed; 
i. e. their Sums and Differences are analogous. 


If A is to B as C to D. 
Then, A+B:A—B (or B- A) :: CD: C (or D-C) 
Dem. Now, A: B:: C: D (Hyp.) then A: C:: B: D- Th. 4. 
Wherefore, as A: C::A+B:C4D = » 
alſo, as A: C::A—B:C-D. - =- 3.6 
conſequently, A+B:C+D::A—B:C—-D - Ax. 13. 
therefore, AAB: A- B:: CD:. — Th. 4. 


Cox. AB: AB:: C- D: CID, by inverſion.— 5. 


THEOREM IX. 22 Euclid. 


If chere be three or more Quantities, and others equal 
to them in number; which, taken two and two in 
a certain order (ordinately, or progreſſively) are in 
the ſame Ratio; then will the firſt be to the laſt, 
as the firſt to the laſt, in each Order of Quantities. 


Alſo, as the firſt is to the firſt, fo is the laſt to the laſt, | DE 


If A:B::C:D; and, if B:E::D:F; ah. 


Dru. Now, A: B: C: D; wherefore, A: C: B. Dy Th. 4. | | 
And - B: E:: D: F; wherefore, B: D:: E: 
Now, ſince A: C:: B: D; and, as B: D:: E: E. 
conf, A: C:: E: F (Ax. 13.) Therefore, A: E: C: F. 4. 


T cata 
* 


N. B. The laſt Part is proved firſt. 
. Mm CoR. 1. 


| 
dy 
: 
1 
4 
1 
* 
33 
* fs l 
Fo l 
* * 
4 
'T. 
= 
* 
4 = 
* , 
4 
1 - 
N. 
4.0 
N 
1 
1 1 
1 
PI, l 
: 
—_ | 
# VI +. 
0 1 
* a1 
4 
. , 
EY 
* LI 
wi 
3 "I 
- © 
+ 
4 * 
1 
N 
* 
5 : 
i 1 
1 
v9 
"1 7 
* 
TT in 
'© 
> Fas 
+ 
*. 4 
: wait] 
4 
: * 
1 
* 4 
N « 
wr |. 7 
* 
7 97 ? 
A; 3 
1 
1 
3 1 
1 jo 
* 748 
1 
1 1134 
I 
vi 2K 
4 * 
$38 
SE Ig | 
3 
* 


* 00 — = 
— — —— 


AB 


266 ELEMENTS or GEOMETRY. 


Again. If other Quantities, G and , be added, in the 
ſame Ratio to the laſt Conſequents, reſpeCtively ; as E i; 
to G, ſo is F to H; it is manifeſt, that A is to G, as CtoH; 

the firſt, ſtill, in the ſame Ratio to the laſt. 

For, as A: E:: C: F; and, as E: G:: E: H; by Theorem. 
wherefore, A: C:: E: F; and, as E: F:: G: H; by the 4th. 
Conſ. as A: C:: G: H (Ax. 13) th. A: G:: C: H- ſame. 

And thus it will ever be, if Quantities be added (in 
equal Ratio) after the ſame Order, ad infinitum. 


Cor. Hence, if the Quantities, added are in equal Ratio 
to the Antecedents, reſpeCtively ; 


thus, if A: B:: C: D, and, if E be to A as F to C; 
it is manifeſt, that as E is to B, ſo is F to D, &c. 


THEOREM x. 23 Euclid 


In two Ranks or order of Quantities, if there be threc 

or more in each; which, taken two and two, inor- 
dinately, are in the ſame Ratio; then, as the firſt 
is to the laſt, in one Order, fo is the firſt to the la! 
in the other's, as by equality, 


oc DE F C Let A, B, C, and D, E, F, be Quantitis 
in ſuch Order, ſo that, as A is to B, ſo i- 
"4 | E to F; and, as B is to C, ſo is D to E. 


1 ſay, that, as A is to C, ſo is D to F. 


| Let any other Quantity, G, be taken o; 
„ that, as D is to E, fois F to G; - Poſt. 3, 
— x poo. D i t F, ſoi E to 6. 4 


Deu. 


— GUS 


Book V. ELEMENTS or GEOMETRY. 267 


Dem. Then, as before, A: B: E: F, wh. A: E:: B: F. 4. 
Alſo, as B: C:: D: E, i. e. as F: G, wh B: F:: C: G- ſame. 
Now, A: E:: B: F; and B: F:: C: G; wh. A: E: C: G-Ax. 13. 
and conſequently, as A: C:: E: G. Th. 4. 
But, D: F:: E: G, (above) Th. as A: C:: D: F Ax. 13. 


If other Quantities be added, inordinately, in equal 
Ratio, it will ſtill be as the firſt is to the laſt, in one Rank, 
ſo is the firſt to the laſt, in the other. e. g. 


Let the Quantities, G and H, be ſo taken, that, a : 
C is to G, ſo is H toD; then, as A is G, ſo is HtoF., | 


For, as A: C:: D: F (above) and, as C: G: H: D - Hyp. : 
conſequently, as A is to G, ſo is H toF; - - a before. | 
| Tnordinate equality may be proved, (after ordinate) by 
means of the 21ſt Definition, viz. by compoſition of Ratios 
but, as that Definition is ſomewhat obſcure, the Demon- 
{tration ariſing, therefrom, would be ſo too, 


For, ſince A: B:: E: F; and, as B: C:: D: E; alſo as C: G:: H: D; 
it is maniſeſt, ſeeing that there is equal Ratios between the two 
extremes, A and G, H and F; let the intermediate Ratios be 
ever ſo many, and in what order ſoever, provided there be an 
equal number in each Rank; and the extreme Ratios are equal, 
ordinately or inordinately; alſo, that there be found equal Ratios 
between the Extremes, in each Rank; two and two, any how 
ſituated, the Ratio, compounded of them all, is, as the firſt to the 
laſt, in each Rank, or order of Quantities ; by the Definition, 

But, the extreme Ratios are equal (ordinately or inordinately) 
and conſequently, the extreme Quantities, of both Ranks, are 
in equal Ratio. 


M m 2 TH 
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THEOREM XI. 25 Euclid, 


If four Quantities are Proportionals, in a certain 
order; the greateſt and the leaſt are, together, 
greater than the other two. 


AB c 5 Let A, B, C, and D, be four Quantities, 
1 of which, let A be the greateſt; and let 
them be, as A to B, ſo is C to D; conſe- 
quently, D, is the leaſt Quantity. 

For, if the firſt be oreatef than the ſecond, 
the third is greater than the fourth - Ax. II. 
= | and, if the firſt be greater than the third, 
the ſecond is greater than the fourth. 12. 


Dem, Becauſe A and C are greater Quantities than B & D; 
let E and F be taken from A and B, reſpectively, equal 
to B and P, reſpectively. 

Now, A: B:: C: D. But E=B, and F=D » Co 
wherefore, as A: E:: C: F. — — — Ax. 4. 
conf. AE (i.e. G) :A::C—F (i.e. H) :C - Th.7: 

i. e. G: A:: H: C; wherefore, G:H::A;C - Th. 4. 


But, A is greater than C; wh. G is greater than H- Ax. 11. 


conſ. GE (i. e. A) +D, is greater than H F (i. e. C) +B. 
Th. A+D is greater than CB, the two middle Terms. 


In the laſt ten Theorems, and the Coro!laries deducible 
from them, is contained all the various ways of reaſoning, by 
Proportion, which I conceive to be uſeful ; ; two of which, 
the fifth and eighth, are not proved by Euclid. The eighth, 
indeed, is not mentioned, by him, or any of his Followers, that 
1 am acquainted with; but, I am ſomewhat ſurprized, that 


1 


| none 
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none have given a Demonſtration of Inverſe Ratio; which 
being proved, every Converſe Ratio is alſo proved, Profeſſor 
Simſon is aware of that deficiency, and has very judiciouſly 
introduced it, as an additional Propoſition (B;) after which, 
I muſt think it needleſs, to add the Converſe of divided 
Ratio (E) unleſs he had, alſo, given the Converſe of all. 
But what, to me, ſeems very extraordinary.is, that Euclid 
ſhould not demonſtrate either; alſo, that he ſhould prove 
{ir it may be ſaid to be proved) divided Ratio (the 17th ) 
before compounded (the 18th) when the latter is, in ſome 
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meaſure, made a Condition of the former ; they are, indeed, 
Converſe, each cf the other. In the 15th he favs, If 
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Magnitudes, taken jointly or compounded, be proportional, 


— 
k XY i A 


they are alſo proportional taken ſeparately, or divided.” 
Now, by the tenor of theſe Premiſes, F one is, the other 
is, alſo; and conſequently, F one is not, the other is not; 


whereas, the Condition is preſumed, only; and conſequently, 
there is no proof of either. But where is the neceſſity of 
proving it on that Condition, when it may be done as ele- 
gantly, ſolidly, and briefly without it, from the ſimple Ana- 
logy of the two Ratios. 
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Either I am not clear, in che nature and meaning of com- 
pounded and divided Ratio, or thoſe Propoſitions are not 
to the purpoſe. 

By Definitions 15th and 16th is to be underſtood, when 
Quantities are proportional (ſimply) they are alſo proportio- 
nal compounded or divided; which, Profeſſor Simſon has 
expreſsly ſaid, in his Definitions of them; and which, I 
have demonſtrated in the 6th and 7th Theorems. Now, his 
17th Propoſition ſays, as above; and vice vcrſa in the 18th, 
viz. that, if Quantities are Proportionals, when compounc- 
ed or divided, they are ſo, divided or compounded ; which, 
I cannot conceive to be the true meaning, but as I have 
ſtated them, in the Theorems, and have demonſtrated, on 
that Hypotheſis, 
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If what I have advanced, on the ſublime Doctrine of Pro. 
portion, be not ſufficient, for any purpoſe whatever, I will be 
bold to ſay, that it is not ſo-in Euclid, or any of his Com- 
mentators. The Axioms, which I have given, are gathered 
from the moſt eaſy and ſimple ideas of Proportion; after the 


. Definitions are digeſted and clearly underſtood, there is no 


Perſon would heſitate, one moment, to grant every Axiom; 
they require no proof, being ſelf evident. ; 

That Quantities are in the ſame Ratio as their Equimul- 
tiples, or equal Parts (the 8th) is manifeſt to the meaneſt 
capacity; and this is one of the principal, on which Euclid 
has founded his whole Theory of Proportion; which 
amounts to no more than this that one is to two, three, &c. 
as, two, is to four, ſix, &c; or, as three to fix, nine, &c. 
3, e. as one, to two, three, &c, Or, that one Quantity is to 
any other Quantity, as the half, or third part, &c. of one, 
is to the half, or third part, &c. of the other. 

The if Axiom, in the firſt Book of Elements, of Euclid, 
(the 3rd of theſe Elements) expreſly ſays ** Things, which 
are equal to the ſame Thing, are equal between themſclves,” 
Now, the queſtion is, whether Ratios are Things? Certainly, 
if any thing be meant by Ratios, they muſt come within that 
Appellation; for, granting the Term to be, in itſelf, meta- 
phyſical ; yet, ſomething is underſtood and meant by Ratio, 
and conſequently, Ratios are Things. Then, the 11th Pro- 
poſition of Euclid's fifth Book, is as much an Axiom as 
the firft of the firſt; and, I have accordingly made it fo, 
in the thirteenth. The remainder of the Axioms are as 
ſimple, obvious, and ſelf evident; which, with the Poſtu— 
lates, being granted, the whole of the Theorems, I am 
confident, will be found ſolidly, yet briefly, and clearly 
demonſtrated. 


A critical 
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A critical Remark on Euclid's fifth Definition, 
of the fifth Book. 


Euclid in his fifth Definition, has given us a Criterion, whereby 


to determine Analogy of Ratios, rather than a ſimple Deſinition 
of what it is. 


He ſays, **Magnituves (by which is meant Quantities of any kind) 
are ſaid to be in the ſame Proportion, the firſt to the ſecond, and 

the third to the fourth, when the equimultiples of the firſt and 
third, being compared with the equimultiples of the ſecond and 
fourth, according to any multiplication ; either together exceed 
the one the other, or together are _ the one to the other, or 
together are leſs, the one than the other.“ This is, litterally, ac- 
cording to the old Tranſlation by H. Billinſley in 1570. 

Dr. Barrow ſays, ** Magnitudes are in the ſame Ratio, when the 
Equimultiples of the firſt and third, compared with the equimul- 
tiples of the ſecond and fourth, according to any 1 
whatſoever, either both together are leſs than the ſecond and fourth 
both together, or equal taken together, or exceed one the other 
together, if thoſe be taken which anſwer one to the other.” 

Dr. Keil, from the latin tranſlation of Commandine, has nearly 
the ſame words, viz. the Equimuitiples of the firſt and third 
(compared as above) are either both together greater, equal, or 
leſs than the equimultiples of the ſecond and fourth ; if thoſe be 
taken that anſwer each other.“ : 

Cunn did well to explain the meaning of Dr. Keil's Definition, 
which is literally this; that, equimultiples of the firſt and third, 
taken or added together (i. e. into one Sum or Quantity) are either 
equal, greater, or leſs than the equimultiples of the ſecond and 
fourth, I think, there is great occaſion for a comment on 
Dr. Barrow's; which, to me, is quite unintelligible, 


After all that has been ſaid, concerning this Definition, by the 
learned Doctor and others, either the original Text muic be very 
obſcure, or the expounders have rendered. it fo, for I declare, 
I cannot think the words bear ſenſe. But, giving the greateſt 
latitude poſſible to the meaning of the words, 1 imply, the firſt 
and the third taken together, and compared with the ſecond and 
fourth, together, (i. e. in one Sum) in which Caſe it amounts to 
a clear Axiom; for they muſt, certainly, be either equal, greater, 
or leſs, one than the other; after which, the words, if thoſe 
be taken which anſwer the one to the other,” mean nothing at all. 


Mr. 
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Mr. Stone ſays, ** they are, together, either deficient, equal ot 
exceed each other.” They may, indeed, be equal, each to the other; 
but, it is impoſſible that they can, at the fame time, be either 
greater or leſs, each than the other. 

The word, together, ſeems, to me, quite ſuperfluous; or ele 
the tenor of it is, in this place, a? rhe ſame time, or, by the ſame 
multiplication ; which is quite foreign to the common acceptation 
of it. It is, perhaps, better to omit it entirely, and ſupply its 
place with Seth (which Barrow and Keil have added) it is then 
plain; the firſt and the third, compared with the ſecond and 
tourth, will be either 60th greater, bh equal or 66th leſs ; which 
15 the concluſion all have drawn from it; and then, the words, if 
thoſe be taken which anſwer each other, ſeem neceſſary, 


Mr. Stone in vindicating and illuſtrating this Definition, ſhews, 
that it 1s clearly deduced from the fourth and fourteenth Propo- 
ſitions. According to the Idea I have of the Definitions of Terms, 
in any Science, they ought to be defined by their moſt natural 
and ſimple properties; from which the demonſtrations of {ome 
Theorems are to be obtained; for it ſeems inconſiſtent, firlt to 
demonſtrate ſeveral preceding Propoſitions, by means of a certain 
Definition, previous to the demonſtration of others, from which 
the Definition, itſelf, is to be deduced, and demonſtrated. 

It is true, he ſays * jt is not ſo imple and plain as the Definition 
of Numbers, or that which might be given of commenſurable 
Magnitudes.” And again: ©* Euclid could not have given any 
other, fo elegant and general a Definition, that would have taken 
in incommenſurable Magnitudes, as well as Numbers, and com- 
menſurable ones. 

It is well known, that the Diagonal of a Square is not commen- 
ſurable to its Side; alſo, the Circumference of a Circle is incom- 
menſurable by its Diameter or Radius; that is, their Ratios cannot 
be expreſied in Numbers; for, the Side of a Square cannot be 
divided into any number of parts, though ever ſo ſmall, _ 
will be an aliquot part of the Diagonal, 1. e. they cannot both be 
divided into the ſame equal parts, or into parts of equal magnitude, 
without defect; ſuch Quantities are, therefore, incommenſurable. 

The Ratio, between the Side of a Square, and its Diagonal is 
very different from that, between the Diameter of a Circle and its 
Circumference. Yet, the Ratio between the Side of every Square 
and its Diagonal, or between the Diameter of every Circle and 


its Circumſerence, is the ſame; ji. e. their Ratios are equal or 
analogous. 


It is intimated abore, and is firongly ſupported by Nr. Barrow 
and others, that this Definition comprehends or extends to In- 
commenſurables 
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commenſurables. I am, however, perſuaded, that it is no eaſy 
matter to determine the analogy of ſuch Ratios by it. The rule 
it preſcribes, or 1s intended to preſcribe, is ſimply this. Take 
any Equimultiples of the firſt and third Terms, in four Quantities, 
that are preſumed to be analogous in their Ratios z i. e. multiply 
the two Antecedent Terms, equally, the ſame number of Times, 
and, either by the ſame Number or any other, multiply the two 
Conſequents, the third and fourth, or take Equimultiples of them ; 
then, the firſt and the third, being compared with the ſecond and 
fourth ; if the firſt exceeds the ſecond, the third will alſo exceed the 
fourth, if one be equal, the other is alfo equal, or they will be 
both leſs, than the ſecond and fourth; i. e. the two Antecedent 
Terms will, at the ſame time, be either both equal, both greater, 
or both leſs than their reſpective Conſequents; and, when this is 
the caſe, in all multiplications, whatever, we may then conclude 
that their Ratios are analogous, 

Now, if the Ratios are of incommenſurable Quantities, which 
cannot be expreſſed by Numbers, thoſe Quanuties cannot be 
multiplied by Numbers ; and, in Lines, it would require greater 
accuracy than it is poſſible for any perſon to apply, to take Equi- 
multiples of them. It is certain, that being multiplied, menta/ly, 
according to this Definition, if they were analogous, the Antece- 
dents would be either greater or leſs than the Conſequents, conti- 
nually, but never equal; for if, by taking Equimultiples, they 
could be equal, they may, conſequently, alſo be divided into 
equal Parts; but, it is well known, they cannot; which, negative 
Quality, is the diſtinguiſhing characteriſtic of Incommenſurables. 
And, fince it is manifeſt that the Antecedents of Ratios which ate 
not analogous may, by multiplying, be either greater or leſs than 
their reſpective Coniequents, but never both equal, at the ſame 
time, i. e. by the ſame multiplication ; how, then, is it poſſible to 
diſcover analogy of Ratios by this Criterion ? ſeeing that, in 
Ratios of commenſurable Quantities, which are not analogous, 
they may be greater or leſs, but never equal, as they will ever be 
in incommenſurable Quantities that are analogous. 


Hence, it appears, to me, that, to produce equality, of the An- 
tecedent to the Conſequent, is the only certain and infallible ſign 
of Proportionality, or analogous Ratio, between commenſurable 
Quantities ; but, ſince that Criterion fails, in Incommenſurables, 


there cannot, by its means, be any poſitive determination con- 


cerning Analogy, in ſuch Quantities ; unleſs, by trying all mule 

22 whatever, they are, at all times, either both greater, or 

or lets, 

It the Antecedents are either both greater, equal, or leſs than 

their reſpective Conſequents (and no Perſon would look for Pro- 

portionality otherwiſe) it is manifeſt, that, by multiplying the 
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Antecedents any number of times, equally, and the Conſequents 
the ſame, or any other, alſo equally; they muſt neceffarily be, at 
the ſame time, eithe: both greater or both leſs; but, if they are 
not analogous, they never can, at the ſame time, be both equal, 
i. e. each Antecedent to its reſpective Conſequent ; and there. 
fore, no other Sign, but equality, is neceſlary, or ſufficient, to 
prove Analogy of Ratios. 


I am perſuaded, that either Euclid, himſelf, or his Advocates 
are under ſome miſtake in reſpect of this fifth Definition; which 
does not, poſitively, determine the Analogy of incommenſurable 
Quantities. Theretore, the inveſtigation, by means of it, is vague 
and imperfect; and conſequently, all that is built, entirely on it, 
is ſo too; ſeeing it cannot, as it is preſumed, diſcover Analoyy, 
in incommenſurable Quantities ; becauſe, equality of the Antece- 


dent to the Conſequent (the only certain Sign) cannot, by mul- 


tiplying, be produced. 

It is manifeſt, that if Equimultiples of incommenſurable Quan- 
tities are taken, they will ſtill be in the ſame Ratio; i. e. if the 
fide of a Square and its Diagonal, &c. be equally multiplied; but 
no multiples of the Side and of the Diagonal can be ſo taken, that 
they may be equal to one another ; for, it is evident, if they could, 
they might, alſo (as obſerved above) be divided into the ſame 
equal Parts, which cannot be. And, for ſuch as are commenſu- 
Table, it is an unneceſſary and unſatisfactory method of determining. 

Then, ſince no ſign, but equality of the Antecedent to the 
Conſequent, can be poſitive, and ſince that cannot ſubſiſt between 
Incommenſurables, although it is certain, that one is, the other 
muſt neceſſarily be ſo too; but ſince that, %, can never poſlibly 


happen, we cannot, on that ſuppoſition, determine Analogy of 
Ratios, in ſuch Quantities, 


The Reverend Dr. Barrow, in his 21ſt Lecture, has made a 
very ledtned Defence of this Definition; and, ſpiritedly, encounters 
the Detractors of Euclid, viz. Ramus, Tacquet, and Hobbs, in the 
22nd. But, having ſilenced thoſe weak Opponents, he is cloſe 

put to it by Borellus, in bis 23rd and laſt Lecture; where, after 

various ſkirmiſhes, in which, the Doctor has not always the 
advantage, he briefly ſums up the whole Evidence, in theſe words, 
„that, in his judgment, there is nothing extant in the whole 
work of the Elements, more ſubtilly invented, more ſolidly 
eſtabliſhed, or more accurately handled, than the Doctrine of 
Proportionalities.” Nevertheleſs, if his own Definition of it h 
to be the Touchſtone, I cannot ſubſcribe to his Atteſtation. 

Now, as L have before obſerved, in the Preamble to this fifth Book, 
Proportion is, in a great meaſure, an innate principle; which, 
being clearly explained, what is meant by it, and explicated by oy 

75 


Bool 


bers, 
not n 
know 


pair, 


BookV, ELEMENTS or GEOMETRY. 275 


bers, is ſo very intelligible, that, to any tolerable Capacity, it does 
not require other Demonſtration ; and all that is built on that 
knowledge is, I am confident, as ſolid and permanent, and as 
ſecurely eſtabliſhed, as by all the Demonſtration which can poſſibly 
be given ; at leaſt, on the foundation of Euclid's fifth Definition. 

In reſpe& of commenſurable Quantities, to all which Numbers 
may be applied, whether their Ratios are analogous or nor, 1s 
readily diſcovered ; ſince, in Analogy, the Ratios being equal, 
the fame Numbers will expreſs either. 

E. g. 56:98::12:21; which being reduced to their loweſt 
Denomination, the Ratio, of each, is determined. The firſt 
pair, 56 and 98, being divided, ſeparately, by 14, gives 4 and 7, 
the true Ratio of that pair. Now, if the other pair produces the 
ſame, they are analogous ; 12 and 21, divided ſingly, by 3, pro- 
duce, alſo, 4 and 7; which is, therefore, the true Ratio of both; 
conſequently they are analogous, ſeeing the Ratios are equal, 


If there be taken Equimultiples of Ratios that are analogous, 
i.e. being multiplied various ways, either all by one Number, 
(any number whatever) or the firſt pair by one Number, and 
the ſecond pair by another; or, if the firſt and third be mul- 
tiplied by one Number, and the ſecond and fourth by any other, 
the Products ariſing, from every ſuch multiplication, are ſtill ana- 
logous, in the Ratio of both Pairs. 

et A: B:: C: D, in the Ratio of 3 to 5. 

Thus, 9: 15:: 3: 5. | 


99, 27: 45:: 9:15, being all multiplied by 3. 
Alſo, 18: 30 ::15: 25 ; the firſt Pair by 2, and the ſecond by 5. 


In both theſe Caſes, the Ratio is ſtill as A to B, or as C to D. 
| the firſt and third, being multiplied 
Again, 36; 30: :12;10, ſ by 4, are both greater than the ſecond 
and fourth, multiplied by 2. 
the firſt and third multiplied by 5, the 
Alſo, 45:45::15:16, ſ ſecond and fourth by 3; in which 
caſe they are hoth equal. 

And, being all multiplied by any one Number, as above, it is 
evident they will both be leſs. - Or, being multiplyed by various 
Numbe:s, they will both be leſs; which illuſtrates the fifth 
Definitic n of Kuclid. | 

Now, it is very obvious; in Numbers, from any one, of theſe 
various operations, that there is analogy of Ratios between A 
and B, Cand D; and it is full as obvious without. But, pro- + 
vided it is not known, whether the Ratios are analogous or not, 
no one, nor all of the three firſt trials are ſuffigĩient to determine it, 
merely from the firſt and third being, at the ſame time, both 
greater or both leſs than the ſecond and fourth; becauſe, thoſe 
things may, and very frequently da, happen, where there is 


Rot Analogy, : 
| Nn 2 E. g. 
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E. g. Let the Ratio of A to B be as 3 to 4; and, C: D: 224. 
In whole Numbers, A: B:: 3:4, or 12: 16, and C: D:: 1116. 
Now, let there be taken Equimultiples of A and C, and other 
equimultiples of B and D. e. g. Let the Antecedents be taken 
thrice, and the Conſequents twice; it will be 3 A: 2B: : 926, 
and 3 C: 2D: : 33: 32; by which multiplication, it is evident 
that the Antecedents are both greater than their Conſequents, 
But, ſeeing that the Ratios are not equal, it is impoſſible to 
take Equimultiples of the two Antecedents, and alſo Equimultiples 
of the Conſequents, by which, the Products of the Antecedents 
ſhall be both equal, reſpectively, to their Conſequents ; and 
alſo, becauſe their Ratios are not equal, ſuch Equimultjples may 
be taken of them, that one Antecedent ſhall be greater, and the 
other leſs, than its reſpective Conſequent. 
E. g. Let A and 2 be taken four times, and B and D thrice, 
it will then be, 4A: 3B: : 12: 12, and 40: 3D: : 44:48 


Again; let A and C be taken 7 times, and B and D 5 times; 


it will be 7A: 5B::21: 20; and, C: 5D :: 77: 80. 

Either of theſe operations is ſufficient to evince, that the 
Ratios are not analogous ; 1. e. A is not to B, as C to D; for, it 
is impoſſible that equality of Antecedent to Conſequent ſhould 
happen in both pairs, (i.e. of A to B, and of C to D), unless 
they are analogous; which is the only indiſputable proof of 
Analogy; for, one Quantity muſt neceſſarily be to itſelf, as any 
other Quantity is to itſelf. And ſince it is not poſſible for equality 
to happen, by multiplication any more than by diviſion, between 
incommenſurable Quantities, it is manifeſt, that Analogy of ſuch 
Ratios cannot be abſolutely determined by that Criterion. 

Wherefore, the Demonſtration, according to Euclid, in the 
fifth Book is not poſitive, in reſpe& either of commenſurable or 
incommenſurable Quantities ; but is only preſumptive, at bel, 
and is very obſcure and unſatisfactory; ſince it is manifet, 
that, in unequal Ratios, Equimultiples may be ſo taken (according 
to Euclid) in which the Antecedents will 'be either both greater 
or both leſs than their Conſequents (as it has been ſhewn above) 
but, it is not poſſible they can be taken, ſo, that both Antecedenis 
| ſhall be equal to their Conſequents. 


I am therefore of Opinion, that, the Doctrine of Proportion 
is not properly inveſtigated by Equimultiples ; nor can I conceive, 
that taking multiples of Quantities, in order to prove the equality 
of their Ratics, 15 properly geometrical. It ſeems, to me, more 
conſiſtent to compare Quantities by themſelyes, either whole and 
entire, or by their equal Parts, 

But it is manifeſt, that there are Ratios, which will not admit 
of diviſion into the ſame Parts, i. e. into Parts of the fame 
magnitude; yet it is certain, that they may, with equal eaſe 
and more propriety, be divided into the ſame number of Part, 
as to take Equimultiples of them; which Method I have theres 
tore adopted, as the moſt rational and eligible, 
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H E ſixth Book of Elements is not only the moſt 
{6 uſeful and valuable of the whole, but alſo the moſt 
entertaining and inſtructive. In it, the Doctrine of Pro- 
portion is applied to real uſe, in finding out the more extra- 
ordinary properties of Plane Figures, (particularly Triangles 
and Parallelograms) by the moſt ſubtle and ſolid reaſoning 
that can be conceived; by means of which, many excellent” 
and extenſively uſeful Problems are found out, and applied 
to various and moſt notable purpoſes, J 

In it, the Rule of Three, or Proportion, called by way of \ 
eminence, the Golden Rule, has its foundation and — 
(Theo. 9.) in it, is alſo demonſtrated, with'more facility, / 
that, not only the Square of the Hypothenuſe is equal to the 
twa Squares of the Sides, of every right angled Triangle, 
but likewiſe, that it is ſo, in all ſimilar Figures whatever, 
regular or irregular, gonſtructed on the three ſides, for tbe / 
correſponding ones of each Figure. (Theo. 16.) In it, is 
determined the juſt proportion which exiſts between two | 
finlar Figures of any kind, and exhibited by two Right 
Lines (12 and 13) by which means, any Figure, whatever, 
may be conſtructed, in any Ratio to a given one, (Prob. 37 
and 16) or, the Side of a Square may be determined, whoſe 
Area ſhall be equal to that of any given right lined Figure, 
whatever, (Prob. 24 and 25.) And, what is more ex tra- 
ordinary, a right lined Figure may be conſtructed ſimilar to 
any given Figure, and equal to any other, of different 
Forms " Denominations, being right lined. (Prob. 905 
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In it, ſeveral valuable properties of the Circle are briefly 
demonſtrated ; in ſhort, to ſee and admire all which it con- 
tains, I recommend the careful and attentive peruſal of it, 
as the readieſt and moſt certain means, by which its beauties 
and excellencies can poſſibly be communicated, 


DEFINITTONS. 


Def. I. SIMILAR FIGURES are ſuch as have 
all their Angles equal, each to the other, reſpeQively ; 
and alſo, the Sides which are oppoſite to equal Angles, 

or which lie between equal Angles are proportional, 


The Quadrilateral abcd, having all its 
Angles equal, reſpectively, to the Angles of 
the Quadrilateral ABCD, viz. a equal A, 
b equal B, &c; and, if, the Side a b have 
the ſame Ratio to AB, as b c has toBC, &c. 
then, ab cd is ſimilar, or like, ABCD. 

If EF be drawn parallel to A B, the 
Angles at E and F, are equal to A and B, 
reſpectively (4. 1.) conſequently to a and b; 
wherefore, all the Angles of the Quadrila- 
tateral ab cd, are equal to thoſe of EFCD; 

but, ſeeing the correſponding Sides, ab 
and EF, bc and FC, &c. are not pro- 
portional with cd and CD, a bed is not 
* / ſimilar to EF CD. 
Triangles ABC, abc, havingall the Angles of one, equal, 


reſpectively, to the Angles of the other, have their Sides neceſ- 


ſarily proportional, and are, conſequently, fimilar Figures. 


The Sides a b, AB; bc, BC, &c. being oppoſite to equal 


Angles, or which lie between equal Angles, are HomoLo- . 


Gous or correſponding Sides. 


N. B. All ordinate Figures, whatever, i. e. ſuch as are equilateral 
and equiangular, one with another, are ſimilar Figures; as equi- 


lateral Triangles, Squares, &c, Alſo all Circles are ſimilar Figures, 


Bc 
De 
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Def. II. In Triangles, and Parallelograms, if there be two 


Sides, in one, which, with two Sides in another, of the 
' ſame kind, and about the fame Angle, are Proportionals; 
in ſuch wiſe, that the Antecedent of one, and the Con- 
ſequent of the other pair, are in the ſame Figure, thoſe 
Figures are ſaid to be RECIPROCAL, 

But more properly, the Ratio is reciprocal in ſuch 
Figures; for, reciprocal Figures is unmeaning. 


In the Triangles ABC, DEP; if the 2 US 

Sides AB and BC of the one, r 
DE, DF, of the other, are Proportionals; 
and, if AB is to DE, as DF, of the 
ſame Triangle, is to BC of the other; 
then, the Proportionals are reciprocal 
in thoſe Figures; and they are uſually, : 
though improperly, called reciprocal n 
Figures. 


Underſtand the ſame of Parallelograms. 


N. B. Equiangular, or ſimilar, Triangles are not reciprocal ; 

becauſe their Sides are all, reſpectively, proportional; which 
is not the Cafe, in the Figures annexed. For, EF is not 
neceſſarily in the ſame Ratio to AC, as are the other Sides, 
AB to DE, and DF to BC. Neither can there, in fimilar 
Figures, be found the Antecedent of one Pair, and the Con- 
ſequent of the other, in the ſame Figure, unleſs they are 
congruous. (See Def. 43.) 

The Sides of ſimilar Figures are, therefore, directly pro- 
portional, and not reciprocally. 


For the Definitions of BAsE and ALTITUDE, ſee 
Def. 45 and 46 in the general Introduction. 


AXIOM. If two, or more, Figures are ſimilar to the 
lame Figure, they are ſimilar between themſelves. 


T I, & 
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THEOREM I. 1 Euclid, 


Parallelograms, or Triangles, having the ſame Alti- 
tude, are, to each other, in the ſame Ratio as 
their Baſes. Sh 


Let ADEB and BEFC be two Pa- 
rallelograms, between the ſame Parallels, 


AC and DF. 2 80 


I ſay, the Ratio of the Parallelogram 
AE to BF, (i. e. of their Areas) is, as AB 
to BC, their Baſes. 5 

And, the Triangle AM is to BNC, 
as the Baſe, AB is to BC. 


- 
- — — 


Let AB be divided into any number of Parts, equal to 

each other, in G and H; and ſuppoſe BC divided into the 

ſame number of equal parts, in 1 and K (Poſt. 2. 5.) 
Draw, GL, HM, &c. parallel to AD and BE. 


DEM. Becauſe AG, GH, and HB are equal to each other; 
the Parallelograms AL, GM, and MB, are equal, - 18.1. 
And, the Pars. BN, NK, and KF, are alſo equal - ſame 

Now, if AB=BC, the parts AG &c. are equal to Bl, &c. 
If AB be greater than BC, the part AG is greater than BI; 
and, if AB be leſs than BC, AG is leſs than BI. 
Conſequently, the Parallelograms AL, GM &c. are, alſo, 
either equal to, greater, or leſs, than BN, NK, &c. 
as, AG, &c. is equal to, greater or leſs than BI, &c. 
For, Quantities are in the ſame Ratio, to each other, as 
their Equimultiples, or equal Parts. Ax. 8.5 


Now, 
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Now, AG: AB:: BI: BC . - 
And, Par. AL: AE::BN:BF { in equal Ratio, - Ax. 7. 5. 
Conf, Par. AL: BN. :4G:BI,i.e.:: AB:BC,(P.1.3.)-4.5. 
But, Par. AL: BN: AE: I. »« fame: 
Th. Par, . AE:BY: : AB BWW. Arts . 


2nd. - Becauſe Triangles are equal to half Parallelograms, 
having the ſame Baſe and Altitude; - — 17. 1. 
the Parallelogram AE: BF :: A. AMB :BNC- Ax. 8. 5. 
and, Parallelogram, AE: BF:: AB: BC above; 
conf, the Triangle Au B: BNC: : AB: EC. 123.5. 


Cok. Parallelograms or Triangles having the ſame or equal 
Baſes, have the ſame Ratio to each other, as their Altitudes. 
For, if their Baſes be conſidered as their Altitudes, and 
their Altitudes as their Baſes, it is evident from the Theorem. 


Let ABCD and AEFD be two Parallelo- 
grams, on the ſame Baſe AD. 


Draw the Perpendicular BH ;-(Prob. 5.) 
BH and GH are their Altitudes. - Def. 46. 


Thenthe ParallelogramAC: AF::BH:GH, 


For, fince all Parallelograms having the ſame Baſe and 
Altitude are equal, the Parallelograms, AC, AF, are equal 
to Rectangles, whoſe Baſes are equal to AD, and their 
other Sides equal to BH and GH, reſpectively. 18. 1. 
Wherefore, BH and GH being conſidered as the Baſes of 
the Parallelograms AC and AF, and their Altitudes, AD; 
the Parallelogram AC: AF:: BH: GH + Theo. 
But, the Triangle ABD is half the Par. ABC. 
and, the Triangle AGD is half the Par. A EFD, 5 es 
Conf. the Triangle ABD: AGD :; BH: GH.-Ax. 13.5. 


O0 TH E- 


— — — — — — —ov . ͥͤ — —— ee ee 
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THEOREM II. 2 Euclid, 


If a Right Line be drawn, parallel to any Side of a 
Triangle; it will cut the other two Sides (produced 


if neceſſary) proportionally, 


Firſt. In the Triangle ABC, let DE be 

drawn, parallel to BC'; cuting the Sides 

AB and AC, in D and E. (Prob. s.) 
Then will AB and AC, be cut propor- 

tionally, in D and E. 

i. e. AD to DB, as AE is to EC. 


by Draw BE and DC. 


Dzu. Becauſe DE is parallel to BC, DBEZEDC - 18. 1, 

Wh. the Triangle ADE: DBE: : ADE: EDC. - Ax. 4 5. 
But, the Triangle ADE: DBE:: AD : DB; 

| and, the Triangle ADE:EDC:: AE : EC. Thb. i. 
Therefore, - - AD: DB:: AE: EC.-Ax.13.5. 


Caſe 2. If ADE be the given Triangle; let BC be drawn 
(without it) parallel to DE. ; 

Then, if the Sides AD, AE be produced, euting BC, 
in Band C; the Sides, AD and AE, of the Triangle, ADE, 
are proportional to the Segments, DB and EC, of thoſe 
Sides, produced to B and C, 


For, as AD: DB:: AE: EC; as above, 
conſ. as AD: AE :: DB; ECC. 5 


Cor. 1. If two Sides of a Triangle (AB, AC) are cut pro- 
portionally from the ſame Angle, (A, in D and E; 
ſo, that, AD: DB: : AE: EC) a Right Line (DE) joining 
the Points (D and E) will be parallel to the remaining 
Side of the Triangle, The Converſe. 


For, 


* — — 
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For, the Sides, AB, AC, being cut, as AD: DB:: AE. EC; 
and the Right Lines, BE, DC, drawn, as before; 


A. ADE: DBE; :ADE:EDC; (1.) conf. DREZEDC. 


Therefore, DE is parallel toBC; - - Cox. to 18. 1. 


Caſe 3. If DE be drawn, beyond the LY — 
Vertex A, parallel to BC, the Side 
oppoſite; and, if the Sides BA and CA 
be produced, till they cut DE, in D 
and E; then is AB to AD as AC to AE. 


Join BE and DC; as before, 
The Triangle ACD is equal to ABE, B C 


Dem. DE is parallel to BC; wh. A DBE=DCE - 18. 1. 
and, ADE is common to both; th. ACD=ABE -Ax.7.1. 
Conſ. the Triangle ABC: ACD: : ABC: ABE - Ax. 4. 5. 
But, - ABC:ACD:: AB: AD; 

nd, . - - - ADBC:ABE:: AC: AE. | Theo. uſt, 
Therefore, - AC: AE :: AB : AD. - Ax.13.5, 


Cor. 2. Two Right Lines (BD and CE) cuting each other 
(in A) between, or beyond, two parallel Lines (DE and 


BC) are cut proportionally, in that Point, and the Points 
in which they cut the Parallels, 


For, AB: AD: : AC: AE, in the 3rd Caſe, directly; 
and alſo, in the other two, by compoſition.— Th, 6. 5. 


Con. 3. A Right Line drawn parallel to the Side of a 
Triangle (in the firſt Caſe) cuts off a Triangle, ADE, 
ſimilar to the whole Triangle ABC; and, in the other 
two Caſes, the Triangles ADE and ABC are alſo 
ſimilar, (Def, 1.) 

For, the Angle ADE=ABC, and AED=ACB - 4.1, 
and, the Angle A is either common, or vertical. 


O o 2 Cor. 4. 


| 
| 


— —_— 


ET. ˙ le OD ee Co ACS —— 
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Cos. + If ſeyeral Lines be drawn, within a Triangle, 


. parallel to any Side; the correſponding 
Segments of the other two. Sides, cut by 
the parallel Lines, are proportional ; each 
to the other, reſpectively. 


Let DE and FG be parallel to BC, 
in the Friangle ABC. 


F Then, AD: DF. FB:: AE: EG: GC, 
For, the Segment AD: DF::AE:EG. - Theorem, 


Let DI be drawn parallel to AC; then, DF:F B:: DH: Hl 
But, EDHG and GHIC are Parallelograms, - by Conſtr. 
wherefore, DH = EG, and HI =GC - 15. 1. 
Therefore, DF: FB:: EG : GC (as DH: HI) -Ax. 4.5. 
But, AD: DF:: AE: EG; ch. AD: FB:: AE. GC - 9. 5. 


THEOREM IH. Euclid. 


If any Angle of a Triangle is biſected by a Right 


Line, cuting the oppoſite Side; the Segments of 
that Side, will be proportional to the two Sides of 
the Triangle, containing the Angle biſected. 

And, converſely, if any Side yy a Triangle be 
cut, in the proportion of the other two Sides; and 
if the greater N be contiguous to the greater 
Side; then wil 


that Angle. 


Let the Angle ABC, in the Triangle 
ABC be biſected by the Right Line BD, 
Eutting the Side AC in D. 

I ſay, AD is to DC, as AB is to BC. 


DzM, 


a Right Line, drawn from the 
; point of ſection to the oppolite Angle, biſect 


r 
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Dem. Produce AB indefinite; make BE=BC, and draw CE. 
Then, becauſe BE=BC, the Angle BEC=BCE, - 9.1. 
(for, the Triangle CBE is Iſoſceles) 
and the Angle ABC(which isexternal) =BEC+BCE-10.1, 
Now, the Angle ABD = DBC, by Conſtruction ; 
and BCE=BEC ; conſequently, DBC=BCE. - Ax. 3.1. 
But, the Angles DBC, BCE, are alternate; and ſince they 
are equal; conſequently, BD is parallel to CE - 4. 1. 
Wherefore, in the Triangle AEC, the Sides AC, AE, 
are cut proportionally, by the Right Line BD; | 
Lo AD:DC:: AB:BE +» =. - - Tk 
But, BE =BC(Con.) th. AD: DC:: AB: BC. - Ax. 4. 5. 


2nd. In the Triangle ABC, let the Side AC be ſo cut, in D,. 
that the Segments, AD, DC, are in the Ratio of AB toBC, 
Then, a Right Line, BD, biſects the Angle ABC 
(the ſame Conſtruction remaining as before). 


Now, BE=BC (Con.) and, AD: DC:: AB: BC - Hyp. 
wh. AD: DC:: AB: BE; conf. BD is parallel to CE - 2. 
and conſequently, the Angle DBC= BCE —_— 
But, becauſe (in the Triangle CBE) BC = BE, - Con. 
the Angle BCE = BEC; i. e. AAC. =- 9g. 
and, the Angle ABC = BCE + BEC. - 10. 1. 
But, the Angle DBC = BCE; and ABD= AEC. - 4. 1. 
Therefore, ABD is equal to DBC. Ax. 3. 1. 


N. B. This Theorem and the foregoing are of extenſive utility, 
and are particularly uſeful in Perſpective. 
The third Caſe of Theo. 2, and the following Corollary, con- 
tain the whole Subſtance of practical rectilinear Perſpective. 


T H E. 
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THEOREM IV. 4Euclid. 


In equiangular Triangles, the Sides containing equal 
Angles are proportional; and, the Sides which 
ſubtend equal Angles are homologous, or cor- 
reſponding. 


B Let ABC, and abc, be equiangular 
Triangles, having the Angle. a, equal to 


| the Angle A, b equal B, and c equal C. 


Is fay, the Side a b, is in proportion to 
AB, us ac is to AC, and, as bc to BC. 


Dru. Suppoſe the Angle a applied te, or laid upon the 
Angle A, and ab upon AB. - - -: Poſt, 5.1. 
Then, becauſe the Angle bac=BAC, ac will fall 
on AC, and bc will cut the Triangle ABC, in bc. 

But, the Angle ABC=Abc; and are internal & oppoſite; 
wh. bc is parallel to BC (4. 1.) conf. Ab:bB: : Ac: C- 2, 
Wh. Ab: Ab rb 3 wu :Ac:Ac+cC(eqAC)-6.5, 

Therefore, as a b: AB: AC. 


Again; ſuppoſe the Triangle a be applied to the AngleC, 
of the Triangle ABC; (as abC) then will the Side ab 
ti. e. ab) be parallel to AB, - - Cor. 1. Th. 2, 
The reſt is as before; i. e. 4C:BC::aC:AC. 

But aC= Ac, &c. and, Ac: AC:: Ab: AB, above. 
conſequently, bC (i.e. bc) :BC::Ab (i.e. ab): AB. 


It is thus demonſtrated, according to Euclid, 


Let 
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Let Abc and ed C be equiangular Triangles, ſo applie1, 
at the Angle c, that the two Sides, Ac and cC, are in 
a Right Line, 

* Produce Ab and Cd, meeting in B. 


Then, becauſe the Angle Acb=ACd, &Ccd=CAb, 
AB is parallel to cd; and, CB parallel to cb- 4.1. 
wherefore, c bBd is a Parallelogram; - Def. 33. 
conſequently, bB ed, and Bd be. 15. 1. 
But, Ab:bB:: Ac: cC; 8 * 1 
wherefore, Ab: cd (equal bB) :: Ac: C; 
alſo, as Ac. C:: be (equal Bd) :dC Ax. 4 5. 
conſequently, as Ab: d:: be: d C. = 13.5, 


Cor, 1. Triangles, having all their Sides directly propor- 
tional, are equiangular. The Converſe; needs no proof. 


Cor, 2. Triangles, being equiangular, or having all their 
Sides directly proportional, are ſimilar, — ſee Def. 17 
Conſequently, if two Angles, of one Triangle, are 
equal, reſpectively, to two Angles of another Triangle, 
the Triangles are ſimilar; and their Sides proportional, 
For, the two remaining Angles are equal — 10. 1. 


| Hence is deduced the 15th Problem, and alſo the 16th. 


N. B. This Theorem is of univerſal application. It is the Crite- 
rion of Proportion in every branch of the Mathematics; for, 
wberever there is found equiangular Triangles, ſeeing that 
they are neceſſarily ſimilar, the Proportion of their correſpond- 
ing Sides, is conſequently analogous. 


The firſt Corollary, the Converſe of the Theorem, is the 
fifth Propoſition of Euclid, 


THE- 


| 
| 
| 
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THEOREM V. G6Euclid, 


If, in two Triangles, an Angle of one be equal to 
an Angle of the other, and, if the Sides containing 
the equal Angles are directly proportional, the 

| Triangles are fimilar, 


In the Triangles ABC, DEF, let the 
Angle BAC be equal EDF; and, as AB 
is to DE, ſo let AC be to DF. 

Let the Triangle DEF be applied to 
the Triangle ABC; the Angle D tothe 
equal Angle KA. - Poſt. 5. 1. 

Or, from the Angle A (equal D) take 
AG, equal DE, and AH equal DF, and 
join Il. (Prob. 3.) 


Dru. Now, becauſe AB: DE:: AC: DF, - (Hyp.) 
conſequently, AB: AG:: AC : AH. - Ax.5.5. 
wh. AB-AG (GB):AG::AC—AH (HC): AH, - 7. 5. 
i. e. GB: AG:: HC: AH; or, as AG: GB.: AH: HC 5.5, 
wherefore, GH is parallel to BC; - Cor. 1. 2. 6. 
therefore, the Triangle AGH is ſimilar to ABC. C. 3. 

But, the Triangles AGH, DEF are congruous - 8.1: 
Therefore, the Triangle DEF is ſimilar to ABC-Axiom. 


The 5th Propoſition of Euclid, is of little or no conſequence, 
as it ſeldom, if ever, occurs; it is rather a critical remark, than 
a neceſſary Propoſition, 


THE 
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THEOREM: FL. 


In ſimilar Triangles, the Perpendiculars, from equal 


Angles, are proportional to the correſponding Sides. 


And, correſponding Sides are cut proportionally 
by the Perpendiculars. | 


Let, the Triangles ABD, DEG be | B 
ſimilar, whoſe correſponding Sides are | 
AB and DE, AD and DG, BD and EG. 

I ſay, the Perpendiculars BC, EF, 

from the equal Angles, B and E, are 


proportional to the Sides. C 
Dem. For, the Triangles ABC, DEF, alſo CBD, FEG 

are ſimilar; becauſe, the Angles, at C and F, are all 

Right (Def. 11.) therefore equal; = „ & 

the Angle A = EDF, and BDC = G; by Hypothehs ; 

conſequently, ABC = DEF, and CED = FEG. - 10. 1. 

Wherefore, as AB: DE:: BC: EF. 

Sh -- - AB: DE: :AD:M0. 5-08 

Therefore, BC: EF :: AD DG. 

Alſo, » - BC:EF:: BD: EG. 3 Ax. 13.5. 


2nd. AD and DG are cut proportionally, in C and F, by 
the Perpendiculars BC and EF. 
Becauſe AC: BC :: DF: EF; 
and.. BC: CD:: EF: FG - *. 20-4 
conf. - as AC: CD:: DF: FG. 9. 5. 


Cox. If parallel Lines are cut by any number of Lines, 
proceeding from the ſame Point, they will be cut 
proportionally, _ * 55 
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And, the Lines which proceed from a Point will alſo be 
eut proportionally, by the parallel Lines, | 
Os” 


Let AB and CD he parallel Lines. 
From any Point, E, at pleaſure, if the 
Right Lines EA, EF, &c. are drawn, 
cuting the Parallels, in A and C, F and H &c; 


they will be cut proportionally, in thoſe 
Points. | 


For, in the As. AEF, CEH, the Angle EAFSECH-4.1, 
alſo, AEF is common to both Triangles; 
conſequently, the Triangles AEF and CEH are ſimilar. 
And, for the ſame reaſon, the Triangles FEG and HEI; 
alſo, GEB and IED are, reſpectively, ſimilar, 


bf - , Wherefore, EA: EC::EF:EH::EG:El::EB:ED. 


conſequently, AF: CH:: FG: HI, and as GB: ID. 
Therefore, CH: HI: ID:: AF: Fd: GB. 

Alſo, EA: AC:: EF: FH:: EG: Gl, and as EB: BD, 
Hence is deduced the 36th, a moſt uſeful Problem, 


THEOREM VII. S8 Euclid. 


In a right angled Triangle, if a Perpendicular be 


drawn, from the Right Angle to the Hypothenuſe, 
it will divide that Triangle into two Triangles, 
which are ſimilar to each other; and alſo to the 
whole Triangle. 


In the Right angled Triangle, ABC, 
and, from the Right angle, B, draw the 
Perpendicular BD, to AC. 


I fay, the Triangles ABD, DBC, are 
| fimilar, to each other, and alſo to the 


C Whole Triangle, ABC. 


2 DEM, 
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Dem. The Angle ADB=ABC (Con. ) and BAD is common; 
conſequently, the Angle ABD = BCD - — 10.1. 
Wherefore, the Triangles ABD, ABC are ſimilar - 4. 

Again; the Angle ADB = BDC (Def. 10.1) 
and ABD =BCD (above) wherefore, BAD=DBC - 10. 1. 
Conſequently, the Triangle ABD is ſimilar to DBC - 4. 
But, the Triangle ABD is ſimilar to ABC — proved 
Therefore, the Triangle DBC is ſimilar to ABC - Axiom. 


Cor. 1. In right angled Triangles, the Perpendicular (BD) 
is a mean Proportional between the Segments (AD & DC) of 
of the Hypothenuſe, made by the Perpendicular, + *. 


For, the Triangles ABD, DBC, being ſimilar, the Side AD 
(of the Triangle ABD) is to BD (of the ſame) as the Side BD 
(of the Triangle D B C) is to DC (of 1 — 

i.e. AD: BB:: BD : DC. - — Th. 4. 


From hence, and from Theorem 12 of the zrd Book, are de- 
duced the 30 and 3 iſt Problems, in Practical Geometry; which 
are of moſt extenſive utility. 


Cor. 2. In right angled Triangles, each Side containing 
the Right Angle, is a mean Proportional, between the 
adjoining Segment, and the whole Hypothenuſe. 


Ag; is a mean Proportioal between AD and AC; 
and BC is a Mean, between D C and AC, 


| For, AD: AB (of the Tri. ABD): : AB: AC, of the Tri. ABC 
| And, AC: BC (of the Tri. ABC): : BC: DC, of the Tri. DBC 9 


ä Cor. 3. A Perpendicular, from any Point in the circum- 
ference of a Circle, to a Diameter, is a mean Proportional, 
between the two Segments of the Diameter, made by the 

ö Perpendicular. 

For every Angle, touching the Circumference, in a Se- 
micircle, is a Right one (12. 3.) conſequently, the Dia- 
meter is the Hypothenuſe of a right angled Triangle, in- 
? | ſcribed in the Circle. 


. From hence, may eaſily be deduced the following Problems: 
| Fa P R O- 
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PROBLEM I. The two Sides, or Legs, of a right 


angled Triangle being given, how to find the IHypothe- 
nie, the Perpendiculer, and the two Segments of the 
Hypothenufe, arithmetically. 


In the right angled Triangle, ABC, 
is given the two Legs, AB and BC, 


* iſt. To find the Hypothenuſe. 
4&8 D+BCO,=ACO' - | 20.1, 


* 


\ _ Conſequently, the Squares of AB and BC, 
being added together, the Square Root, ot 


© that Product, gives AC. 


and. To find the Perpendicular, BD; AC: AB: :BC:BD -4. 


BD is, therefore, a fourth Proportional; AC, AB, and BC; 
beir g the three Terms given, and BD is required - Det. 11. 5. 
Conſequently, AB x BC = AC x BD - < (See Th. 9.) 
i.e. if AB be multiplied by BC, and that Product divided by 
AC {as in the Rule of Three) the Quotient arifing is BD. 

For, the Diviſor mulüplied into the Quotient is equal to the 
Dividend; i.e. A C multiplied into B D. is equal to AB mul- 


tiplied into BC; by Theorem gth. | | 
Therefore, the Perpendicular, B D, is a fourth Proportional. 


Hence, a Rectangle, under the two Legs of a right angled 
Triangle, is equal to a Rectangle under the Hypothenu.e and 
the Perpendicular, 


grd. To find the greater Segment, AD; AC: AB:: AB: AD-4. 


Wherefore, AD, the greater Segment of the Hypothenuſe, 
is a third proportional to AC and AB. See Def. g. 5. 
Conſ. ABG =AC x AD; or, the Rect. CAD (ſee Cor. Th. 9.) 
i. e. AB multiplicd by itſelf, and the Product divided by A C, 
gives AD, 


Otherwiſe; BC : BD :: AB : AD. 
Conſ. AD is a fourth Ptoporticnal; and AB x BD=BC=AD. 


4th. To find the leſſer Segment, DC; AC: BC :: BC: Dc, 


or AB:BC:: BD: DC. Alſo, AD: BD:: BD: DC. 


When either Segment, AD or DC, is found, the other is a 
third Proportional, between that Segment and the Perpen- 


dieular, BD; conf. AD DC BDA. But, if the Hypo- 


thenuſe, A C, and either Segment be found, then, AC - AD 
is equal DC; and AC-DC=AD. | 
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PRO B. II. The Perpendicular and eil lber Side being 
given, how to find the other Side. 


Let AB and BD be given, 


Becauſe AB MMU =ADo +BDano; - - 30 fs 
conſequently, AB N- BDO ADP. 
i. e. the ſquare of BD being ſubtracted from the ſquare of AB, 
the ſquare Root of the remainder gives AD, 
Then, as AD: AB:: BD: BC; wh. BC is a fourth Proportional. | 
Conſ. AB x BD = AD = BC. For AB x BD MAD x BC. & 


PROB. III. The Perpendicular and either Segment 
being given, to find the other Segment, ang\he tevo Sides. 


Let AD be the given Segment, 


Then, as AD: BD: :BD:DC. Wh. DC is a third Proportional. 
Conf. BD multiplied into itſelf, and that Product divided by 
AD, gives DC. For AD x DC=BDa. 

If DC had been given, it is juſt the reverſe. 


2nd. AD DBA ABG. And BDo+DCa=—BCn - 20. 1, 
Wherefore, if the ſquare of AD be added to the ſquare of BD, 
the ſquare Root of that Sum gives the Side AB. 


Again; AB being found, BC is a fourth Proportional. 
For, AD:BD: : AB: BC. Wherefore, AB x BD = AD=BC. 
i. e. the ſum of AB multiplied by BD, divided by AD gives BC. 


PROB. IV. The two Segments (AD and DC) 
being given, to find the Perpendicular (BD) &cc. 


BD is a mean Proportional between the Segments AD & DC. 
Wherefore, as AD: BD. : BD: DC; 
confequently, AD x DCG BDO. < (fee Cor. Th. .) 
1. e. It AD be multiplied by DC, the ſquare Root of that 
| Product, is BD. 
Hence, the Sides, AB and BC, may be found, as in Problem z. 


| | Theſe Problems, deduced from this extraordinary and exten- 
- ſive Theorem, are extremely uſeful in Perſpective; to find 
Vaniſhing. Points and their Diſtances, &c. 
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THEOREM VIII. 14 & 15 Euclid, 


reverſcd. 


Parallelograms, having equal Angles; or, Triangles, 

having one Angle, in each, equal to one another; 

and the Sides, containing the equal Angles, reci- 
procally proportional, are equal. 


Let ABCD and DEFG be Parallelo- 

= grams, having equal Angles; and as the 

Side AD, of the one, is to DG, of the 

A s other, fo let DE, of the ſame, be to DC 
x f 755 of the firſt. 

5 17 Let the equal Angles, at D, be ſo placed 

EC FE. K together, that, the Side AD, of one Parallel- 


ogram, and DG of the other, are, in one Right Line; 
then will DE and DC be alſo in one Right Line. 2.1, 


Produce BC and FG, meeting in H, forming a Pa- 
rallelogram'CDGH. 


Dem. Then, the Par. BD is to DH, as AD is to DG 
and, the Parallelm. DF is:to!DH, as ED is to vet T.1, 
But, AD: DG:: ED: DC; by Hypotheſis ; 
wherefore, the Parallelograms, BD and DF, have an 
equal Ratio to the ſame Parallelogram, DH, 
Therefore, the Parallelogram AECD=DEFG - Ax. 5. 5. 


znd. Having drawn the Diagonals AC and EG; the Tri- 
angle RC is equal to DEG; - Ax. K. 1. 
for, each is equal to half the Parallelogram BD or DF-17. 1. 
Or (CG being drawn) the Tri. ACD: DCG: : AD: DG, 
and, - - - the Triangle DEG: DCG: : ED: DC. 
But, AD: DG: : ED: DC (Hyp.) conſ. Tri. ACD=DEG, 
for, they have an equal Ratio to the Triangle DCG. 


; Cor. 1. 


e 


9» , Wc *X 
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CoR. 1. Equal Parallelograms having equal Angles, or Tri- 
angles having one Angle in each alſo equal, have their 
Sides about the equal Angles reciprocally proportional. 
This, being the converſe of the Theorem is manifeſt, 
from it; for, by the fame conſtruction, it is thus reverſed. 


Becauſe, the Parallelogram BD is equal to DF, they have an 
equal Ratio to the Parallelogram DH - - Ax. 4. 5. 
But, Par. BD: DH: : AD: DG; and, Par. DF: DH: : ED: DC 1. 
Therefore, as AD: DG::ED:DC - - - - - Ax, 13. f. 

Alſo, the Triangle ACD is equal to half the Pars BD; and DEG 
is equal to half DF (15. 1.) conſequently, ACD=DEG.-Ax. 4. 1. 
and, their Sides, AD, DC; DE, DG, are reciprocally proportional. 
Co, 2. Parallelograms, or Triangles, having their Baſes 

and Altitudes reciprocally proportional, are equal, 


For, whether their Angles be equal or not, the Parallelograms 
are equal to Rectangles having the ſame Baſe and Altitude - 18. 1. 
Conſequently, if their Baſes (AD and EF) and their Altitudes 
(CI and IK) are reciprocally proportional, the Parallelograms, 
BD and DF, or the Triangles, ACD, DEG, are equal - Th. 1. 


For, the Perpendiculars (i. e. the Altitudes) of Triangles and Pa- 
rallelograms, having equal Angles, are in the fame Ratio as their 
Sides; ©. CI:1IK;;CD:DE . - | 6 
But, their Baſes, EF and AD, are in the ſame Ratio. 
Therefore, CT:IK:: EF, or KL (equal DG): AD ;- Ax.13.5. 
and conſequently, whether the Angles, at D, agg equal or not, 
the Parallelogram ABCD=DGKL (equal DEFG.) þ | : 
Allo, the Triangle DEG=ADC (equal DEG.) = _ 
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THEOREM IX. 16 Euclid, 


If four Right Lines are Proportionals, the Rectangle 
under the two Extremes (i. e. the greateſt and the 
leaſt) is equal to the Rectangle contained under the 
two Means, 


66 od 99 


1 F Let the four Right Lines, A, B, C, D, 
C 5g — be proportional; and as A is to B, ſo let 
D k 


C be to D. 
1 | Then will the Rectangle under A and D, 
be equal to that under B and C. 


Conſtruct the Rectangles EG and HK, 
1— making EF equal A, and FG equal D; 
. alſo, let HI be equal C, and IK equal B. (Prob. 18.) 


DEM. Then, becauſe EG and HK are Rectangles, 
conſequently their Angles are all equal. (Def. 34.) 
But, as EF: IK: : IH: FG; i. e. as A:B::C:D; 
wherefore, their Sides are reciprocally proportional. 
Therefore, the Rect. EG, is equal to the Rect. HK. - 8. 


D 8 | Otherwiſe : 


Take AB equal to the greateſt of the 
four proportional Lines, and, at either Ex- 
treme, B, make a Right Angle, ABC. 
Make BC equal to the preateſt of the 
Means; and AE equal to the other. 
$ — Compleat the Rectangle ABCD, and draw 
the Diagonal, Ac. (Prob. 18.) 
Thro' E draw EF, parallel to BC; and through G, where 
it cuts the Diagonal, draw HI parallel to AB, (Prob. 5.) 
DEM. 


Boc 


Den 


» &© => 2 


fc 
tt 
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Du. Now, becauſe AB, BC, and AE are equal to three of 
the Proportionals, EG is equal to the fourth; x 
for, as AB is to BC ſois AE to EG. -- Tk 
And, fince the Complements, DG, GB, are equal -19. 1. 
if HE be added to both, the Ret. ADFE=AHIB-Ax.6.1. 
But, AHIB is a Rect. under the two Extremes. © 
And, ADFE is a Rect. under the two Means. J On. 

Therefore, the Rectangle under the two Extremes, of 
four proportional Lines, is equal to a Rectangle under 
the Means. Bob | | Fa 
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Corollary, The 17th Propoſition of Euclid. 


= CE 
- . 


It three Right Lines are Proportionals, the Rectangle un | 
der the two Extremes, is equal to the Square of the Mean. 


If the two middle Terms, B and C, had been equal, the ReQ- 
angle HK would be a Square. (Def. 35.) See Fig. 1. 
But, as EF:IK::IH:FG; and IH is equal to IK. Sup. 
Therefore, the Rectangle under the Extremes, of three propor- 
tional Lines, is equal to the Square of — 


Or, if (by the 2nd Conſtruction) AE had been equal to BC, 
the Rectangle AD FE would be a Square. 
Conf, it would be equal to the Ret. AH IB under the two Ex- 
tremes, For, as AB: AE (eq. BC Sup.) :: AE : EG, eq. BI. 


From hence, and Prop. 19. 1. is deduced the laſt method (Prob. 
32) for finding a fourth Proportional. 

A third Proportional may alſo be found, by the fame; viz. by 
conſtructing a Square on either of the given Lines, which 1s to 
be the Mean, | „ 

From which Conſtructions, it is obvious, is deduced that moſt 
excellent, Golden Rule, or Rule of Proportion, in Arithmenc. 


N. B. If a Right Line be ſo divided in two Parts, that the Rect- 
angle, under the whole Line and one Segment, is equal to the 
Square of the other; it is divided in extreme and mean Pro- 
portion in that Point. - 

For, the whole Line, the greater Segment, and the leſs, ar- 
in continual Ratio; conſequently, they are three Propoi tionals. 
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THEOREM X. 


Similar Triangles are proportional to the Squares of 
their correſ} ponding Sides. 


* Let ABC, DEF b- fimilar Triangles, 
1 baving the Angles at A and D equal; 


the Angle B equal E, and C equal F. 


Then, Squares cenſtruted, on correſ- 
ponding Sides, AC and DF, or any other, 
| have the ſame Ratio to each other, reſpec- 
F tively, as the Friangles, ABC and DEF, 


Beſeribe the Squares AGH C and DIK F, on the Side; 
AC and DF, which are homologous; being oppoſite 
equal Angles, B and E. 


Draw the Diagonals AH, and DK; alſo the Perpendi- 
culars BL, and EM, to the Sides AC, and DF. 


Den. The ABC: AHC: :BL:HC (eq. AC, Con) en 

Alſo, the a DEF: DK F:: EM: KF, equal DF. | Sal 
But, - as BL:AC::EM:DF;, - < Th.6. 
wherefore, A ABC: AHC::DEF:DKF <- Ax.13.5 
conf. = A ABC:DEF::AHC:DKF - - Th.4s 
But, AAHC: GAGHC:: a DKF: M DIKF--17. 1. & Ax 7.5. 
Wh. 4 ABC: H AGHC:: a DEF: GBDIKF - Poſt.i. 
Th. ABC: PEF:: O AGHC:DIEF . Th. 4. 5. 
That is, the A ABC: DEF: : AC : DF. Q. E. D. 


THE 


Bot 
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THEOREM XI. 23 Euclid. 


Eguiangular Parallelograms are, to one another, in 
a Ratio which is compounded of the Ratio of 
their Sides, E. 

Let AE and DC be equiangular Pa- 


rallelograms. 

I ſay, the Ratio of the Parallelogram 
AE to DC, is equal to the compounded | 3 
Ratio of their Sides. i. e. of the Ratio of I 
AB to BC, and of EB to BD. 

Let the equal Angles, at B, be ſo placed together, that, 
the Sides, AB, and BC, alſo DB and BE, are in a Right 
Line; and produce the oppoſite Sides, meeting at F, 
forming a Parallelogram BEF C. 

Take any Right Line, G, at pleaſure; and, as BC is 
to AB, make H to G 
alſo, as DB is to BE, make I to H, (Prob. 32.) 


Deu. Now, the Ratio of G to H is the ſame as AB to BC; 
and, the Ratio of H to I is equal to that of EB to BD,-Con. 


But, the Ratio of G to I, is compounded of the Ratios r 


G to H, and H to I (Def. 21. 5.) conſequently, the Ratio 
of G to I is that, compounded bf the Ratios of the Sides; 
to which, theſe are reſpectively equal. . 
But, the Par. AE: EC:: AB: BC; i. e. 288 4 Th. x 
And, the Par. EC: DC:: EB: BD; i. e. as H to l. 18 
Wh ſince the Par. AE: EC:: G: 1, and Par. EC: DC:: H: J. 
The Patallelogram, AE: Par. DC:: G: I. Th. 9. 5. 
But, G is to I, in the compounded Ratio of the Sides. 
Therefore, the Par: AE is to Par. DC in the Ratio, which 
is compounded of the Ratio of their Sides. Q.E D. 
OT I OW Cor. 1. 


% 
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Co. 1. Triangles, having one Angle in each, equal to one 
another, have that Ratio between them, which is com- 
pounded of the Ratio of the Sides, containing equal Angles, 


For, the Triangles-AEB, BCD, having equal Angles, at B, 
and drawing EC, the Demonſtration 1s in the Theorem. 


Cor: 2. Parallelograms, having equal Angles, or Triangles, 
which have one Angle in each, equal to to one another, 
have that proportions to each other, as the Rectangles 
under the Sides containing the equal Angles. 


For, the Sides, containing equal Angles, have the ſame pro- 
portion, to each other, as the Perpendiculars, EK, KL.- Th. 6, 
Conſequenitly, Rectangles under the Baſes and Perpendiculars, 

are in the ſame Ratio to each other, as Rectang les under the 
aſes and adjoining Sides, containing equal Angles, viz. in the 
Ratio which is compounded of their Sides; by Theorem. 


THEOREM XI. 19 Euclid. 


The proportion of ſimilar Triangles, to each other, is 
the guplicate Ratio of their correſponding Sides. 


Let the Triangles ABC, DEF be {imilar 
and alike ſituated; i. e. let the Angle A 
be equal D, B equal E, and Cequal F; 
The Side AB correſponds with DE, BC 

with EF, and AC with DF. Produce DF. 

Take DG a third Proportional, to DF 
| and AC, and draw EG; 

i. e. make DG to AC as AC is to DF; (Prob. 31.) 
Then, the Triangle. BC is to DEF, as DG to DF, 
Dem. Becauſe the T riangles ABC, DEF are ſimilar, 

conſequently, AB: DE:: AC: DF. . 

But, DG: AC: : AC: DF( Con) conſ. as AB: DE:: DG:. AC. 

Wherefore, in the Triangles ABC, DEG, the Sides AB 

and AC, DE and DG, which are about the equal Angles 

(A and D) are reciprocally proportional. 

conſequently, the Triangle DEG = ABC. - Th. 8, 
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But, the Triangle DEF:DEG::DF:DG _- - Th.1. 
Th. the Triangle DEF: ABC:: DF: DG — Ax. 4. 5. 
and, by inverſion, ABC - DEF: : DG: DF. Th. 5. 5. 
i. e. in a duplicate Ratio of their correſponding Sides. 

Or, if AH be taken a third proportional to AC and DF; 
it will then be, as AB: DE:: DF: All, i.e. :: Ac: DF-Con. 
Conſequently, the Triangle ABH = DEF, - Th.8. 
Wherefore, the Tri. DEF: ABC: : ABH: ABC.- Ax 4.5. 
i. e. as AH is to AC (Th. 1.) viz. in a duplicate Ratio. 


Cor. If three Right Lines are Proportionals, the Squares 
of the firſt to the ſecond are as the firſt Line is to the third. 
In the Tri. DEF, ABC, and DEG, DF: AC: DG + < Con. 
But, the Triangle DEF: ABC: :DF:DG. - - Theo. 


And the Triangle DEF: ABC: :DFo:ACo. - - "26 
Therefore, as DPF: DG (the firſt to the third) :: PF H: AC d. 


THEOREM XIII. 20 Euclid. 


Similar Quadrilaterals, and Poligons, are, by drawing 
Diagonals, divided into Triangles, _ in Number; 
the correſponding Triangles are ſimilar to each other, 
reſpectively; and proportional to the Poligons. 

Alſo, the proportion of the Poligons, to each 
other, is in the duplicate Ratio of their cor- 
teſponding Sides. | 


Let AB CDE and FG HIK be | 
ſimilar Poligons. . 
Draw the Diagonals AC, CE, and 
FH, HK, &c from any correſpond- 
ing Angles, C and N, to the oppoſite. 


Dem. Every Poligon is divided into as many Triangles, as it 


has Sides, wanting two; by drawing all the Diagonals which 
can be drawn, from any Angle; as CA, CE, or HF, HK; 
conſequently, the number of Triangles, in each, are equal; 
ſceing the Poligons have an equal number of Sides. 
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and. Becauſe the Poligons are ſimilar, they 


are conſequently equiangular (Def. 1.) 
and, being ſimilarly poſited, the Angle 
A=F, B= G, and C = H &c. 

Then, decauſe AB: BC:: FG: GH, 
and the Angle B=G, the Triangles 
| ABC, FGH are fimilar, - - Th. 5. 

And, bench the Angle BAE = GFK and there is taken 
away, from each, equal Angles BAC, GFH, 
the remainder, CAE =HFK., - < Ax.7.1 

But, AB: AC: :FG:FH, and AB: AE: :FG: ; 
conſequently, AC: AE:: FH: FK. 13.5. 
therefore, the Triangles ACE, FH K are fimilar. Th. 5. 
And, becauſe CD: DE:: HI: I K, and-the Angles D and 1 
are equal; the Triangles ECD, K HI are ſimilar. - ſame. 


31d. Becauſe the Triangles ABC and FGH are ſimilar, 
their Ratio is dupplicate of their correſponding Sides ; 
%% . un. 
And for the ſame reaſon, the Ratio of ACE to FH K is 
alſo duplicate of AC to FH; or, of EC to KH. ſame. 
Alſo, the Ratio of ECD toKHI, is duplicate of EC toKH. 

But, the Ratio of each Triangle, ABC, &c. to its cor- 
_ reſponding Triangle, FGH, &c. is the ſame, viz. as AC 
Wa FH, or EC\to KH, &c. 

 Thetefore/as buen ntecedent, ABC, is to one Conſequent, 
On, is al the Antecedents ABC, ACE, and ECD, 
10 all the Fonfeqvents, FGH, F H K, and K HI. taken 
together, (2: 5.) i. e. as Poligon to Poligon. Q. E. D. 


Ah. The Ratio of ACE to FHK is duplicate of AE to FR-12 


But, the Ratio of Poligon to Poligon is equal ACE tuFHK, 
Therefore, the Ratio of Poligon to Poligon, is duplicate, 
of AE to FK, of ED to KI; ot, of any other Sides, 
which are homologous. 

4th. 


B 
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Co. 1. All ordinate or regular F igures whatever, Triangles, 
Squares, or Poligons of any kind are, reſpectively, to each 
other, in the duplicate Ratio of their Sides, or Diagonals. 


Becauſe, all regular Figures, of the ſame Species, are ſimilar. 
Alſo, Circles are, to each other, in the duplicate Ratio of their 
Diameters, &c. 


Hence, in all ſimilar Figures whatever, if tbe ratio of 
the homologous Sides be known, the proportion of the 


Figures is known. a 
For example; If the ratio of the Sides be as 2 to 3, their 

Areas are as 4 to 9. For, 332 : 3:: 3: 4%; 

Therefore, as 2 is 10 44, fo is one Figure to the other; 

which, in whole numbers, is as 4 to . 


Cor. 2. The Proportion of all ſimilar Figures whatever, _ 7.75 


as the Squares of their correſponding Sides. 

For, as the Triangle ABC gr ACE, is to FGH, or FHK, 
ſo is Faligon to Poligon. 3 
But, the 'Triangles, being fimilar, are, as the Squares of their 
homologous Sides; viz. as AB to FG, or AE to FK - Th. 10. 
Therefore, as the Square of AB is to FG, or of AE to FK, &c. 


{ is Poliggn to Poligon, - <- =- Ax. 13. 5. 


Cor. 3. The Perimeters or Circuits of ſimilar Figures are, to 
each other, as their correſponding Sides or-Diagonals. 
For, ſince each Side AB, BC, &c. has the ſame Ratio to its 
correſponding Side FG, GH, &c; alſo, as Side is to Side, fo 
is Diagonal to Diagonal, AC to FH, &c; conſequently, as 
any one Side, or — is to its correſponding Side or 


Diagonal, fo is the ſum of all the Sides AB +BC+CD, &c. 


to the ſum ot all the Sides, FG + G H + HI, &c. - 2. 5. 


Cor. 4. Any ſimilar Figures whatever, deſcribed on the Mean 
and either Extreme of three proportional Lines, have the 
ſame Ratio to each other, as the two Extremes; i. e. ag 
the firſt to the third, 

For, they are to each other, in the duplicate Ratio of their 
correſponding Sides; by che Theorem. 

From hence is deduced, an excellent Problem, (37) 
for finding the Side of any Figure whatever, ſimilat to 
another, and in any Ratio. | 
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The Perimeters of ſimilar Poligons, inſcribed in 


D 


THEOREM XIV. 


Circles, are, to each other, in the ſame Ratio as 
the Diameters; and their Areas as the Squares of 
'the Diameters. 


Let ABCDE and FGHIK be fimilar 
Poligons, inſcribed in Circles; whoſe Dia- 
meters are AL, and FM. 

Then, as AL is to FM, ſo is the Peri- 
[ meter ABCD E to FGHIK. 

Alſo, as AL ſquare, is to FM fquare, 
ſo is the Area of thePoligon ACE to FHK. 

Join AC and BL, alſo FH and GM. 


EM. Then,theAngleBCA=BLA,andGHF=GMF -10.3. 
But,theAngleBCA=GHF(13)Fh.BLA=GMF-Ax. 3. . 
and, the Angle ABL == FGMe(for they are R. Angles) -12.3. 
therefore, the Triangles BLA, GMF are ſimilar ; - Th. 4. 
(for, the three Angles, are reſpectively equal) | 

Then, as AB: FG:: AL: FM. * 
conſ. aa AB : FG :: ALA: FM ũ. 10. 


But, as AB: FG: : Perimeter ABC DE: Per. FG HIK-2.5. 
Th. the Diameter AL: FM: : ABC DE: FGHIK-Ax. 13.5. 


Alſo, as AB N: FG Q:: the Area of ACE: FHK-Th.1o&13, 
and conſ. as AL A: FM N:: the Area of ACE: FHK-Ax. 13.5. 


Cor. The Circumferences of Circles are proportional to 


their Diameters, and their Areas to the Squares of their 
Diameters. 


For, the Circumference of a Circle being conſidered as the 
Perimeter of a Poligon, of an infinite number of Sides, and, the 
Diameter may alſo 6 conſidered as a Diagonal; wherefore, the 
Demonſtration evidently follows from the 'Theorem. 


Cor, 2+ 


—_ 
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Cor. 2. Circumferences of Circle: are proportional, to the 
Perimeters of ſimilar inſcribed, or circumſcribing, recti- 

linear Figures. 
For the Perimeters, of all fimilar right lined Figures, are in 


proportion to their correſponding Sides or Diagonals, - C. 3. 13. 
And, the Circumterences of Circles, are as their Diameters.-Th. 


Cor. 3. The Areas of Circles are in proportion to that of 
any ſimilar inſcribed or circumſcribing Figures. 


For, the areas of all ſimilar Figures, are as the duplicate ratio 
of their correſponding Sides or Diagonals; and, the areas of 
Circles are as the duplicate Ratio of their Diameters. - Th. 13, 

Wherefore, ſince the Diagonals of fimilar Figures are in the 
ſame Ratio as their Sides, reſpectively; and alſo, as the Diameters 
of circumſcribing Circles ;, conſequently, the areas of Circles 
are, as the areas of ſinilarPoligons, inſcribed or circumſcribed. 


Cor. 2. The area of a Circle is to that of any circumſcribed 


right lined Figure, as the Circumference of the-Circle to 


the Perimeter of the circumſcribing Figure. 


For, the area of a Circle is equal to a Triangle, whoſe Baſe 
is equal to the Circumference, and height, equal to the Radius. 
And, the Area of a circumſcribing Poligon, is equal! to a 
Triangle, whoſe Bafe is equal to the Perimeter of the Poligon, 
and its height equal to the Radius of the inicribed Circle, * 
Conſequently, the Areas of all circumſcribing Figures are as 
their Perimeters; which may be conſidered as the Baſes of 
Triangles of equal height << = - - Sib 
Therefore, the Area of a Circle is to that of a circumſcribed 
Poligon, as the Circumference of the Circle to the Perimeter 
of the Poligon. 


See, Theory of Menſuration ; Article 7, and 8. 
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306 ELEMENTS or GEOMETRY. 


THEOREM XV. 22 Euclid. 


If four Right Lines are Proportionals ; ſimilar Right 


lined Figures, deſcribed on each Pair, will alſo 
be proportional, 


EG: Let the Right Lines AB, CD, 
AN X EF, and GH be proportionals, and 
A C 
P 


let AB be to CD, as EF to GH. 


On AB and CD, let there be 

ſ*\ 2 conſtructed ſimilar Triangles, V& X; 

| 7 and, on EF and GH any other 
— i 


ſimilar Figures, whatever, Y & Z. 


Find P and Q. each a third Proportional to AB and 
CD, and, to EF and GH, reſpectively. (Prob. 31.) 


Dem. Now, the Triangle V is to X, as AB to P; 0 Th. 12 
and, the Trapezium Y is to Z, as EF to Q 1 
But, as AB: CD:: EF: GH; and, as CD: P:: GH: Q-Con. 
wherefore, as AB: P:: EF: Q (9.5.) Th. V: X:: T Z. 


It is alſo true, if ſimilar Figures are conſtructed on the 
firſt and third, and others on the ſecond and fourth, of 
four proportional Lines. 

0 For, ſince V: X: Y: Z, con, V: Y:: X: Z. Th. 4. 5: 


Cor. Similar Figures being proportional to other ſimilar 
Figures, their correſpond ing Sides are Proportionals. 


The Converſe, needs no proof; ſceing it is but 
reverſing the Premiſes. 
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THEOREM XVI. 31Euclid. 


Any ſimilar Figures whatever, deſcribed on the three 
Sides of a Right angled Triangle, and if they are 
made correſponding Sides of the Figures ; then, 
that which is deſcribed on the Side ſubtending the 
Right Angle, will be equal to both the others, 
deſcribed on the Sides containing the. Right Angle. 


Let ABC be a Right angled 
Triangle; and, let X, V, and Z 
be ſimilar, irregular Pentagons, 
deſcribed on the three Sides, AB, 
BC, and AC, of the Triangle; 
which are correſponding Sides 
of the Figures, X, Y, and Z. 

I fay, that the Figure Z, de- 
ſcribed on the Hypothenuſe, AC, 
is equal to both X and Y, deſcribed 
on the other two Sides. 

Draw the Perpendicular BD. 


Dem. In every Right angled Triangle (A B C), ſince 
AD: AB:: AB: AC; and DC: BC :: BC: AC - Cor. to 7, 
Conſequently, any Figure, deſcribed on AB, is to a ſimilar 
Figure, deſcribed on AC, as AD is, to AC, 
and a ſimilar Figure, deſcribed on BC, is to that deſcribed 
on AC, as DC is to AC. = - - 12 and 13, 
Therefore, ſince Z: X:: AC: AB; and Z: Y:: AC: DC, 
Z will be to X V:: AC: AD + DC. - Cor. to 3. 5. 
But, ACZAD + DC; therefore, Z=X+Y. QE. D. 
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SH OL: This Propoſition, by the Doctrine of Proportion, extends the 
famous Nythagorean Propoſition, viz. the 47th of the firf Book of 
Euclid, aud the 20th, of the firſt, of theje Elements, univerſally. 
Secing, by Th.10. of this 6th Book it is demonſtrated, that Triangles, 
and all ſimilar Figures whatever, are in proportion to the Squares of 
their correſponding Sides, the full and Perfect demonſtration of this 
Propoſition neceſſarily follows from thence, and the 20th of the firſt ; 
this Propoſition is therefore, in ſome meaſure, unneceſſary ; but, for 
the particular beauty and elegance of it, I did not think proper to 
omit its : | 
This Propoſition is alſo applicable to the Diagonali of Right liued 
Figures, as well as to their Sides; and, conſequently, to the Diameter: 
of Circles, Wherefore, a Circle deſcribed on the Hypothenuſe of 
a Right angled Triangle, for its Diameter, is equal to the tw; 
C ircles, whoſe Diameters are reſpeaively equal to its Legs. 


THEOREM XVII. 24 Euclid. 


In every Parallelogram, thoſe which are about the 
ſame diagonal Diameter, are ſimilar to the whole 
Parallelogram and allo to each other. And the 
two Complements have their Sides reciprocally 
proportional. | 


1 | C In the Parallelogram ABCD, let AEFH 


and FICG be Parallelograms, about the 
Diameter AC. 
Then, the Parallelograms EH, IG, are 
ſimilar to the whale Parallelogram, BD, 
and to each other. : 


D EG is parallel to AD, and BC; and HI, 
to AB and DC; by Conſtruction. 


Dru. 
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Dem. Now, becauſe EF is parallel to BC, the Sides AB 
| and AC, of the Tri. ABC, are cut proportionally . 
wherefore, AE: EB:: AF: FC - - Th. 2. 
and conſ. AE: AB:: AF: AC. - - - Conv. 6.5. 
And, becauſe HF is parallel to DC, as AF: AC: : AH: AD, 
wh. as AE: AB:: AH: AD; and, asAE: AH: : AB: AD-4.5 
But, EF=AH, and BCA D, &c. (15.1.) wherefore, the 
Sides of the Parallelograms AE F H, and AB CD), have 
all their Sides proportional. 

But, the Angle EA H is common to both: and, the op- 
poſite Angles of Parallelograms are equal - = 15.1. 
wherefore, EFH = BCD. — - 1 
Alſo, the Angle AEF = ABC, and AHF = ADC. - 4.1. 
therefore AEF H is ſimilar to the whole Par. ABCD. Def. I. 

By the ſame Reaſoning, the Parellelogram FICG may 
be proved ſimilar to ABCD. 5 

For, CI: CB: : CG: CD; viz. as CF to CA - as above. 
they are alſo equiangular ; the Angle at C being common. 
Conſequently, the Par, FICG i is ſimilar to AEFH ; being 
both ſimilar to the whole Parallelogram, ABCD -Axiom.” 


2nd, The Compliments BF „F) are equal. - 19.1. 
and they are equiangular, (15. 1.) for EFL=HFG - 2.1. 
Wherefore, as EF: FG:: HT: FI, reciprocally - Th 8, 


COROLLARY. 26 Propoſition of Euclid, 


Hence it is evident, that, if on any Angle of a Paralle- 
logram, there be deſcribed, or taken away, a leſſer Pa- 
rallclogram, ſimilar, and a like ſituated, they will have 
the ſame common Diameter. 

For, the Diameter AF or FC, is common with AC. 


If any other Parallelogram A e f H, ſimilar to ABCD, 


be deſcribed at the Angle A, not alike ſituated, they have 


not the ſame Diameter AC. 
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THEOREM XVIII. 27 Euclid. 


If a Parallelogram be deſcribed on a Right Line, and 
from it there be taken away a Parallelogram, ſimilar, 
and alike ſituated, to one deſcribed on half the 

Line, equiangular to the firſt; that, which is de- 
ſcribed on the half Line, is greater than the remain- 
ing Parallelogram. | 


1 C Let AB Cb be a Parallelogram deſcribed 
on a given Right Line, AD; and, let 
AEFG be an equiangular Parallelogram, 
deſcribed on half the Line, AG; alfo, let 
' HICD be taken away from the Parallelo- 
gram ABCD, ſimilar, and alike ſituated, 


HUB DD to the Parallelogram AEFG. 


I fay, the Parallelogram AEFG is greater than the re- 
maining Parallelogram ABIH, 


Draw the Diameter ID, and produce EF to K. 


Dem. Then, becauſe the Parallelograms, HC and G, are 
about the ſame Diameter, ID, they are ſimilar, - 17. 
wherefore, AEF is ſimilar to HICD, - -< Axiom. 
Now, HF = FC (19. 1.) and BF FC - Th. 1. 
conſ. BF HF (Ax. 3. 1.) and HF is greater than BL. 
add AL, to both; and AF is alſo greater than AI. - 8. 
Therefore, AEFG is greater than the remaining Paralle- 
logram, AB H, the defect of HI CD. 


Again, 


B 
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Again. From the leſſer Parallelogram A b c D, let 
there be taken away the Parallelogram hic D, ſimilar 
to AEFG, and fituate alike, 


Now, becauſe FD is a Diameter, in the Parallelogram 
GFED, Gisele.“ - 064 
Add hicD, on both Sides; and Ge = hK — Ax. 6. 1. 
But, Gb =Gc. (Th. 1.) wh. Gb bK -.- 3.1. 
Add Gi, to both; and Ai = GK — Fi, 
conſequently, AF (equal GK) is greater than Ai. 

T herefore, the Parallelogram AEFG, deſcribed on half 
the Line, AD, is greater than any other Parallelogram 
deſcribed on the whole Line; being deficient by a Paralle- 
logram, ſimilar and alike fituated to that which is de- 
ſcribed on half the Line, » Q.E. D. 


Few, if any, who have favoured the World with Treatiſes on 
Geometry, have taken notice of this Theorem, or the foregoing, 
(the 27 and the 24 of Euclid) except thoſe who have trod in his 
path without ſteping the leaſt afide ; indeed, it is fo very obſcurely 
worded, that it is ſcarce intelligible; which, Mr. Stone has en- 
deayoured to remedy, with little ſucceſs. He excuſes Euclid, by 
ſaying, that he could not have rendered it more clear, in ſo few 
words; and therefore, rather than appear tedious, gave it as it is; 
If the Propoſition, itſelf, be unintelligible, how are we to under- 
ſtand the Premiſes? Euclid has given ſome Propoſitions in more 
words. I am perſuaded that I have made it clearer than Mr. Stone, 
and in as few words as Euclid makes uſe of, 

How far this Theorem may be of uſe in the Mathematics I do 
not pretend to ſay ; but, when it is clearly underſtood, it will be 
found to contain ſomething extraordinary in it; inſomuch, 
that I could by no means difpenſs with the omiſſion of it. 


There are two Problems, following after, in Euclid, which 
are dependant on it; he alſo divides a Line in extreme and 
mean Ratio by it; in the zoth; it is certainly demonſtrable, 
when done, but how it is to be performed, in the operation, 
I cannot deviſe. (See, Prob. 11th. B. 2. or Pr. 35. Pr. Geometry.) 

As I do not conceive the Problems to be at all uſeful to 
Mechanics, &c. I have not inſerted them, amongſt the reſt, in 
Practical Geometry. 

The 32nd Prop. of Euclid is of little conſequence, and has 
nothing in it worthy of notice, 

| T H E- 


312 ELEMENTS ov» GEOMETRY. 


THEOREM XIX. 33 Euclid 


In the ſame or equal Circles, the Angles, whether at 
the Center or at the Circumference, are in propor- 
tion to the Arks on which they ſtand. 


Firſt, in the Circle AED, the 
Angle ACB ftanding on the Ark 
AB, is to the Angle BCD, on 
the Ark BD, as AB is to BD. 
Let the Arks, AB and BD, be 
divided into any number of equal 
Parts, in F and G; and join 
CF, and CG. 


Dru. Now, becauſe the Ark AF=FB, and BG=GD; 
the Angle ACF=FCB, and BCG=GCD - C.2.9.3. 
wherefore, as the Ark AF:BG::FB:GD Fin eq. 

and, as theAng. — Ratio | 0 
For, whether AF be equal to, greater, or leſs than BG; 
the Angle ACF is alſo equal to, greater, or leſs than BCG; 
in the ſame Ratio. (Th. of Plane Angles: ) 

conf. as the Ark AF:BG: : Angle ACF: BCG, &c. 
Therefore, as AF + FB : BG + GD, 

ſo is the Angle ACF -+ FCB : BCG + GCD. = 2.5 
i, e. as the Ark AB: BD, :: Angle ACB:BCD. QE. D. 


But, the Angle ACB, at the Center, is double AEB, 
at the Circumference; and, BCD is double BED - 9. 3. 
Wh. as the Angle ACB : BCD :: AEB: BED - Ax. 8. 5; 
Therefore, as theArk AB: B, fo is the Angle AEB: BED. 


"9 2rd. 
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2nd. Becauſe, in the equal Circles, AEB, a e b, the Radii 
are equal; and equal Arks ſubtend equal Angles-C. 2. 9. 3. 
conſ. as Ark AB: ab:: Angle ACB: ac b; & AEB: a eb. 
If AB and ab be divided into an equal number of Parts, 

the Demonſtration is che ſame as above. 


Cor. Sectors of Circles, AC B, BCD, or ac b, are 
proportional to the Arks AB, BD, or ab. 


For, each Sector may be conſidered as an aggregate of a 
number of Iſoſceles Triangles, of equal Baſes and equal Legs; 
as ACF, FCB, &c. conſequently, equal Triangles; and having 
equal Altitudes; each Sector, ACB, BCD, or a cb have, there- 
fore, that Ratio to each other, as the Baſes of thoſe Triangles, 
i. e. as the Ark AB to BD, &c. - - - „ 


N. B. None of the following elegant, and ſome of them 
elementary, Theorems, are in Euclid; except the 34th; 
which is the 8th Propoſition of his thirteenth Book. 


THEOREM XX. 


If two Right Lines interſect, within a Cirele, and 
are terminated by the Circumference, the Seg- 
ments of thoſe Lines are reciprocally proportional. 


The two Chords, AB and CD, cut 


each other in E. 


I fay, that CE is to AE, as EB is io ED. 
Join AD and CB. 


Dem. Now, the Angles AED, CEB are equal. 2. 1. 
and ABC ADC; alſo BAD BCD. 10. 3. 
wherefore, the Triangles AED, CEB, are ſimilar.-Th. 4. 
Therefore, CE: AE:: EB: ED, by the ſame. QE. D. 
Conf, CE x EDS AE x EB; by 9. 6; alſo by 14. 3. 
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THEOREM XXL 


If two Right Lines are drawn, from the ſaine Poin: 


without a Circle, to the oppoſite and concave part 
of the Circumference ; they will have that propor- 
tion to each other, reciprocally, as their external 
A Segments, 


From the point A, draw AB and AD, at 
pleaſure, cuting the Circle EBD in the 
Points E, Go B, and D, 


I fay, that AB is to AD, as AE is to AC, 
Join EB and CD, 


Dex. In the Tri. ABE, ADC, the Angle ABE=ADC-10.3 
and the Angle A is common; wh. AEB SACD - 10.1. 
conſ. the Triangles ABE, ADC are ſimilar. 

Wherefore, AB: AD:: AE: Ac. Ph. 4 
And, ABXAC=ZADxXAE, by Th. 9. and, alſo by 16. 3. 


THEOREM XXII. 


Af from any Point without a Circle, two Right Lines 
are drawn, one touching the Circle, and the other 
cuting it; that which touches the Circle is a mean 
Proportional, between the whole Secant and the 
external Segment. 


From any Point, A, draw AB, 
touching the Circle at B, 
And, from the ſame Point draw AC, at 
pleaſure, cuting the Circle, in D andC. 


I ſay, that AC is to AB, as AB to AD. 


Foin BC, and BD. 
; Dex, 
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DEM. The Triangles ACB, ABD, are ſimilar, - Th. 4. il 
t or, the Angle ACB = ABD; = 5 3 1 
and BAC is common; wherefore, ADB = ABC - 10. 1. 1 
Therefore AC: AB:: AB: AD. Q. E. D. 


And conſ. AEXAD=AB 9. by Cor. Th. q; alſo by 16. 3. 


THEOREM XXIII. 


If two Circles touch one another, either internally or 
externally, and if two Right Lines be drawn, from 
or through the point of Contact, cuting both 

Circles; thoſe Lines will be cut proportionally, by 
the Circumfercnces of the Circles. 


In the Circles, ABC, ADE, and 
from, or through, the Point of Con- 
tact, A, draw AB and AC, cuting 
both Circumſerences, in the Points 


B, C, D, and E. 


I fay, that Ah is to AC, as AD to AE. 


Draw AF, a Tangent tothe Circles, 
at the Point A; and join BC, and DE. 


Dem. Then, the Angle ABC is equal to ADE; - Ax. 3. 1. 
For they are each equal to the Angle FAC. - Th. 13.3. 
And the Angle BAC (Fig. 1.) is common; | 
In the ſecond, BAC, DAE, are vertical, th. equal - 2.1. 
therefore, the Triangles, ABC, ADE, are fimilar, | 
and, conſequently, AB: AD: : AC: AE, - < Th. 4. 
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THEOREM XXIV. 


If a Right Line be drawn perpendicular to the Dia- 
meter of a Circle, whether it be within or without 
the Circle, or touching the Circumference, and if 
any Right Line be drawn, from the fartheſt extreme 
of the Diameter, cuting the Circumference and the 
Perpendicular z that Line and the Diameter will 

be cut . 


b 


Let the Right Line CD be per- 
pendicular to the Diameter AB, 

Draw AD, at pleaſure, cuting 
the Circumference, in E, and the 
Perpendicular, in the Point D. 


I ſay, that AB is to AE, as AD 
to AC. Join EB. 


= Then, becauſe A B is a Diameter, the Angle AER, 


(being in a Semicircle) is a Right onez - = = 12. z. 
and ACD is a Right one (Con.) th. equal to AEB -Ax g. 
and, the Angle DAC is common; conſ. ADC=ABE-10.1, 
wherefore, the Triangles AEB, ACD are ſimilar. - 4. 6. 
Therefore, as AB: AE: : AD:AC. Q. E. D. 


In Fig. 3. DB and AC are the ſame; conſequently, AB 
is a mean Proportional between AE and AD. 
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. a 2 


Cox. The Rectangle under any Line, AD, drawn from the 
extreme A, of the Diameter, to the Perpendicular, DC, 
and the part of it, AE, within the Circle, is equal to the 
Rectangle under the Diameter, AB, and the whole, Ac, 

of the Diameter produced to the Perpendicular, (Fig. 1.) 
For, AE: AB: : AC: AD; th. they are four proportionalLines 
conſequently, AE X AD AB AC. Th. 9. 
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N. B. In Fig. 2nd, the Rectangle under the Means, AB and 
AC, is under the whole Diameter and a part of it. 


In Fig. 3rd, fince AE: AB: : AB:AD; 
conſequently, the Rectangle under AD and AE, is equal 
to the Square of the Diameter, AB, - Cor. to q. 
For, AD X ED SBD Q (16. 3.) (Therefore; 
and, AB N ＋＋ BDA = AD (20. 1.) as 3 
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THEOREM XV. 


If two Circles cut each other, and a Right Line 
be drawn cuting both Circles, it will be-cut pro- 
portionally, by the Circumferences, and a Right 
Line joining the points of interſeCtion of the Circles. 


| Join the Points, F and G, in which the : N 
two Circles, Af and FBG, cut each other; N 
and, let any Right Line, AB, cut both d 
Circles, and the Right Line FG, in the 1 
Points A, C, D, E, and B. Ba * 
I fay, the Line AB is cut proportionally 
, in thoſe Points; viz. as AC: CD:: BE: ED. & 


Dem, For, in the Circle AFG, as AD: DF:: DG: DE 
And, in the Circle FBG, as DF: CD::DB: DG J. gr 
wherefore = as AD:CD::DB:DE - 10.5. 

. Therefore, as AD-CD:CD::DB—-DE:DE — 7. 5. 
That is, as AC: CD:: EB: ED. QED 


| 
| 
| 
| 
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THEOREM XXVI. 


If a Tangent to a Circle cuts any Diameter produced, 
and a Perpendicular be drawn, from the Point cf 
Contact to that Diameter; the Segments of the 
Diameter, intercepted between the Center and the 
Perpendicular, the Circumference, and the Tangent, 
are proportionals, 1. e. the Radius is a mean Pro- 
portional betwixt the part, intercepted between 

the Center and the Perpendicular, and the Point in 
which the Tangent cuts the Diameter, 


Let any Tangent, AB, cut ttc 
Diameter, CD produced, in B; 
and, let AF be perpendicular to CD; 
and E the Center. 


I fay, that EF, ED, and EB are 


3 in continual Proportion. 


fe, Dem. For, becauſe EAB is a Right Angle, = C. 3.8. 3. 
4 and, AF is perpendicular to EB; — 33 
the Triangles EAF, EAB are ſimilar, - - — Th. 7. 
Wherefore, as EF: EA:: EA: EB. Cor. 2.7. 
But, EA is equal to ED; 
therefore, - as EF: ED :: ED: EB, - Ax. 4. 5. 
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THEOREM XXVII. 
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| The Squares of Chord Lines, drawn from one ex- 
treme of a Diameter, are in proportion to the Parts 
of the Diameter, intercepted between the Perpen- 
diculars, from the other extremes of the Chords, 


ha. 
— a — 
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| to the Diameter, 3 8 
AB and AC are two Chords, having | 
common extreme, A. li 


= 
— 


Draw a Diameter, AD, from the Point 
A; and, from the other Extremes, B and 
C, of the Chords, draw the Perpendicu- a 


- 4 — 
* 2 2 
mY — 2 o 
— — 
* == — 


: lars BE and CF, to the Diameter, cuting 

it in E and F. | 1 3 

; I ſay, the Square of AB is to AC ſquare, as AE to AF. 
Draw BD and CD, | 

: | 

Dam. Now, BE is a mean Proportional between AE & ED; 

alſo, CF is a Mean, between AF and FD - Car. to 7. 6. 

5 for ABD and ACD are Right Angles, . 12. 3. 

. Wh. the Ret. AED=BE N; alſo AFD=CF q1-Cor.g.s. 


But ABO=BEO +AEn; and ACoO=CFo+AFn, 
eonſ. AB AED TAE N; and AC =AFD+AFa. 
But, AED, i. e. AEX ED TAE N= AEx AD; 7 

. and AFD, i. e. AF FD TAF H AF AD; J 3˙2 
wh. ABO=AE x AD; and AC AF AD-Ax. 3. f. 
But, AE & AD: AF x AD:: AE: AF. - Fh. 1. 
Therefore, ABO: AC: : AE: AF. EM: 
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SHEOREM XXVL 


If a Tangent to a Circle cuts any Diameter produced, 
and a Perpendicular be drawn, from the Pcint of 
Contact to that Diameter; the Segments of the 
Diameter, intercepted between the Center and the 
Perpendicular, the Circumference, and the Tangent, 
are proportionals, 1. e. the Radius is a mean Pro- 
portional betwixt the part, intercepted between 

the Center and the Perpendicular, and the Point in 
which the Tangent cuts the Diameter, 


Let any Tangent, AB, cut the 
Diameter, CD produced, in B; 
and, let AF be perpendicular to CD; 
and E the Center. 


I ſay, that EF, ED, and EB are 


| - * . 
in continual Proportion, 


6 


— = 


70 Dem. For, becauſe EAB is a Right Angle, — C. 3.8. 3. 


v4 and, AF is perpendicular to EB; - - . Con. 
the Triangles EAF, EAR are ſimilar, - - II.. 
Wherefore, as EF : EA:: EA: EB. Cor. 2.7. 

But, EA is equal to ED; 
therefore, as EF: ED :: ED : EB, 


WP Ax, 4. 5. | 
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THEOREM XXVII. 


The Squares of Chord Lines, drawn from one ex- 
treme of a Diameter, are in proportion to the Parts 
of the Diameter, intercepted between rhe Perpen- 
diculars, from the other extremes of the Chords, 
to the Diameter, 


AB and AC are two Chords, having | 
common extreme, A. 
Draw a Diameter, AD, from the Point 
A; and, from the other Extremes, B and | 
C, of the Chords, draw the Perpendicu- 
lars BE and CF, to the Diameter, cuting 
it in E and F. i 5 E 
I ſay, the Square of AB is to AC ſquare, as AE to AF. 
Draw BD and CD, 2 


Dau. Now, BE is a mean Proportional between AE & ED; 
alſo; CF is a Mean, between AF and FD - Car. to 7. 6. 
for ABD and ACD are Right Angles, - - = 12. 3. 
Wh. the Rect. AED=BE N; alſo AFD=CF N- Cor. . 6. 
But ABOG=BEO TAE; and ACA CFT AF q, 
conſ. AB N AED TAE N; and AC AFD AFA. 
But, AED, i. e. AE ED AENA =AEx AD; 
and AFD, i. e. AF FD TAF H AF ,AD; y 3˙2 
wh. ABO=AE x AD; and ACQ=AFx AD-Ax. 3. 1. 
But, AE „ AD: AF x AD:: AE: A. Fh. . 
Therefore, AB Q: AC Q:: AE: AF. Q. E. ; © 
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THEOREM XXVIII. 


If any Point, except the Center, be taken in a Diameter 


of .a Circle, and if another Point (in the ſame Dia- 
meter, produced, and on the ſame ſide of the Center) 
be taken; the Diſtance of which, from the Center, 
is a third Proportional, to the diſtance between the 
Center and the firſt aſſumed Point, and the Radius, 
then will two Right Lines, drawn from thoſe Points 
to any point in the Circumference, be in the ſame 
Ratio, as the internal and external adjoining Seg- 
the Diameter. 
N. Aſſume any Point, A, in the Diameter CD; 
in which Diameter, produced, take th 
D Point B (from the Center, E) a third Pro- 
portional to EA and EC (Pr. 31.) and, t 
any Point, F, in the Circumference, 


two Right Lines, AF and BF, be.draws: 
I ſay, that AF is to F 


Dan. For, EA: ED (eq. EC) ::ED:E BZ Con. 


wherefore, EA: EA ＋ ED :: ED: EDITEB. - 6.5. 
i. e. EA: AD: : ED: BD; conſ. as EA: ED: : AD: BD 4.5. 
Now, EA: ED:: ED: EB; and EF = ED; 
JJ ER -.- - - Az.45 
therefore, the Triangles EFA, EFB are ſimilar - Th. 5. 6. 
for, theAngleFEB iscommon, & theSides are proportional. 


Conf. AF: BF:: EA: EF; i. e.: EA: ED, or as AD: BD; 


that is, as AC to CB. Q. E. D. 

For, LA: EC (eq ED): : EC: EB (i. e. as AD to BD). Con. 
conſequently, EA: EC:: EC EA: EB -EC; 

that is, - as EA: EC:. AC: C. 3.5. 


Other wiſe: 


Book VI. ELEMENTS o GEOMETRY. 327 


Otherwiſe : 
Make EG equal EA, and draw CG. 


Then, becauſe EA, EF, are equal EG, EC, reſpeRively, 
and the Angle at E is common, the Triangles AFE, ECG 
are congruous; and CG = AF, - -<- 8.1. 
But, EA:EC::EC:EB (Hyp.) wh. EG:EC::EF:EB 
_ conf. EG:EQ::GF:CB (7.5.) wh. CG is paral.toBF-2.6, 

and the Triangle ECG is ſimilar to EBF - = 6. 
But, GF = AC (Ax. 7. I.) for EF=EC; and EG = EA; 
wherefore, as GF, i. e. AC, : CB, or, as EG: EC, 

or, EF: EB :: CG, i. e. AF,: BE. Q. E. D. 


COROLLARY. A PROBLEM. 
If any Right Line, AB, be divided at pleaſure, in C; 


to deſcribe a Circle; to any Point in the Circumference 
of which, if Right Lines are drawn, from each extreme +. 
of the given Line, they fhall have the ſame Ratio to each 


other, as the Segments of the given Line. . 


From the greater Segment, CB, take 
the leſs, AC; i. e. make CD equal AC. 
Make AE a third Proportional, to B Do 
and CD (equal AC) | 
With the Radius EC, on the Center E, | B 
deſcribe a Circle; 

and to any Point, F, in the Circumference, * AF & BF. 


+ Then, AF is to BF as AC is to CB. Theorem. 


Becauſe, EA: AC:: AC (eq. CD): DBB - Con. 


Conf. EA: EA AAC (i. e. EC) :: AC: AC+DB (ie. CB) 
i. e. as EA:EC:: AC: CB. -= _-= Conv. to 6. 5. 
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THEOREM XXVII. 


If a Triangle be circumſcribed by a Circle, and, a 
Tangent to the Circle be drawn, at any Angle of 
the Triangle; and, if a Right Line be drawn from 
the adjacent Angle, parallel to the Tangent, cuting 
the oppoſite Side; then, the Side between the 
Tangent and that Angle, will be a mean Propor- 
tional, between the oppoſite Side, and that Segment 
which is contiguous to the Tangent. 


I.et AD be a Tangent to the Circle 
ABCE, at the Point A, (the Angle of a 
Triangle, ABC, inſcribed) and, let BE 
be drawn parallel to AD, cuting AC, inE. 


I fay, that AB is a mean Proportional, 
between AE and AC. 


Dem, Now, B E is parallel to AD. - Con. 
* wherefore, the Angle ABE = BAD - - <- 4.1. 
8 _BoytheAng. ACB=BAD(r3 3) conſ. ABEZACB-Ax. 3.1 

>, and, inghe As, ABE, ABC, the Angle BAC is common. 
 whefefore, thoſe Triangles are ſimilar. | N 
Therefore, as AE : AB:: AB: Ac. Th. 4. 6. 
conſequently, AE, AB, and AC, ate three Proportionals; 

and therefore, AB is a Mean. 


Cor. Hence it is manifeſt, that, what is proved, in Cor. 2. 
of the 7th, in reſpeA of a right angled Triangle, is general; 
in every Scalene Triangle; on any Side of which, ſimilar 
Triangles arc conſtructed, e. g. 

4 3 In 
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In the Triangle ABC, if ABD be made equal to the 
Angle C, and CBE equal A, the Angles A and C being 
common ; the Triangles ABD, EBC, are ſimilar to the 
whole Triangle ABC — 1 
and conſequently, to each other. „ '- . Axiom. 

Wherefore, the ſquare of AB. is equal to a Rectangle, 
under the Side A C, and the Segment AD; 


and, the ſquare of B C is equal to a Rectangle under AC: 
and EC. „ — Cor. to Th. 9. 


For becauſe the Triangle ABD is ſimilar to ABC; 
AD: AB:: AB: AC; &, for the ſame reaſon, EC.BC::BC;AC 
Wherefore, AB and BC are, each, a mean Proportional; 
between the adjoining Segments of AC, and the whole, AC. 


If the Triangle be right angled (Fig. 2.) the two Seg- 
ments AD and E C are equal to the whole A C (for the 
Points D and E coincide ; conſequently, the two Squares 
of AB and BC are equal to the Square of AC. 

i. e. AB ſquare is equal to the Rectangle AF, 


and, BC ſquare is equal to the Rectangle FC. - _ 


In Fig. 3rd, the Angle at B being acute; conſequently, 
the two Segments AD and EC are greater than the 
whole AC; but they are, in each Caſe, ſubject to one 
genera] Demonſtration. 

When the Angles are all equal, the Square of each 
Side is equal to the Square of the other; for the Triangle 


will be equilateral. | . 
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Q 1 * FREOREM XXX," 


If any Angle of a Triangle is biſe&ed, and the biſecting 
Une cuts the oppoſite Side; the Rectangle under 
the two Sides, containing that Angle, is equal to the 
Square of the biſecting Line, added to the Rect- 
angle under the Segments of the oppoſite Side. 
Alſo, the Sides of the Triangle, the biſecting Line, 
and that Line produced till it cuts the Circumference 

of a circumſcribing Circle, are Proportionals. 


| Biſect the Angle B, of the TriangleABC, 
by the Right Line BE, cuting AC, in the 
Segments AE, EC. | k 


Then, the Rectangle under the Sides 
AB and BC, is equal to the Square of BE, 
added to the Rectangle under AE and EC. 


2nd. About the Triangle ABC, deſcribe a Circle, ABCD. 
Produce BE to D, and join A. 


I fay, that A BistoBDas BE is to BC, 


DEM. For, the Triangles ABD, EBC are ſimilar- Cor.2.4. 
| becauſe, the Angles ABD, EBC are equal; - - Con. 
and, the Angle ADB is equal to ECB; 10. 3. 
wherefore, BAD is equal to BEC. C. 5. 10. 1. 
Th. AB: BD: : BE: BC (4) conf. ABX BC=Z=BDxXBE-9.6. 
But, QPBE=DEB+EB © (3. 2.) & DEB=AEC -14.3. 
Wherefore, the Rectangle DBE = AEC ＋EBGA-Ax. 6. 1. 
Conſequently, A; x BC EB +AE x EC. Q. E. D. 


The and Part was proved in the fiſth Line. 
5 T H E- 
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THEOREM XXXI. 


The Rectangle, under any two Sides of a Triangle, 
is equal to a Rectangle contained under the Per- 
pendicular to the other Side, from the oppoſite 
Angle, and the Diameter of a circumſcribing Circle, 


Deſcribe the Circle AB CD about 
the Triangle AB C. (4.4) 

Draw the Diameter BD; and BF 
perpendicular to A C. 

Then, the Rectangle under AB andy; \ 
BC, is equal to the Rectangle under BF! 
and BD, Draw AD. j 9 

*. 
Dem. Now, the Angle ADB =ACB; - = 10. 3, 
and BAD is equal to BFC; - -/ - - Ax. . 1. 
(for BFC is a R. Angle (Con. ) and BAD is Right» 12.3) 
conſequently, ABD is equal to FBC; | 
and the Triangles ABD, FBC are ſimilar; - 
wherefore, as FB: BC:: AB: BD; 2 
and therefore, FRXxBD=ABxXBC. Q. E. D. g. 6. 


N. B. If the Angle, ABC, was bi ſected by the R. Line BD; 
the Rectangle under the Sides, AB, BC, is equal to 
a Rectangle under the Diameter BD and the Segment BE. 


For, AB is to BD, as BE is to BC; by the Zoth. 
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THEOREM KXXXIL 


Tf all the Sides of a Trapezium are biſected, and the 
Points. of biſection, in contiguous Sides, are joined 
by Right Lines, the Quadrilateral formed by thoſe 


Lines is a Parallelogram; and, it is equal to half 
the Trapezium. 

Alſo, the Sum of the ſquares of the Diagonals, 
of the Trapezium, is double the Sum of the ſquares 


oc the Diagonals of the Parallelogram. 


Let the Sides of the Trapezium, 
AB CD, be biſected in the Points 
E, F, G, and H, and draw EF, FG, 


GH, and EH. 


1 lay, firſt, that the Quadrilateral, 
E F G, is a Parallelogram. 


Peu. For, becauſe, in the Triangles ABC, ACD, the Sides 


AB, BC, and alſo AD, DC, are cut proportionally, 
in F and: G, E and H, the Right Lines FG and EH 
are both parallel to the common Baſe AC; and, for the 
ſame reaſon, the Lines GH and FE are both parallel to BD; 
conſequently, they are parallel between themſelves ; 
therefore, EFG H is a Parallelogram, (Def, 33. 1.) 


Secondly. It is equal to half the Trapezium ABCD. 


For, in the Triangle ABC, becauf FG is parallel to AC, 
and, becauſe AB and BC are biſected in F and G, 
'Bl is alſo biſected in K&. 893 - 2. 6. 


and, 
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and, for the ſame reaſon Al and 1 C are biſected in L & M; 
wherefore, LM is half AC; and conſequently, the Pa- 
rallelogram LF GM (on half the Baſe AC, of the 
Triangle ABC, and half its Altitude) is equal to half 
the Triangle ABC - — Th. 18. 1. and Pr. 20. 
for the ſame reaſon the Parallelogram L LHM = 
half the Triangle ADC. 

conf, the Par. LG + LH = half the Tri. ABC oY ADC, 
i. e. the Par. FFGH is equal to half the Trap. ABCD. 


Thirdly. Having drawn the Diagonals, EG Ind FH. _ . 


I fay, that AC ſquare added to BD cubs, is double 
the ſum of the Squares, of EG and FH, | 


1 
b i : 
1 % 
| 


| | 

For, the Squares of the Diagonals, EG and Fa, are 

equal to the Squares of all the Sides EF, F G, GH, © + 
and £ io = - - Th. 14. 2. 


But EF and GH are each equal to half BD; 13 
- above. 


and FG, EH, are each equal half AC; 

wherefore, the four Squares, of EF, F 8. GH, and EH, 
are equal to half the Squares of AC and BD - Cor, 42. 
and, they are equal to the ſquares of EG ans FH - - 


Therefore, the Squares of AC and BD, are: double the 
Squares of 0 and FH. | 


This Propoſition is, by Stone and ſome others, given in the 
ſecond Book; conſequently, there is a neceſſity for a Lemma, 
previous to it; Which Lemma, is only a particular Caſe of the 


ſecond Propoſition of the ſixth Book; which cannot be made 
general without that Theorem. 


The third Part of which he makes a ſeparate Propoſition, may 
be demonſtrated in the ſecond Book; but I did not think it of 
conſequence enough to make another Propoſition, 


THE- 
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THEOREM xxxIII. 


In every Quadrilateral inſcribed in a Circle, the 
Rectangle contained under the Diagonals, is equal 
to two Rectangles under the oppoſite Sides. 


5 In a Rectangle the thing is manifeſt - 20. 1. 
13 the Frapezium ABCD, draw the 
Diagonals AC and BD. 


I ſay, the Rectangle, under A0 and BD, 
is equal to the two Rectangles, under AB 
and CD, BC and AD. | 


» ao, 2 
3 4 f 
— 7 

C 20 
25 8 
of 

- 


Make the Angle ABE equal to DBC. @r. 4) 


Dx. Now ADN 5H)the AngleBAC=BDC-10. 3 
wherefore, the Triangles ABE, DBC are ſimilar-C. 2. 4. b. 
Wh. as AB: BD: :AE:CD(4.6.)& AB: AE: : BD: CD. 4.5. 
| Therefore, AB x CD = . 


Again. The Triangle ABD is ſimilar to EBC. 

For, the Angle ABD EBC (becauſe, ABE =DBC(Con.) 
and the Angle EBD is common to both.) — Ax. 7. 1. 
Alſo, the Ang. BDA=BCA(10. 3. Jconſ.BAD=BEC-10 l. 
Wherefore, as BC: BD:: EC: a —44᷑. 6. 
confequently, BC x AD'=BD X EC. = - 9.6. 
But, - AB XCD = BD AE proved above: 
andAE, EC AC; wh. BD AE+BDXEC=BDXAC1.2 
Th.ABxCD+BCXAD=BDXAC. Q. E. D.- Ax. 3. 1. 
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THEOREM XXXIV. 8.13Euclid. 
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The Diagonal of a regular Pentagon is to its Side, as 
a Line divided in extreme and mean Proportion. 
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In the Pentagon AB CD FP, 
let the two Diagonals, AD and BE, B 
be drawn, cuting each other in F. 


Then, AD is to AB, or AE, 
as AEisto AD — AE. 


> — K— — 


— — 
—  - 
ry 


— 
= 


* 2 * 8 — bt > — 
C _- 
= 


- * 
— TS — 
k — 
4 * * 1. 4 * 
a — a : * 
A 
— I" a 


Dem. The Triangles ABE, ADE, are congruous - 8 f. 
For, AB, AE, and E D are equal, 
and the Angle BAE AED, — 4 
whereſore, the Angle AB F =AEF=EAF 9. 1. 
conſ. the Triangles ABE, AF E are ſimilar. C. 2. 4. 6. 
Therefore, as BE: AE: : AE: AF, equal FE. 4. 6. 
But, AE = BF; for DE = BC, and CD AB - Hyp. 
wherefore, BE is parallel to CD, and AD to BC-C. 10. 3. 
conſequently, BCD F is a Parallelogram; 
wherefore, BF =CD (equal AB, _ AE). = 15. 1. 
Therefore, 2s BE: BF:: BF: FE; 
i. e. as BE: AE, or AB,:: AE: FE. 
and conſequently, AB, or AE, &c. is equal to the — 
Segment of BE, or AD, divided in extreme and mean 
Proportion, 


Cor. 1. The Diagonal of a Pentagon is parallel to 
the oppoſite Side. : 


2. Two Diagonals, cuting each other, are mutually di- 
vided in extreme and mean Proportion, in the point 
of interſection. 


Uu TH E- 
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THEOREM XXV. 


The Diameter or Perpendicular, of a regular Pen- 
tagon, is divided in extreme and mean Proportion, 
by a Diagonal cuting it at Riglit Angles. 


In the Pentagon AB CD E, let the 
Diameter CF be drawn, and the Diagonal 
0 BD, cuting C F inG, perpendicutarly, 
| I fay, that CF is divided in extreme 
and mean Proportion, in G. 
Draw E H parallel to CF; alſo, the 
Diagonal BE, cuting the Perpendicular in I. 


Dem. Now, becauſe BE is parallel to CD, - C.1, 34. 
the Angle CDB is equal to DBE 4. 1. 
and, CBD = CDB (9. 1.) wh. CBD = DBE-- Ax. 3.1. 
But, the Angle CGB=BGl (Ax.9) wh. GI=GC-11.1. 
(for theTri.BCG, BIG are congruous; BG being common) 
Now, ſince EH is par. to FG (Con) & AEto BD; by the laſt; 
FGHE is a Parallelogram; wherefore, EH=F G- 15.1. 
And, becauſe EH is par. to FG; EH:IG::BE:BI - 4.6. 
(for the Triangles BGI, BHE are fimilar; by C. 3.2.6) 

But, BE is to BI, as the greater Segment to the leſs, 

of a Line divided in extreme and mean Proportion. - 34. 
(for, BI=BC)FG=EH ; alſo, CG = Gl, proved above; 
wherefore, FG: GC:: BE: Bl; i.e as BI: IE; 
and therefore, CF is divided in extreme and mean Ratio, 
iu the Point G, where it is cut by the Diagonal BD. 


Cor. The Diagonal BE, cuts, FG, the greater Segment of 
CF, in extreme and mean Proportion; at J. 
For BD is par. to AE; conf. the Tri. GBI, IEF are ſimilar; 


wherefore, as BI:IE::GI:IF - - Th. 4. 


But, BI:1E: :BE:BI(eq.AB) therefore, FG:Gl::GI:IF, 


H, 
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Hence, if a Right Line be divided in extreme and mean Pro- 
portion, and from either extreme of the greater Segment 
the meaſure of the luſs is ſet off, it will alſo be divided in 
the ſame Ratio; and the lefler Segment of the firſt, will be 
the greater Segment of the other. e. g. 


Let AB be divided in ex- A. C 5 
treme & mean Proportion, in C. | 

Then, if CD be made equal to CB, AC will be divided 
in the ſame Ratio; and CD is the greater Segment. 

For, fince AB: AC:: AC: CB, (Hyp.) it will be, 
as AC: CB: : AB - AC: AC -C, i. e. as AC: CB: : CD: AD. 


% 


Alſo. If to the whole Line, divided in extreme and mean 
Proportion, there be added the greater Segment; then, 
the whole compounded Line is divided in the fame Ratio, 
and the greater Segment, of the firſt, will be the leſſer. 


Let AC be divided in extreme and mean Proportion, in D. 
Then, if CB be made equal CD, CB will be the leſſer 
Segment of the whole, AB, divided in the ſame Ratio. 


For, ſince AC: CD :: CD: AD; it will be 
asAC: CD:: AC4CD:CD-+ADji.e.asAC:CD::AB:AC. 


— as 


Hence, if either Segment be given, the other may be found. 
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Let AC, the greater Segment, be given. 
Divide A C in the Ratio required, in D. (Pr. 35.) 
Produce AC; make CB equal CD, 
and CB is the Segment ſought, 


If CB, the leſſer Segment had been given. 
To find the greater; divide CB as before, in E; 
make CD equal CB, and AD equal CE. 
Then, AC is the greater Segment required, 
| Uu2 A De- 
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A Demonſtration of the 33rd Problem. 


FG is equal to CH (Con. ) conſ. FC is equal to GH- Ax. 6. I. 
wherefore, the Rectangles CFG, GHC, are equal - Ax. B. 2. 
But. AF x BF =CF * FGzalio, AH x DH=GH x CH. C. 10.3 
conſequently, the Rectangſes AFB, AHD, are equal-Ax.3.1. 
Wherefore, as AF: AH::DH:BF, reciprocally - C.1.8.6, 
But, as AF: AH: : BF: BC(Th. 4) wh. BF: BC: Di: BF.-Ax. 13.5 

Again. It has been ſnewn( changing Terms) DH: BF:: BF: BC 
alſo, that BF: BC:: AF: AH; i. e. as DC: DH. Th. 4. 
Therefore, the four Lines, DC, DH, BF, and BC are in 
continual Ratioz and conſequently, DH and BF are two 
Means, between DC and BC; equal X & Z, by Conſtruction. 


A Demonſtration of the 34th Problem, 
Firſt, AH:BH::AB:BC; i.e. as AF: BS -< Th 4. 


wherefore, AH : AB:: BH: BW 1 


conſ. AH—AB (eq. BH): AB: :BH—BC(eq CH): BC -. 5. 
wherefore, AB: BH :: BC: CG — — 5. 8. 
conſequently, AB + BH : BH:; BC + CH : CH, - 6. 5. 
i, e. AH:Bd::BH:CH; and as CH: DH, &c. 

But, AH:BH::AF:BG; and, BH: CH:: BG: CI, &c. - 4.6. 
and AH, BH, CH, &c. are in continual Ratio; 

th. AF: BG: CI: DN, ie. AB:BC:CD:DE,::AH:BH,&c + 
But, AH: AF:: BH: BG, &e. and AH is greater than AF. 

wherefore, DH is greater than DK, and EH than EL; 

conſequently, EL may ſtill be taken from EH, ad infinitum. 
th. AH is the whole ſum of infinite Proportionals, to X and Z. 
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BOOK VII. The XI. of Euclid. 


H E ſeventh Book, of theſe Elements, treats firſt of the 


Elements or firſt Principles of plane Solids, (i.e. Solids 
bounded by, or contained within Planes, only,) viz. of the 
Poſitions of Right Lines, and of Planes, to Planes; of the 
Sections of Planes by Planes, and of Right Lines by Planes. 

Secondly, of ſolid Angles, generated by the interſections 
of Planes; their Conſtruction and Principles inveſtigated. 

Thirdly, of Solids, contained within ſix parallel Planes, only; 
their Affections, Proportions, and Properties, are ſearched 
out, on which is founded the Theory of Menſuration of Solids, 


The Doctrine of Solids, contained in this Book and the | 


following, is alſo of great uſe throughout the Mathematics; 
ſome of which have their very exiſtence in it. The Science 
of rectilinear Perſpective is wholly founded on the Sections of 
Planes by Planes, ana, of Right Lines cut by a Plane, an 


by parallel Planes; inſomuch that, without their aſſiſtance, + 
Perſpective would be a very imperfect Science; which, to 


the immortal Fame of Dr. Brook Taylor, is now eſtabliſhed 
on the moſt permanent Principles. 
| Every Theorem, of the eleven firſt, are more or leſs uſeful 
in Perſpective; the 5th and 7th are of great uſe ; which, 
with the 8th and gth contain the Eſſence of it, in Theory; 
as the 10th and 11th, of both Theory and Practice. 
Toenumerate every branch of the Mathematics, in which 
this ſeventh Book is particularly uſeful, is needleſs, was it in 
my power; the Reader may depend on it, that its Doctrine 
is, at the ſame time, entertaining, and of extenſive utility, 
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7 DEFINITIONS. 
Def. I. ASOLID is a Bopy, having length, breadth, and 


-- 


' thickneſs; and is bounded by Planes, or curved 
Surfaces, or both. As X. 


Def. IT. A Plane (or Right Line) is parallel to another 

Plane, which, being produced infinitely, would 

never meet; but, are every where, equi-diſtant, 
As the Plane X, to the Plane Z; 

or, the Right Line AB, to both X and Z. 


Hm 8 * = B Def. III. A Right Line is perpendicular to a Plane, 


when it makes equal Angles with every Line drawn 
in the Plane, to or from that Point in which the 
Line cuts, or would cut, the Plane. 

If AB makes Right Angles with the two Lines, 
CD and EF, paſſing through B, in which Point, 
A cuts the Plane C E D F; and if the Lines, CD 
and EF, are both in that Plane; AB is perpendi- 
cular to the Plane. 


Def. IV. A Plane, cuting another Plane, is per- 
pendicular to the other, when it does not incline 
to the other on either Side. 

If the Plane ABD cuts the Plane AED, in AD; 
and, if any Right Line, BC, drawn in one, 
be perpendicular to the other Plane (AE D) 
Thoſe Planes are perpendicular ta each other. 


N. B. It is uſual, to define perpendicular Planes, by Right Lines 
being drawn perpendicular to their common Section; which, I 
preſume, is taking for granted that their common Section is a Right 

Line, and which, being granted, there would be no occaſion after- 
wards to demonſtrate it, in Propoſition 3rd. | 

Let the young Geometrician take particular notice, that no 

' regard is had to the poſition of the Plane, or Line, in reſpe& of 
the Horizon, to which another Line or Plane is ſaid to be perpen- 
dicular, but only to their poſition in reſpe& of each other, for, 
if they make Right Angles with each other, they are perpendi - 
tular, each to the other, | 
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Def. V. If a Plane (or Right Line) be neither 
parallel nor perpendicular to another Plane, it is 
ſaid to incline to the other Plane. 

The inclination of one Plane to the other is 
the acute Angle ABC, made by the Section 
of another Plane, DEC; cuting both the inclined 
Planes, BE and BF, perpendicularly; i. e. at 
Right Angles, | 

Alſo, the inclination of a Right Line, AB, to 
a Plane, BCD, is the Angle ABC made by another 
Line; drawn in the Plane BCD, from the Point B, 
in which the inclined Line, AB, cuts the Plane; 
and paſſing through another Point, C, in which 
a Perpendicular, AC, from any Point, A, in the 
inclined Line, cuts the Plane. 


N. B. Two Planes have an equal inclination, to two 
other Planes when the Angles of their inclination ar- 
equal to one another, 


Def. VI. A $0L1D ANGLE is that which is made by \ & 
more than two Plane Angles, applied cloſe to | 
each other, at the ſame Point, ſo, that two of 
them are not in the ſame Plane. 

If the three plane Angles A, B, and C, be 
turned over, they will form a ſolid Angle, at the 


Point where their Vertices meet each other. 


N. B. All the Plane Angles forming a ſolid Angle are, 
together, leſs than four Right Angles. (See Theorem 12.) 

If three Plane Angles, form a folid Angle, any two || 
muſt be greater than the third; or, three, greater than Wy |! | 
a fourth, &c, (See Theorem 13.) _ 


Def. VII. A PYRAMID is a SoL1D, contained 
by any number of Planes more than three; of 
which, one (the Baſe) may have any number of 
Sides; all the other Planes are Triangles, 
meeting in a common Vertex, 

As AB, or CD; A and C are their Vertices; 
B and D are their Baſes, 


\ 
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N. B. Not lefs than four Planes can form a Solid; and that, 
muſt neceſſarily be a Pyramid, and the Planes are all Triangles. 
Therefore a Pyramid may be ſaid to be the firſt of P. ane Solids; 
nevertheleſs it is not the ſimpleſt. 


Def. VIII. A PRISM is a SeL1D, contained within any 


— — ſ —- ——_ 


number of Planes more than four; of which, two are 
parallel, equal, and ſimilar Figures (of any number 
of Sides) all the other Planes are Parallelograms. 

As AB; or CD. A and B, C and D are the 
ſimilar and equal Planes; the others, a b, be, &c. 
a are all Parallelograms. 


' Def. IX. A PARALLELOPIPED is a Paisu, 
„ bounded by Six Planes; of which, the oppoſite 
Planes are parallel. 

If the Plane ABCD be parallel to DEFG, 
ABDG to DCEF, and ADFG to BCD; the 
Solid, ACF, is a PARALLELOPIPED, 


ll Def. X. A CUBE is a ParaLLELoPIPED, whoſe 
TIN Planes are all Squares. As A, B, C. 
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Def. XI. SIxIILAR PLAIN SoLiDs are contained 
within an equal number of plane Figures, ſimilarly 
ſituated and fimilar one to another, reſpectively, 
in each Solid. | | 

The Angles are, alſo, neceſſarily equal, each to 
the other, reſpectively. 

If the Plane a, be ſimilar to A, b to B, and c 
toC; and if all the other Planes, of which each 
Solid is conſtructed, be al ſo fimilar and ſituate alike; 
then the Solid a bc is ſimilar to ABC. 


All Cues are fimilar Solids, 
All SoLips, contained within an equal number 
of equilateral and equiangular Planes, are ſimilar. 
* A Priſm may be conceived to be generated, by the direct 


motion of any right lined Plane Figure; always parallel to its firſt 
poſition, but not in a continuation of the Plane of the Figure. 


Bo 
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. 


Ax. I. The firſt Propoſition of Euclid. 


Every part of a Right Line is in the ſame Plane. 
i. e. One part of a Right Line cannot be in any 
Plane, and another part of the Line outof that Plane. 
For, if it was poſtivle, a Right Line does not 
agree with a Plane in every Point ; agreeable to 


Def. 6. of Book iſt. 


If the part AB, of a Right Line, ABC, be in the Plane 


AEC, the whole Line is in the ſame Plane; for, the two 
Points, A and B, are in the Plane; and if any Point, 
D, be not in the Plane, ABD is not a Right Line; ſee- 
ing that, AB is a Segment of the Right Line Ac. 


Ax. II. Two Right Lines, being parallel, are in 
the ſame Plane, i. e. a Plane, may paſs through both 
Lines. | 


AB & CD, being parallel, are in the Plane ABCD. 


Imagine a Plane, ABEF, revolving on AB as an Axis. 

Then, fince CD is parallel to AB, it 1s parallel to a 
Plane paſſing through AB; wherefore, the Perpendicu- 
lars CE and DF are equal (Def. 2.) and, conſequently, 
when the Point C coincides with E, D will coincide with 
F, and the whole Line CD is in the Plane, ABCD. 


Ax. III. The ſeventh Propoſition of Euclid. 


Two Right Lines, being parallel, and cut by 
another Right Line, are all in the ſame Plane. 


For, if AB be parallel to CD, they are in the Plane 
ABCD (2nd) conſequently, the Points A and D, where 
AD cuts them both, are in that Plane. 

Wherefore, ſince there are two Points, A and D, of 
a Right Line AD, in a Plane, the whole Line is in thar 
Plane (Ax. 1.) and, conſequently, AD is in the ſame 
Plane with the two parallel Lines, AB and CD. 


Hence, if two or more Lines, not parallel, are in the ſame 
Plane, and are both cut by another Right Line, it is alſo in the ſame 
Plane with them. Conſequently, two Right Lines (AB and AD) 
cuting each other, are in the ſame Plane, 
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Ax. IV. The ſecond Propofition of Euclid, 

| Three Right Lines cuting each other (not in the 
ſame Point) are all in the ſame Plane ; wherefore, 
the three dides of every right line“ Triangle are 
in one Plane. 


For, the two Right Lines, AB and BC, are in the ſame 
Plane (3.) Con. being both cut by another Right Line, 
(AC) ſeeing, the wo Points, A and C, are in the fame 
Plane, the Whole Line, AC, is alſo in that Plane - As. 1; 


Ax. V. Solids, contained within an equal number ci 


two and two, (i. e. one in each Sol d) reſpeQively ; 
and being fimilarly ſituated, in reſpect of each other, 
and alſo of the whole; ſuch Solids are equal in 
every reſpect, As AC E and ace. 


If the Plane a bd e, be equal and ſimilar to A BDE; 
a c, to AC, and ce to CE; alſo a fe, to AF E, and 
bed, to BCD; then, the Solid a bedef, is equal in 
** every reſpect, to AB CD EF. 


The eleventh Book of Elements is, in general, leſs underſtood 
than any of the foregoing ; not owing to any deficiency or imper- 
fection in the Demonſtrat ions, but very much ſo to the imperfection 
of the Diagrams. It very rarely happens (and which never, yet, 
has happened) that a Mathematician, who had engaged in a 
Publication of the Elements cf Geometry, was alſo, a competent 
Draftsman, in Perſpective; for want of which, the Schemes, 
which are intended to repreſent Planes cuting Vianes, &c. are 
fo badly deviſed, and worſe repreſented, that it 1s with the greateſt 
diſheulty a juſt Idea of their meaning can be communicated ; nor 
is it poſlible, unleſs the Pupil has very acute Talents, or is aſſiſted 
in his ſtudy of them, by ſome Apparatus, or an able Tutor. 

I flatter myſelf that I have removed that difficulty, which has 
hitherto been the, greateſt impediment, to a clear inveſtigation of 
the Doctrine ot Solids. Where it is neceſſary, moveable Schemes 
are adapted for the purpoſe; and, where they may be diſpenſed 
with, the Diagrams are juſtly, and perſpectively, repreſented ; fo 
that, the Student muſt not always expect (as in Plane Geometry) 
that, Angles which are ſaid to be right, or Lines parallel, &c. are 
really ſo, in the Diagram; but, that they are, or would be ſo, it 
ſuch a Figure was really conſtructed, as the Diagram repreſents. 
For, unleſs the Reader can conceive this, it will be very difficult 
for him to ſuppoſe one Line to be greater than another, when it is, 
abſolutely and evidently, leſs; which, from the Premiſes given 
and the foregoing Elements, it 1s manifeſt muſt be greater, 


Planes, which are equal and fimilar to each other, 
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Therefore it is, in ſome meaſure, neceflary {by way of Poſtulate) 
to requeſt, that one Line be equal to another; or at right angles, 
i. e. perpendicular to another Line, or Plane, &c ; that two Right 
I. ines contain an Angle, equal to that which two other Lines con- 
tain ; which, in the Diagram, is, perhaps, either greater or leis, 
Theſe things mult be granted and underſtood to be fo, or no 
Demonſtration, of what is intended, can poſſibly follow. 


I thought it neceſſary to appriſe the young Student of theſe 
preliminaries; otherwiſe (without a Tutor) he would, frequently, 
be perplexed and bewildered ; and would, very probably, con- 
clude, that there muſt be ſome miſtake, or error in the Diagram; 
for it is not eaſy, at firſt, to conceive, that one Line ſhould be per- 
pendicular to another, when we fee and know, that the Angles 
t&y make, are not Right ones; and, being acute, that another 
Angle, apparently contained within the other, and manileſtly less, 


CI 2 


is a Right Angle ; 1, e. underſtood to be io, 


THEOREM $7 3 Euelid. 


7 


The common Section of two Planes is a Right Li 


Let the two Planes, AB and CD, cut 
each other, in EF. | 


I ſay, that EF is a Right Line. 


in the Line EF, are in both Planes; for, the Line FG is 
in both Planes; ſeeing it is their common Section.-Ax. 1. 
Therefore, it is a Right Line ; ſeeing that, a Plane agrees 
with a Right Line in every Point; — 8 
and, a curyed Line cannot poſſibly be in two Planes. 
For, ſuppoſe the curve Line, EHF, drawn through the 
Points E and F, in the Plane ABN; if it was their common 
Section, it muſt "alſo be in the Plane, CD; and con- 
ſequently it would not be a Plane, but a convex Surface. 


This Theorem might paſs for an Axiom, being ſelf-evident, 
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THEOREM II. 4Eucli. 


If a Right Line ſtands at right angles, in the Point 


of interſection of two Right Lines; it will be per- 
pendicular to the Plane, in which thoſe Lines are. 


This might alſo paſs for an Axiom; but there is a peculiar 


elegance in the Demonſtration, which cannot be diſpenſed with. 


Imagine the Right Line, AB, ſtanding at 
right angles to the two Right Lines, CD 
and EF, in the Point B of their common 


== => = Section, 


Then, AB will be perpendicular to the 
Plane CEDF, in which the two Lines, 


* — — 


| A : >= | CD and EF, are ſituated. 


Make BC equal to BD (at pleaſure) and imagine BE, 


BF, alſo equal to BC, BD. 

AB ſtanding perpendiculzr to them, imagine the Right 

Lines AC, AD, AE, and AF, drawn to any Point, A, in AB. 
Join CE and DF; and, through B, draw any Right 


Line, GH, at pleaſure, cuting CE and FD, at G and H; 
and draw AG, AH, 


Dem. Then, becauſe CB, BD, BE, and BF are all equal, 
and AB is common; alſo, the Angles ABC, ABD, ABE, 


ABF, are all ſuppoſed Right, therefore equal; the Right 


Lines AC, AD, AE, and AF, are all equal. - 8. 1. 


wh. the Angle ACEZAEC ; and ADF=AFD - 9. 1. 
And, becauſe the Angle CBE=DBF (2. 1.) and CB, 


BE are equal reſpectively, to BD, BF; CE=FD - 8.1, 


conſequently, the Angle BCE = BDF, - ſame, 


Alſo, the Triangle CAE, being equilateral to FAD®, 


they are conſ. equiangularz & the Angle ACE=ADF-7.1. 
2 | 5 Now, 


8 
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Now, the Angle BCE=BDEF; and CYDG=DBH - 2.1. 
and CB=ED; wh. the Triangle CBG=DBH; 
and, conſequently, CG = DH, and BG = BH. un 
Wherefore, in the Triangles CAG, DAH; AC, CG, are 
reſpeRively equal to AD, DH, and contain equal Angles; 
conſequently, AG is equal to AH, 5 
wh. the Triangles, AGB, BAH, are equilateral, to each other; 
(for BG, was proved, equal to BH, AG equal AH, and 
AB is common) conſ:quently, the Angle ABG =ABH. 
Therefore, AB is perpendicular to GH — Def. 10. 1. 
and, conſequently, to every Right Line, drawn through B, 
in the Plane CEDF; and therefore, AB is perpendicular 
to the Plane, CEDF. QE. DP). 


Jo affiſt the Imagination, I have added, Fig. 2. in 
which, if the Plane CAD be turned up (on CD) perpend. 
and, the Triangle ABE alſo vertical, till AB, in . 
coincides with AB in the other; then, turning over/ © 
Triangles CA G, DAH, till & and H fall on & and 
and turning back the Triangle AB, till its Baſe fa, 
ivto the Right Line EF; in which poſition may b 
ſeen, what is repreſented in Figure 1. ' 

'The Line AB 1s perpendicular to the Plane CEDF, 
For, CB, BE, BD, and BF are equal; and con- 
ſequently AC, AE, AD, and AF are equal; alſo, AG 
is equal to AH, and the Angles ABG, ABH are Rightz 
conſequently AB is perpendicular to the Plane CE DF. 
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COROLLARY. Propoſition V. of Euclid, 


If three Right Lines meet in one Point, and a fourth ſtands 
at right angles to each, in that Point, the three Lines are 
in the ſame Plane. 

If AB makes Right Angles with CB, and BE, and alſo 

with BG, they are neceſlarily in the ſame Plane - Def. 3. 

For, if ABG be leſs than a Right Angle, BG wil! be on 
this ſide the Plane, CHF; and, if it excee1s a Right Angle, 

BG will fall cn the other Side. But, ABG is a Right Angle. 
Therefore, BG is in the ſame Plane with BC and BE. 


* Triangles are equilateral to one another, when the Sides of one 
are equal, reſpectively, to the Sides of the other. 
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THEOREM III. 6Eudlid. 


If two Right Lines be perpendicular to the ſame 
Plane, they are parallel to one another. 


This — well paſs for an Axiom; for, it is evident, the twe 
in the ſame Plane, which is thus proved. 


Lines may 


Let AB and CD be at right angles with 
the Plane BEFD. 


I ſay, that AB is parallel to CD. 


Draw BD, through the points, B and D, 
in which the Lines, AB & CD, cut the Plane. 
Alſo, draw BE and DF, perpend. to BD. 


Sc | — | F 

Du. Becauſe AB and CD are both perpendicular to the 
Plane BG, they are at right angles with every Line in 
that Plane, drawn through the Points B & D, reſpectively; 


Ne therefore, to BE and DF (2.) and, conſequently, they 
- » don't incline to the Plane BGD, on any Side - Def. 3. 


| Wherefore, a Plane may paſs through both Lines - Def. 4. 
But, the Angles ABD and CDB are Right - Def. 3. 
Therefore, AB is parallel to CD = - Th. 4.1. 


If the Plane BACD be turned up perpendicular, to 
BG, the thing is manifeſt; ſeeing, the Lines AB and CD, 
make Right Angles with BE and DF, reſpectively. 


According to Euclid (AD being drawn) the three Lines, AD, 
BD, and CD, are proved to be at right Angles with DG, ſup- 
poſed perpendicular to BD; but, the proceſs, though ſtrictly true, 
appears very lame and contradictory in the Figure. 


CoRoOLLARY. The 8th Propoſition of Euclid. 


If two Right Lines be parallel, and if one of them be at 
right angles with ſome Plane, the other Line is alſo at 
right angles with the ſame Plane, 


This, being the Converſe of the Theorem, is manifeſt. 
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THEOREM IV. 9 Euclid, 


Right Lines being parallel to the ſame Right Line, 
which is not in the ſame Plane with them, are parallel 
amongſt themſclves ; i. e. each to the other, 9290 


Ty 

Let AB and CD be each parallel to EF; 4 

AB is parallel to CD. | 

In EF, take any Point, G, from which G — 

draw Right Lines, GH and GI, both at | 
right angles with E, and cuting the 
Lines AB and CD reſpectively. | 

__ 


Deu. By the Premiſes, E F is not in the fame Plane with 
AB and CD; therefore, raiſe up EF, out of the Planes 
but parallel to it, till CD coincides with CD, or any 
other Line, c d, parallel to EF. 

Then, becauſe GH and Gl are at right angles with EF, 
EF is perpend. to a Plane paſſing through thoſe Lines-Th. 2 
But AB and CD are both parallel to EF; 

wherefore, they are alſo at right angles with the Plane 
HGl, paſſing through GH and GI + Cor. to Th. 3. 
Therefore, they are parallel between themſelves; by Th. 3. 


When the three Lines are all in the ſame Plane, as in Theo, 5. 
Book 1ſt. it is manifeſtly an Axiom; and, in this Caſe, it amouats 
to little more; ſeeing that, a Plane may paſs through any two 
Right Lines, which are Parallel to one another. Ax. 2. 


TH E- 
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THEOREM V. 10 Euclid. 


If two Right Lines, cuting or meeting each other, 

be reſpectively parallel to two other Right Lines, 
alſo meeting or cuting one another, though not in 
the ſame Plane with the firſt, they ſhall contain 

| equal Anples, 


reſpectively parallel to DE and EF; viz. 
AB to DE, and BC to EF; and, ſuppoſe 
they are not in the ſame Plane. 

HI ſay, che Angle ABC is equal to DEF, 


f | Take BA equal to ED, BC equal to EF, 
and draw the Right Lines AD, BE, & CF. 


Dem. Becauſe AB is equal and parallel to DE, Hyp. 
AD is equal and parallel to BE . - Cor. to 15. 1. 
and, for the ſame reaſon, BE is equal and parallel to C; 
wherefore, CF is equal and parallel to AD-Ax. 3. 18 Th. 4. 

Join AC and DF, by Right Lines. 

Now, becauſe AD is equal and parallel to CF, 
AC is equal (and alſo parallel) to DF; as above. 
Then, in the Triangles ABC, DEF, the three Sides, A3, 

BC, and AC, of the one, are reſpectively equal to DE, 
EF, and DF of the other ; 
wherefore, the Angles, of one, are alſo, reſpeQtively, equal 
to the Angles of the other, - - - 7. 
Therefore, the Angle ABC is equal to DEF; 
being oppoſite equal Sides, AC and DF. Q. E. D. 


From the foregoing Theorems may be deduced the following 
Problems. 3 


Let the two Right Lines, AB and BC, be 
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PROBLEM I. II Euclid. 


Trom any given Point,“ to draw a Right T.ine perpen- 
dicular to a Plane, in which that Point is not ſituated. 


Let A be the given Point, and BEC * 
a Plane, 

In the Plane BEC, draw, at pleaſure, 
the Right Line BC, and, from A, 
draw the Right Line AD, perpendicular 
JJ Rn, 


If AD be perpendicular to rhe Plane BEC, the thing 
is already done; but, iT it be not, proceed as follows. 


From the Point D, draw DE, in the Plane BEC in- 
definite, alſo perpendicular to BC; (Prob. 6.) and from A, 
draw Al perpendicular to DE. (Prob. 7.) 

I fay, that AE is perpendicular to the Plane BEC, 


Through the Point E, draw FG, parallel to BC; (Pr. 5.) 
conſequently, it is in the ſame Plane with BC. Ax. 2. 
becauſe the Point E is in the Plane. E 


f 


Dew. Now, becauſe AD & DE are both perpendicular toBC, 
BC is perp. to a Plane paſſing through AD & DE - Th,2, 
But, FG is parallel to BC; by Conſtruction ; | 
wherefore, FG is alſo perpendicular to the Plane ADE, 
Now, ſince AE is perpendicular to FG, and, alſo to DE, 
it is perp. to the Plane in which thoſe Lines are ſituated - 2, 
Therefore, AE is perpendicular to the Plane BEC. QE. D. 


* Profeſſor Simſon ſays, from a Point given above the Plane. 


I am not a little ſarprized at the expreſſion, from one of his ex- 
traordinary Sagacity ; becauſc, the ſame thing holds true however 
the Plane be ſituated ; or the Point in reſpect of the Plane, pro- 
vided it be not in the Plane. 

Yy P R O- 
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PROBLEM II. r2fudid, 


From a Point given in a Plane, to draw a Right Line 
perpendicular to the Plane, 


Let A be the given Point, in the Plane AC. 


Aſſume any Point, B, out of the Plane; 
and, from that Point, draw B C perpendi- 
cular to the Plane; by the foregoing. 

Then, from the Point A, draw AD, pa- 
rallel to BC. [dy Prob. 5. 1.) 
AD is perpendicular to the Plane AC, 


Du. Becauſe BC is perpendicular to the _. - (Prob.1.) 
and AD is parallel to BC; by ConſtruRion 
AD is perpendicular to the Plane AC, = -< Th. 3. 


I believe, that the manual operation, of this Problem, 
would be eaſier performed by two Right Angles. Thus 


Let A be the given Point, at which aPer- 
pendicular is required, to the Plane ACD. 


Apply a Right Angle, BAC, to the 
Point A, at pleaſure, on AC; and, in any 
Angle (CAD) apply another R. AngleBAD. 
PAY i. e. raiſe up the two right angled Triangles 
— BAC AC, BAD, on AC and AD, till the Points, B, coincide. 
Then, AB is perpendicular to the Plane CAD. Ib. 2. 


Cor, Hence it is manifeſt, that there cannot be drawn two 
Lines, from the ſame Point, perpendicular to a Plane, and 


on the ſame Side, 
THE O- 
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THEOREM VI. 14 Euclid, 
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Planes, to which the ſame Right Line is perpendi- 
cular, are parallel tq one another, 


-—= 
— 
— — 
89 


Let the Right Line AB be perpen- 
dicular to both the Planes, CD and FE. 
I fay, thoſe Planes are parallel. 


_— —— 
2 r 
=”. = | 2 * 


Imagine a Plane, CDE F, to paſs 
through the Line AB, cuting both Planes, 
in CD, and EF; which Lines, neceſſa- | 
rily paſs through the Points A and B, in which the Line 
AB cuts thoſe Planes, reſpectively. Ax. 1. and Th. 1. 

At the Points A and B, draw AG and BI, in the Planes, 
CGDH and FIEK, perpendicular to CD and EF (Prob.6.) 
and produce them to H and K. "1 ID 


Dem. Then, becauſe GH and IK are perpendicular to CD 
and EF, and theſe Lines are in the Plane CDEF; 
GH and IK are perpendicular to that Plane; - Th.2. 
(Becauſe, AB being perpendicular to both the Planes, 
CGDH and FIE K, it is perpendicular to every Line 
drawn through the Points A and B; th, to GH & IK) 
wherefore, they are parallel to one another; - Th. 3. 
and, conſequently, the two Planes cannot meet; being 
produced, either way, towards G and I, H and K- Ax. 1. 

Again. Draw any other Right Line through A & B, 
in the Planes CG DH and FIE K, at right angles, with, 
or making equal Angles, and inclined the ſame way to- 
wards GH and IK; as CD and FE. 

Then, becauſe the Angle GAD IBE, and AG is 
parallel to IB; and thoſe Lines are perpendicular to AB; 
CD is pale to EE. A. 10.1. 
and conſequently, the Planes CGDH and EIFK cannot 
meet, being produced towards D and E, or F and C. 

Th. the Planes CGPH and FIE K are parallel - Def. 2. 
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THEOREM VI, 15 Euclia. 


If two Right Lines, cuting or meeting each other, be 
parallel to two other Right Lines, alſo meeting 
each other, not in the ſame Plane with the firſt two; 
Planes paſſing through each two Lines, reſpective- 
ly, are . 


l 
k S 


Let, the Right Lines AB, and FC, 
meeting at B, be parallel, reſpectively, to 
DE and EF, meeting at E, and not in 
the ſame Plane with AB, * BC. 


5 The Planes ACB, DFE, drawn through 
— .; thoſe Lines, are parallel. : 


From the Point B (in which AB meets BC) draw 
BG perpendicular to the Plane DF E (Pr. 1. 7.) and, 
through the Point G, in which BG cuts that Plane, 
draw, GH and Gl, reſpectively, my to KD 
and EF. (Prob. 5. 1.) 


1 


Dru. Then, becauſe BG is perpendicular to the Plane DEF 
GH, and GI make Right Angles with BG. Th, 2. 


But, AB is parallel to GH, and BC toGl; - 5. 
(for, they are reſpectively parallel to ED and EF) 
And, BGH, BGI are Right Angles; - h. 2. 


conſequently, ABG and CBG are Right Angles - 4. 1. 
wherefore, BG is perpendicular to the Plane ABC; - 2.7. 
and, conſequently, thePlane ACB is parallel toDFE, 

in which the Lines AB, BC, and DE, EF are ſituated. 


T H E- 
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THEOREM VII is Euclid. 


If two, or more, Planes, which are parallel, be cut 
by another, Plane; J their common Sections are 
parallel. 


This Theorem might paſs for an Axiom, or be Fe Gen 
the 6th, as a Corollary; but it is eaſily demonſiragert;”- 


Let the Planes ABC and DEG be | 
parallel; and, imagine a Plane, ABFG 
cuting them, in AB and DE. 

I fay, the Sections, AB and DE, are 
parallel to one another, 


Dem. If AB (being in the fame Plane, ABFG, with DE) 


be not parallel to DE, they will meet, if produced, 
| towards one extreme on the other. = - Def, 7. 1. 
But, AB is in the Plane ABC; and DE, in DEG -Th.r. 
And, the Plane ARC is parallel to DEG. - - Hyp. 
Therefore, ſince both Lines are in the Plane AB FG, 
and are, alſa, reſpeRively, in the Planes ABC, DEG, 
AB is parallel to DE; ſeeing they cannot go out of thoſe 
Planes, and conſequently can never meet. Ax. 1. 


THEOREM IX. 18Euclid. 


If a Right Line be perpendicular to a Plane; every 
Plane, which paſſes through that Line, is alſo per- 
pendicular to the Plane, 


Let AB be perpendicular to the Plane CEDF, and let 
any Plane CAD, or EAF, paſs through the Line AB. 


I fay, 
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I fay, the Planes, CAD and EAF, are 
perpendicular to CEDF. 


LA Now, becauſe AB is perpendicular 
to the Plane CEF (by Hypotheſis} it 


does not incline to it on any Side-Def. 3. 


4 But, the Line AB is in the Plane CAD; 
and it is alſo in the Plane E A F; (by Suppoſition). 
conſequently, thoſe Planes do not incline, on either Side, 
to the Plane CEF; ſeeing that, every _ BC, BE, BD, 
and BF, make Right Angles with ABZ. - Th. 2. 
Th. the Planes, CAD, EAF are perp. to CEF - Def. 4. 


CoroLLarky I. The 19th Propoſition of Euclid. 


I two Planes, cuting each other, be perpendicular to 
the ſame Plane; their common Sectiqn is perpendicular 
to that Plane. The Converſe. 


For, ſince the Planes CAD, EAF Bay each other 1 in the 


Line AB, are perpendicular to the Plan CEF, AB is perpen- 
dicular to CEF. 2 * 


Becauſe, there cannot be drawn from the ſame Point, B, on 
the ſame fide of the Plane CEF, two Right Lines, perpendicular 
to the ſame Plane, And AB is in both Planes - - Th. 

Therefore, AB, being in both Planes, CAD, EAF, is — 
dicular to the Plane CEF, - - Cor. to Prob. 2. 


-CoroLLary II. The 38th Propoſition of Euclid. 


If from any Point in a Plane, which is cerpendicular to 
another Plane, a Right Line be drawn, perpendicular to 
that other Plane; it will cut the other in the common 
Section of the two Planes. 


For. ſince one Plane is 2828 to the other (Hyp.) 
every Line drawn from any Point, in one, perpendicular to the 
other, is wholly in the firſt Plane; as AB. 


Conſequeatly, ſince it cannot go out of that Plane, (Ax. 1.) 
jt muſt neceſſarily cut the other Plane in their common Section. 
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THEOREM X. 15 Euclid. 


Right Lines, being cut by parallel Planes, are cut 
| proportionally, 4 


IE 
"a. EPS © 


; Let the Right Lines, AB and CD, be 
cut by the Planes ACH, EG; and BD 
(being parallel between themſelves) in 
the Points A, E, B, and C, G, D. 


J ſay, as AE is to EB, ſo is CG to GD. 


Join the Points A and C, B and D; and, a8 being 
drawn diagonal-wiſe, cuting the Plane EG in F, draw EF 
and FG, joining the Pointz where they cut the Plane . 


DRM. Then, becauſe AB, AD, and BD are three Klebt 
Lines, cuting one another, they are in the ſame Plane 
ABD; and ADC is alſo a Plane, by the ſame - Ax. I. | 

Now, ſince the Planes BD and EG are parete on P 
are both cut by the Plane ABD ; 1 

their common Sections, BD and EF are parallel; Ares 5 
and, for the ſame reaſon, AC is parallel to FG. : 
But, in the Triangle ABD, becauſe EF is parallel to BD, 
the Sides AB, AD are cut, as AE: EB::AF:FD- 2.6. 
And, becauſe FG is parallel to AC, as AF:FD::CG:GD, 
Therefore, as AE is to EB, ſo is CG to GD. - Ax.13.5. 
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Cor, Hence it is manifeſt, that any Number of Right Lines, 
proceeding from one Point, are cut proportionally (from 
their common Point of Section) by parallel Planes. 

For, ſince, DF:DA::DG:DC; 2. 6. & 6. 5. 
conſequently, any other Right Line, DH, is cut in the 
ſame Ratio, at H and I. ä 
a TH E- 


4 | 
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THEOREM XI. 


If two Right Lines are perpendicular to a Plane, 
(whether they are on the ſame Side, or on contrary 
Sides, ) and are both eut by another Right Line, 

Which alſo cuts the Plane; 5 that Line will cut the 
Plane, ſomewhere in a Right Line paſſing through 
the Ponte where the Perpendiculars cut the Plane; 
und, it will be cut in the ſame Ratio, by the Plane, 
und the Perpendiculars, as the Perpendiculars, by 
rhat Line; and the Right Line, joining or paſſing 
through the Points where the Perpendiculars cut 
the Plane, will alſo be cut proportionally, ap that 
5 and the Perpendiculars, ; 


F irſt; let the two 1 AB 28d cb. (on 

A | the fame Side) be perpendicular | to the Plane 
5 > TP f; citing 1 it in the Points B and D. 
4 3 From any Point Ai in AB, dra a Right 
K ine AC, A TD, in C, an produce 
| it, till it cuts the Plane at'E: © 


Wil 2 Then, A Right Line, BD, 1 pro- 
array will paſs through the ſame Point, E; and, they 
will, both, be cut, in the Points A, C, E, and B, D, E, 
in the Ratio of the two Perpendiculars; viz. as AB to CD. 


Du. For, becaule AB and CD are both perpendicular to 
the fame Plane, they are parallel. Th. z. 
wherefore, AC and BD are in the ſame Plane. Ax. 3. 
And; becauſe the Points B and D are in the Plane a Bf; 
the Right Line BD, is in that Plane — Ax. I. 
{for it is the common Bection of the two Planes) 

Conſ. every Line (as AC) not parallel to BD, in the Plane 
AEZ, will cut the other Plane, in the Interſection of both. 
Th. AC produced, will cut the Plane a B f, in BD produced. 


* 
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2nd, Becauſe CD is parallel to AB, the Sides EA, EB, of 
the Triangle AEB, are cut proportionally, - 2. 6. 
wh. as EC: CA:: ED: DB; conf. EC:EA::ED:EB -6.5. 
i. e. EC: ECC CA:: ED: ED TDB; viz. as CD: AB - 4.6. 


Again. Let FG (on the other Side of the Plane) be 
perpendicular to the ſame Plane (a Bf) with AB; they are 
parallel (3. ) which is evident, producing either; as FG, toH 

Then, if AF be drawn, cuting AB and FG, it will alſo 
cut the Plane a Bf in the Line BG, joining the two Points, 
B and G, in which the Perpendiculats cut the Plane. 

And, they alſo, mutually, cut each other, i in the pro- 
portion of AB to FG. 


Dem. Becauſe AB is parallel to FG, a Plane may paſs 
through them bot. Ax. 2. 
conſequently, AF and BG are both in the ſame Plane 
with AB and FG, - . Ax. 3 and 4. 
Wherefore, in the Triangles, EAB, EFG, the Angles at E 
being vertical, are equal (2. 1.) the Angles at B and G 
are right (2. 7.) therefore equal = — Ax. 10. 1. 
the Angles at A & F, are conſ. equal; and alſo, by Th. 4. 1. 
Therefore, thoſe Triangles are fimilar; - - 4. 6. 


and therefore, as AB:FG::AE: EF, and BE to EG, 


Cor. Hence it is manifeſt, that if a Right Line, a B, be 
drawn, at pleaſure, through the Point B, in the PlaneaBf; 
and through G, if f G be drawn parallel toaB; aBand 
G being made equal to AB and FG, reſpectively, or in 
the Ratio of AB to FG; then, a Right Line, drawn through 
a and f, will cut BG in the ſame Point E, as before, 


For, becauſe aB is parallel tof G, the Triangles E a 125 Ef G, 
are ſimilar; or, becauſe a Bis pune to f G, a f and BG are cut 
proportionally, i in E. „ Caſe 3. 8 6. 
And, becauſe the Triangles are Gimilar, aE:Ef: . * 


and, as a B: f G. - 
But, a B: fG::AB:FG; conſ.a E: E f, and BE: EG,: AB. ts; 


and therefore, BG is cut in the ſame Point (E) as before. 
Z 2 T HE O- 
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THEOREM XII. 21 Euclid. 


Every ſolid Angle is contained under Plane Angles; 


which, taken together, are leſs than four gt 
| Angles. 


Let ABCD E be a Section of the Planes 
AFB, BFC, &c. forming a ſolid Angle, 
3 at F; i. e. let AB CD E be the Baſe of a 
Pyramid, whoſe Vertex is F; ſuppoſed to 
be n out of the Plane of the Bale, 


Dem. Now, all the Angles AFB, BFC, &c. being in a 

Plane, are equal to four Right Angles. Ne: e See . 
But, if F be ſuppoſed elevated out of that Plane, equal to 
FG, and perpendicular to AF, BF, &c. and AG, or BG, 
drawn, AG is longer than AF -< - „ . ©. 


For the ſame reaſon, all the Right Lines, from each 


Angle, A, B, &c. of the Baſe, to the Vertex, at F, elevated 
perpendicularly, at F (<q. FG) are longer than BF, CF, &c. 
But, if two Sides of a Triangle be, reſpectively, greater 
than two Sides of another Triangle, and the remaining 
Sides are equal, they ſhall contain a leſs Angle - 14. 1. 
Therefore, the Angles of the Triangles AFB, BFC, &c. 
being conſidered as raiſed out of the Plane AB CD E, are 
leſs, reſpectively, than thoſe Angles in the Plane; which, 
being equal to four Right Angles, conſequently, the Angles 
elevated out of the Plane, are leſs than four Right Angles. 


If the Triangles AGF,BGF, be turned up, on AF & BF, 
till FG, in one, coincide with FG in the other; and from 
the Point G, ſo elevated, (FG being perpend. to the Plane 
bp: AB) if Right Lines are drawn to all the other Angles, 
e, D. and E; each two will contain a leſs Angle than thoſe 
on the Plane, to which they are oppoſite, (as AG B than 

AFB) and are, together, leſs than four Right Angles- 


It 
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THEOREM XIII. 20& 22 Euclid. 


If any two, of three given Plane Angles, be greater than 
the third, and the Lines containing the Angles all 
equal; and if thoſe three Angles are, together, leſs 
than fourRight Angles, they will form a ſolid Angle; 
and three Right Lines, joining the extremes of the 
equal Sides, will form a Triangle. 


Let ABC, ABD, and EBC be three 
Plane Angles; of which, any two are 
greater than the remaining Angle; 
and, the Sides, AB, BC, BD, and BE are 
all equal; alſo, the three Angles, to- 
gether, are leſs than four Right Angles. 


Angles, ABC, &c. alſo, of the three Lines, AC, AD, . 
and EC, a Triangle may be formed. 


Dem. Turn over the Triangles = 
ABD and EBC) till the two Sides BF and BD coincide. 


Becauſe they are leſs than four Right Angles (the de- 
ficiency being the Angle EBD) it is manifeſt they will 
form a ſolid Angle, at B, their common Vertex; the two 
leſſer Angles, ABD, CBE being together greater than ABC. 

For, it is evident, if they were leſs, as ABF, CB, 
the Sides BF and BG would not meet each other; and 
conf. with ABC, they cannot form a ſolid Angle, at B. 

Therefore, a ſolid Angle formed of three Plane Angles, 
any two are, together, greater than the third. Q. E. D. 


22 2 Or, 


* I 
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Or, a ſolid Angle formed of any number of Plane Angles, 
any one muſt be leſs than all the others, added together. 


Nothwithſtanding, if BF and BG be equal to AB & BC 
reſpeQively, although theAngles(ABF,CBG) are,together, 
leſs than ABC, AF & CG, together, are greater than AQ; 
and conſequently, a Triangle may be ſormed of the three 
Lines AC, AF and CG; and therefore, of AC, AD, 
and EC; which are greater than AF and CG 13. 1. 


N. B. The laſt part of this Theorem, which (according to Euclid) 
ſeems to imply, that, unleſs two of the Plane Angles are greater 
than the third, a Triangle cannot be formed of the 22 
joining the extremes of equal Sides; whereas, the contrary is ma- 
nifeſt. It appears however, to me, of ſo little conſequence, as 


not worthy of being made a diſfinct Theorem, of itſelf. 


N. B. 2. To make a Solid Angle of three given Plane Angles, 
(the 23rd Prop. of Euclid) is to place them fo, together, that the 
Vertices, of all the three, meet in one Point; and, the Sides, which 
contain the plane Angles, coincide, two and two in one Line, 
as in the Figure. (ſee Defin. 6.) | 
With this Problem, Euclid's Commentators take up more 
than four Pages; but, for what purpoſe I can't deviſe. 


THEOREM XIV. 24 Euclid. 


If a Solid be contained within fix Planes, of which 
two and two are parallel; the oppoſite Planes are 
Parallelograms, equal and ſimilar. 
| Let ABE G be a Parallelopiped. 
The oppoſite Planes ABCD, DEFG; 
BCE D, and ADFG; alſo, ABDG, 
and DCEF, are, reſpectively, equal 
and fimilar, 5 


Dru. 


It 
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Dew. The Planes, AC, GE, being parallel, and both cut 
by the Planes BG, and CF, which are alſo parallel; their 
Sections, AB and DG, CD and EF, are parallel amongſt 

themſelves” = - ” - - - Th. 8. 

But, they are alſo cut by the parallel Planes, BE and AF; 
their Sections, AD, BC, DE, and FG, are conſ. parallel. 
Therefore, the Figures formed by thoſe Sections are 
Parallelogms. ſeeing their oppoſite Sides are parallel- Def. 33 


2nd. . Becauſe AB is parallel to GD, and AD to GF, and 
are in parallel Planes, the Angle BAD is equal to DGF; 
wh. the oppoſite Angles, BCD and DEF, are equal- 15. 1. 
But AB g C D, and alſo to DG; and DG = EF-ſame, 
con. they are all equal amongſt themſelves. - Ax. 3. 1. 
Alſo, AD, BC, DE, and GF are equal amongſt themſelves; 
therefore, the Parallelogram ABCD=DEFG,and ſimilar; 
alſo, BE AF, and BG to CF, and reſpectively ſimilar. 


THEOREM XV. 25 Euclid, 


If a Parallelopiped be cut in two Parts, by a Plane, 
parallel to any two of its Planes; the two Solids 
will have that Proportion to each other, as their 
Baſes (on which they are ſuppoſed to ſtand ) 
i. e. as the Parts of any Plane cut by the other; 
or, as the Segments of the Sides. | 
This Theorem is manifeſtly an Axiom. 

For, ſince the Sections made by parallel Planes are equal, every 
where, which is manifeſt, ſeeing the oppoſite Planes are equal and 
ſimilar; conſequently, if each Part be again cut, into Parts, by 
parallel Sections, which are equal amongſt themſelves (as in Fig. 1.) 
the Demonſtration follows from the gth Axiom of the 5th Book. 
"4 . » | Or, 


J 
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Or, being incommenſurable, they may be divided into an equal 
Number of Parts, (Fig. 2.) and demonſtrated as Theorem 1ſt. 5. 


If the Baſe (AKMC) or Sides (AC, or DF) are biſected, the 
Parallelopiped is biſected; and conſequently, in whatever Ratio 
one is divided, (by a Plane BEHL) the other is the ſame. 


| LF. 


f 


I 
Et 


LP 
4 7 


— 


. 


ä 


1 


Dru. Let the Baſe AM, or any other Plane, AF, be cut by 


— 


 aRight Line, parallel to its Sides, AK or AD; and imagine 


a Plane (BH) to paſs through BE or BK, parallel to AG; 
then, AE: EC, or AL: LC:: AB: BC. Th. 1.6. 
And, ſeeing the oppoſite Planes, DGIF and GM, are equal 
and ſimilar, to AK MC, and AF, reſpectively; and are 
all cut by the Plane BEH L, parallel to AG and CI; 
conſequently, the Solid AGHB:BHIC::AE: BF, 
or, AL: BM, i. e. as AB: BC. 


N. B. The two following Propoſitions, 26th and 27th of 
Euclid, are Problems; which, I do not conceive to be at all ne- 
ceſſary, or elementary. a 


To make Solids, is rather a mechanical Proceſs than geome- 
trical ; *tis ſufficient, for the purpoſe of Demonſtration, to ſuppoſe 
that one ſolid Angle, or one Solid is equal to another ; for, 
an attempt to make them really ſo, on a Plane, is inconſiſtent; 
ualeſs it be to delineate them, perſpectively ſo. 


\ T H E- 


F 


It 
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THEOREM XVI. 28 Euclid. 


If a Parallelopiped be cut by a Plane, paſſing through 
the Diagonals of two oppoſite Planes, it will be 
cut in two equal Parts. 


Let AB DF be a Parallelopiped, and B 
AC, FH, Diagonals of the oppofite Planes, 
AB CD and EF GH. D 

Then, becauſe AF and CH are both 
parallel to BG, they are parallel be- 
tween themſelves (Th. 4.) whetefore, 
AF and CH are in theſamePlane - Ax. 3. 


I fay, the Parallelopiped, ABD F, is biſected by the 
Plane ACHF. 


Dem. For, the Triangle ABC=ADC; FGH=FEH -15.1. 
And the Parallelogram ABCD is equal to EFGH-Th. 14. 
(wh. the Triangles are all equal amongſt themſelves. ) 
But, the Parallelogram BF CE, & AE=BH; - Thit4. 
alſo, the Triangles ABC, and FG H; ADC, and FEH 
are equal to one another + - - - above. 

| Wherefore, the Priſm FBC is equal to CEF - Ax, 54. 
(For, they are contained within the ſame number of Planes 
which are equal, and ſimilar to each other, reſpectively) 
Therefore, the Plane, ACHF, paſſing through oppoſite 
Diagonals, (ACandFH) biſects the Parallelopiped, ABDF. 


Otherwiſe. 


By the parallel motion of the Parallelogram A BCD 
along the Right Lines AF, DE, &c. the Parallelopiped is 
ſuppoſed to be generated. (ſee Note, Def. 8.) 

Wherefore, ſince the Triangles, ABC, ACD, are equal, 
and the Priſm, FBC, CEF, are deſcribed in equal Time, 
that is, by the ſame motion of both together, conſequently, 
they are equal, 4 
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The Definition of a Priſm, as it is given by moſt Authors, is 
ſomewhat obſcure and unſatisfattory; and, we are left to imagine, 
that any one of the Planes may be its Baſe ; we may as reaſonably 
conclude, that any Plane of a Pyramid may be its Baſe, but it 5 
never ſuppoſed ſo, unleſs they are all Triangles ; nor in a Priſm, 
except they are all Parallelograms. 

For, to ſuppoſe the two equal, ſimilar, and parallel Planes, in 
a Priſm, Triangles or Poligons, and any other Plane to be its 
Baſe, is inconſiſtent, | 


Hence, the goth Propoſition of Euclid, which, in reality, is but 
a Corollary to this Theorem, is an abſurd Propofition. 
Becauſe, I do not conceive, that, unleſs a Priſm be alſo a 


Parallelopiped, ' its Baſe can be a Parallelogram. 
| a 


THEOREM XVII 29, 30, & 31 Euclid. 


Parallelopipeds having the ſame Baſe, * or equal 
Baſes, and the ſame Altitude, are equal to 
one another. | 


I Firſt; let the two Parallelopipeds, AHFC 
and AIGC, have the ſame Baſe, ABCD; 


and, let their, oppoſite Faces have a common 
Side, GH. : 


I ſay, the Parallelopiped AH is equal 
to AK GC. 


. 


PF 


* By the Baſe, of a Solid, literally, is underſtood the Plane 
or Face, on which it is ſuppoſed to reſt; but, it is not always 
conſidered ſo, in Geometry, | | 

When any two Faces of Parallelopipeds, are in one Plane, or 
in parallel Planes; whether they coincide with each other, en- 


tirely, or are apart, and diſtinct from each other (no regard being 


had to the poſition of the Plane they are in) the Top, in ſuch Caſe, 
is ſometimes called the Baſe. | 

N. B. Parallelopipeds, having the ſame Altitude, are ſuppoſed 
to be contained between the ſame parallel Planes; i. e. two of eel 
oppoſite Planes, in each Solid, are in the ſame Plane; or, that chere 


is the ſame perpendicular diſtance between them. 


© a 
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Dem. The Parallelopiped AHFC, being cut by a Plane, 


Secondly. Let the Parallelopipeds, 


Dem. The Parallelopiped AHFC is * to Al GC; -proved. 


CGHD, through the oppoſite Diagonals, DH and CG, 
is cut into two equal Parts CAG = DFH. Th. 16. 
And, for the ſame reaſon, the Plane AHGB biſeRs the 
Parallelopiped AIGC; in AIK G equal ADCG., 

But, ADCG +DFH=ADCG+AIKG- Ax. 6. 1. 
Therefore, the Parallelopiped AHF C=AIGC. Q. E. D. 


AH FC and AM K C, have the 
ſame Baſe, ABCD; their oppoſite 
Faces, EFGH and IK LM, are 
in the ſame Plane, and have not [|| 1 
a common Side. 1 ll [he 
AMKEC is equal to AHFC. 0 | ing 


| 
. WM 4 9 
Let the ſpace, GHIK, between * W 
the upper Faces, be equal to the 
Baſe ABCD; conſ. equal to EF GH, equal IKLM-Th.14. 


n 
— 41h 
_— — = +01 
ö 
* 
* 
I} 


and, for the ſame reaſon, AIGC is equal to AMKC, 
Th. the Parallelopiped AM KC is equal to AHFC-Ax. 3.1. 


Again, Suppoſe the ſpace, GHIK, be either greater or 
leſs than EFGH. 


The Triangles, AMH, DIE, are congruous ; 7. I. 
(for AM is equal to DI, MH=IE, and AH DE; by 15. 1.) 
And the Sides, AB, DC, EF, Gf, IK, & LM, are equal -14. 
the Par. AG g DF; ABLM=IKCD; & EFKEI=MLGH; 
conſ. the Solid AG L M is equal to DFKI. Ax. 5, 
Now, if the Solid, al KGb( common to both) be taken away, 
AM Kb is equal to Da GC. - - Ax. 7. I. 
And, if the common Solid Aa b C D be added, to both; 

the Se AMKC, is equal to AHFC-Ax. 6. 1. 


14 | | The 


| 
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The ſecond Part, viz. when they have equal Baſcs only, and 
have not one common to both, is readily proved, 

| Let the Baſe, ABCD, of the 

Parallelopiped AHF C, be equal to 

Baſe NOPQ, of the Parallelo- 

piped NMK P (and fimilar) 

Then, the Parallelopiped, AHFC, 
is equal to NMKP, 

Let them be ſo ſituated, that the 
Planes AE, and NI, are in the ſame 
Plane, DEMN; and draw AM, 
- DI, BL, and CK, 


Dix. Now, becauſe MI is parallel to AD, and LK to BC, 
and alſo equal, AMID and BLKC are Parallelgms- C. 15.1, 
| And, for the ſame reaſon, AMLB and DIKC are Paralle- 
© Tograms; and they ate, alſo, parallel and ſimilar, reſpectively; 
v hereſore, AMK C is a Parallelopiped. Def. 9. 
(For, AM is parallel to DI, and ML to IK; 
wherefore, the Angle AML D IK, &c. - Th. 5.) 
But, the Parallelopiped AHF C has the ſame Baſe with 
_ AMKC; and they are contained within parallel Planes; 
wherefore, they are equal Parallelopipeds, - proved. 
Alſo, the Parallelopiped NM K P, has the ſame Baſe with 
AMEC (i. e. the Plane or Face IELM is common to both.) 
conſequently, they ate equal Parallelopipeds. fame. 
But, the Parallelopipead AMK C is, alſo, equal to AHFC, 
Therefore, the Par. NME, is equal to AHFC - Ax. 3.1. 


Aſter the Proofs already given, it may, by ſome, be thought 
unneceſſary to add more; but, there are other Caſes, in which 
there is abundantly more room to diſpute the Aﬀertion, than in 
the preceding; and, as this Theorem is very eſſential, it cannot 
be too much enforced. 


Cx 3E ll, 
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Cie II. When no more than two Faces of the Paralle- 
lopipeds (i. e. two in each) ate in the 8 Planes. 


Let AGHD and FHIL be 1 8 2 
Parallelopipeds; whoſe Baſes, | j 
ABCD and I K LM, are equal, 
and in the ſame Plane; and the 
Top, Et GH, common to both; 
but have no other Plane common, 


I fay, that the Parallelopiped 
AGHD, is equal to FHIL, 


Produce AD and BC, IM and Kl., (being in the ſame 
Plane) they will cut each other, in NO PQ, which is a 
Parallelogram; equal and ſimilar to ABCD, and IKLM. 


Du. Becauſe EFGH is common to both Parallelopipeds, 
and becauſe the oppoſite Planes are equal and ſimilar, 
AC is fimilar to LI; and, being ſimilarly poſited, IK, IM, 
are parallel to AD and BC; and IM, KL, to AB and DC; 
therefore, NOP(,, being between the ſame Parallels, is 
conſequently equal and ſimilar to AC, & LI - 4. & 13.1. 
and conſequently, to EFGH; and alſo ſimilarly ſituated, 


Jon EO, FP, GQ and HN, 

Then, PFHN is a Parallelopiped ; which, being equal 
to each of the other, A HD and FHIL (part iſt) 
they art conſequently equal between themſelves - Ax, 3-1, 


Alſo; if the Parallelopipeds, ASF D and FHIL, have 
their Baſes equal; and have no Face common; being be- 
tween the ſame parallel Planes, AOI and RG E, they 
are equal Parallelopipeds. 5 

This is evident, from the foregoing; each being equal 
to PF HN, 
| 2A 2 Cass III. 
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Cas III. When the mopeds have no Face common, 
nor ſimilar Figures. 


Let the Parallelopipeds AO MD 
and E M K G, be between the ſame 
parallel Planes, ARH and Nl; 
conſequently, they have equal Al- 
ttude; and, let the Baſe, AB CD, 
ke equal to the Baſe, EF G H, of 

the other, which are not ſimilar 
Figures. | 


1 ſay, the Paraldbrhe EMKG, is equal to AOMD. 


| Dem, Let the Side NM, of one, and ML of the other, 


be ſo placed, at the common Angle M, that NM is 
a Right Line. 
Compleat the Parallelopiped, DMK T; | having a 
common Side, DM, with AOMD. 
The Parallelopiped DMK T is equal to EMKG-Caſe 2nd. 
(For they have the ſame Altitude, and IM LK is common) 
Produce KI and TU, PM & CD, meeting at X and V. 
Draw LY and S Z, parallel to MX and DV, cuting IK 
and TU, at F and Z. Join VX and YZ. | 
Then the Parallelopiped VM YZ = UMKT - iſt. 
conf. the Parallelopiped, VMYZ = HMKG - Ax. 3. I. 


Produce OP and YL, BCand ZS, meeting at Q and R; 
and, joining QR, there is formed a Parallelopiped DPQS; 
equiangular to both the Parallelopipeds, AOMD and 
VMYZ; conſ. they are equiangular amongſt themſelves. 

Now, the Parallelogram IMLE =NOPM - Hyp. 
XMLY (equal IMLK 18. 1.) is equal to NOPM - Ax. 1. 
conſequently, (the Angle PUN being equal XML- 2. 1.) 
NM: ML:: XM: Mp. — — 8. 6. 
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But, the Parallelopiped AOMD : DPLS : : NM : — i 
And, the Parallelopiped MVZ: DPLS:: XM: MP; 1 * 
i. e. as NM: M.. - - - _ above. 
Wherefore, . the two Parallelopipeds, A OMD and 
V MY Z, have an equal Ratio to DPLS; 

and therefore they are-equal., = = _- = Ax. 4. 5. 
But, the Parallelopiped HM K G = VMYZ - above. 
Therefore, HM K G, is equal to AOM D. 


CoroLLary I. The 33rd Propoſition of Euclid. 


Parallelopipeds having equal Altitudes, have that Ratio 
to each other as their Baſes, 


For, ſince by this Theorem, all Parallelopipeds, having equal 
Baſes and equal Altitudes are equal; and, by the 1 5th, if a Parallel- 
opiped be cut in two, by a Plane, parallel to its Planes, the two 
Parts have that proportion to each other as their Baſes ; conſe- 


quently, all Parallelopipeds, having equal Altitudes, are to each 
other as their Baſes, 


Cor. II. Parallelopipeds, having equal Baſes, have that 
Ratio to each other as their Altitudes. 


For, having equal Baſes and equal Altitudes, they are equal; 
conſequently, if the Altitude of one, be half, or a third part, &c. 
of anuther; or, in whatever Ratio the Altitude of one Parallelo- 
—. is to the other, whoſe Baſes are equal, they are in that 
Proportion, to each other, as their Altitudes. 


T H E- 
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THEOREM XVII. 33 Euclid. 


The Proportion of ſimilar Parallelopipeds, to one 

another, is the triplicate Ratio of their correſpond- 
\ ing Sides, 
2 Let AD and a cd be ſimilar Parallelo- 
ö I 10 I. pipeds; in which, let AB, a b, BC, be, 
LILLY and BD, bd be correſponding Sides, in 
each Solid. 
Then the Proportion, which the Solid 
| ADK. has to ac d, is the triplicate Ratio 
of ABtoab, BC to bc, or BD to bd. 
In the Solid ADK, produce the Sides, AB, CB, & DB. 
Make BE equal to a b, BF equal bc, and BG equal bd; 
draw EH and FH, reſpeCtively, parallel to BF and BE; 
and compleat the Parallelopipeds GH, DH, and AFD ; 
equiangular to A D K. 

Du. Becauſe B H is a Parallelogram (by ConſtruQion) 
and the Angle EBF = ABC, (2. 1.) (EBG = ABD, and 
FBG = CBD) alſo BE ab, and BF to be; BH is equal 

and alſo ſimilar to a e; for, ac is ſimilar to AC; by Hyp. 
And, for the ſame reaſon, GE, is equal and ſimilar 
to ad (which is ſimilar to AD) alſo, FG is equal and 


ſimilar to cd (fimilar to CD) conſequently, the Parallel- 
opiped, GH, is equal and ſimilar to a cd (ſimilar to AKD) 


Now, AB:ab::BC:bc, and as BD is to bd-Def.11.7. 
and, the Parallelopiped G H is equal and ſimilar to a cd; 
BE = ab, &c. wh. as AB: BE:: CB: BF, and DB: BG. 
But, the Parallelopipeds,, AF D and DF E, have equal 
Altitude, with ADK. 

' wh. they have that Proportion to each other as their Baſes; 
i. e. the Solid ADK: AFD:: Par. AC: AF;i.c.asCBtoBF + Cor. 1. 
and, the Solid AFD: DFH: : Par. AF eee of 17. 
alſo, - DFH: GEH: : Par. DE: EGʒi. e. as D BtoBG ] & 1. 6. 
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wherefore, the Parallelopiped ADK: AFD: DFH: GEH 
in continual Ratio. (for the Ratio of CB to BF, AB to BE, 
and of DB to BG, is the ſame, by Hypotheſis, ) 

Therefore, the Ratio of ADK to acd (equal GH) is 
triplicate of ADK to AFD; i. e. of CB to BF (eq. be) 
of AB to BE (eq. ab) or, of DB to BG (eq. bd)-Def. 12.5. 


THEOREM XIX. 34 Euclid. 


The Baſes and Altitudes, of equal Parallelopipeds, are 

reciprocally proportional. | 

This Theorem will admit of as many Caſes as the 15th; but 
one general Caſe, being clearly demonſtrated, will be ſufficient, 


Let ABD and FEH be equal Parallelopipeds. 


If the Baſe of one be equal to the Baſe of the other, their Alti- 
tudes are alſo equal (Th. 17.) becauſe the — are equal, 
by Hypotheſis. Let them be unequal, 


Then as the Baſe AD is to FG, 
ſo is EF to CF, their Altitudes. 


/ : Ws won 
„% 
Let them be ſo placed together, —Ü—̃—— i! 118K 
that the Angle C, of the one, touches / 10 WA 
l | 0 Wot 
{ 0 0 jus 


the Side E F, of the other. At 

Produce the Plane, BC, to H, parallel to FG; 
and, through C, let E F be drawn, perpendicular to their 
Baſes, AD, FG (which are ſuppoſed to be in the ſame 
Plane) EF and CF are the Altitudes of the Parallelopipeds. 


' Dem. Then, ABD: FCG: : AD: FG, their Baſes - Cor. 1.17 


And, FEG: FCG:: EF: CF, theirAltitudes-Cor.2.17 

But, - ABD is equal to FEG; by Hypotheſis. 

Therefore, ABD: FCG, i. e. AD: FG :: EF : CF 
i. e. as the Baſe AD, of one, is to FG of the other; 

ſo is EF the Altitude, of the laſt, to CF of the firſt, 
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THEOREM XX. 


Parallelopipeds, whoſe ſolid Angles are equal, have 
that Proportion, to one another, which is com- 
pounded of the Ratio of their Sides. 


Let ADK and B H be equiangular 
Parallelopipeds; and let them be fo 
placed together, at the equal Angles B, 
that, the Side AB of the one, is in the 
ſame Right Line with BE, of the other, 
andCB with BF; conſequently, the two 
Sides BD and BG are in one Right Line. 

(It is not material which Plane, EF, 
GE, or GF, is made the Baſe.) 


= | On EF, and BD, compleat the Parallelopiped D F I. 
11 Take any Right Line, V, at pleaſure; and make X to, V 
bo as BE to AB; and as BF is to CB, ſo make YtoX; 
alſo, as BG is to BD; make Z to L. (Prob. 32) 


5 Then, as Vis to Z, ſo is the Parallelopiped, ADK to BH. 


Du. The Solids, ADK and DFI, have equal Altitudes; 
wherefore, they are to each other as AC to EF; -C.1.17. 
that is, as the Ratio which is compounded of AB to BE, 
and CB to BF; i. e as V to K.. Th. 11. 6. 

3 And, the Solid DFI is toBH, as thePar. DE is toEG - 17. 

| that is, as DB is to BG, i. e. as X to Z. - 11. 6. 

| But, ADK: DFI: : V: V, and DFI: BH::Y:Z Con. 

Therefore, the Solid ADK: BH::V:Z - Th. 9. 5. 

i. e. in the compounded Ratio of AB to BE, CB to BF, 

and DB to BG. 
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THEOREM XXI. 


In ſolid Angles contained by three Plane Angles, two 
and two of which (1. e. one in each) being equal, 
reſpectively; thoſe Planes, which contain the equal 
Angles, have equal Inclination to one n 


Let B and F be two ſolid Angles, 
each contained by three Plane Angles; 
viz, ABC equal to EFG, ABD equal to 
EFH, and CBD equal to GFI. | 

I ſay, the inclination of ABD, orCBD, 
to ABC, is equal to the inclination of 
EFH, or GFH, to EFG; alſo, the in- 
clination of ABD to CBD is the ſame, as EFH to Gp H. 

In AB take any Point, A, at pleaſure, and take EF equal 
AB; and, in the Planes ABC, ABD; EFG, EFH, 
draw AC and AD, EG and EH, at right Angles with AB 
and EF, reſpectively, and join the Points, C and D, 


G and H, by Right Lines, 


Dem. TheAngleABC=EFG(Hyp.)and BAC=FEG-Con. 
andAB=EF; wh. the Triangles AC B, EGF are congruous; 
AC is equal to EG, and BC is equal to FG. Th; 11. 1. 
Alſo, the Angle ABD=EFH (Hyp. )XBAD=FEH -Con. 
wherefore (ſeeing AB EF) BD=FH,andADtoEH-ſame © 

And, becauſe BC, BD, are reſpectively equal to FG, FH, 
and the Angle CBD is equal to GFH; CDS GH 8, 1 
Laſtly, becauſe the Triangle ACD is equilateral to EGH. 
they are alſo equiangular ; and, the Angle CAD=GEH-7.1 
But, thoſe Angles are the Inclination of the Planes, 
ABD to ABC, and EFH to EFG. - —_— 
Therefore they have equal Inclination. Q. E. D. 


After the ſame manner, it may be proved that any other 
two have equal Inclination; therefore, &c. 


3 Cor, 
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Cor. Solid Angles, contained by three Plane Angles, each, 
of which, two and two (one in each) are equal, reſpec- 
tively, are equal to one another. 

Becauſe the Planes have equal Inclination to each other, 


reſpectively (by the Theorem) Therefore the Angles 
are equal, * : 


1. 7 THEOREM. XII. 


If from equal ſolid Angles, in equiangular Parallelo- 
* - Plpeds (which are not right angled) Perpendiculars 
. de drawn, ſimilarly, i. e. to equiangular Planes; 
t the Perpendiculars (i. e. their Altitudes) will be 
proportional to the Sides, which are inclined to the 
Planes on which the Perpendiculars fall. 
: This Theorem, though 45 different, apparently, is the ſame, 
in Subſtance, as the 35th of Euclid. 
> Let BFG, bfg be equiangular Paral- 
| lelopipeds, and let the Angle A be equal 
to a; conſequently, B is equal to b. 
From the equal Angles A, a, let the 
Perpendiculars AC, a c, be drawn to equi- 
. angular Planes (their Baſes) containing 
the equal Angles E BG, ebg; cuting 
them at C'and c. 


1. ſay, that, as A; is to a b, ſo is AC to a c. 
Through C and e, draw CD and cd, perpendicular to 
BE and be, reſpectively; and join AD and ad. 


* Profeſſor Simſon ſays (Prop. B.) „and alike fituated” making 
that a Condition of their equality; whereas, it is not; for, it is 
impoſſible, that three Plane Angles, equal reſpectively to three 
other Plane Angles (containing a ſolid Angle) can be ſo placed, 
in forming a ſolid Angle, which will not be equal to the other. 

For, they muſt neceſlarily have the ſame Inclination each to the 
other, reſ ectively, however ſituated, 
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DEM. Becauſe AC is perpendicular to the Plane EG - Con. 


the Plane, CAD, paſſing through AC, is perp. to EG-Th. 9 
and, for the ſame reaſon, cad is perpendicular to eg. 
But, CD is perpendicular toBE; and cd to be, - Con. 
wh.BE is perpendicular to the Plane CAD, and be to cad; 
_ conf, AD is perpendicular to BE, and ad to be. - Th. 2. 
Then, in the Triangles BAD, bad, the Angles ADB, 
a db are right, therefore equal - - — Ax. 10.1. 
and the Angle ABD=abd, (Hyp) conf BAD=bad-10 1 
and therefore, as AB: AD::ab:ad - - Th. 4.6. 
But, the Angle ACD =acd (becauſe, AC is perpen- 
dicular to the Plane EG, and ac to eg, ACD, acd are 
Right Angles) and, the Angle ADC=adc, - 21 
for, ADC is the Inclination of the Plane AE to EG; 
and, ad e is the Inclination of the Plane ae to eg.-Def. 5. 
wherefore, the Triangles DAC, d ac are ſimilar; 
and, therefore as AC: AD::ac: ad. = Th. 4. 6. 
But, AD: AB: :ad:ab (above) Th. AC: AB: :ac:ab-9.5, 
and, by alternation, AC: ac:: AB:: ab. Q. E. D. 


THEOREM xXxIII. 36 Euclid. 


If three Right Lines are Proportionals; a Parallelo- 
piped deſcribed, or conſtructed under all three, 
for its Sides, is equal to an equiangular Parallelo- 
piped, whoſe Sides are each equal to the Mean. 


If the Parallelopipeds be right angled, that which is conſtrued 
under the Mean is a Cube. 


Let the three Right Lines X, Y, and Z, be Propor- 
tionals; as X is to V, ſo let Y be to Z. 
h 3B2 And, 
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And, let ACD be a Parallelopiped, whoſe 
Side AB is equal to X, BC equal to Y, 
and BD equal to Z.* | 


angular to ACD. 
Then, if the Sides EF, FG, and FH, 
are each equal to Y; * 


the Parallelopiped AC is equal to EGH. 


Dem. Becauſe, X: V:: V: Z, the Rectangle under X and Z, 

is equal to the Square of V, i. e. X x Z=Y - Cor. 9.6. 

But, Parallelograms, having equal Angles, are in the ſame 
Ratio as Rectangles, whoſe Sides are equal to the Sides of 
the Parallelograms, reſpectivel, - C. 2. 11. 6. 
wherefore, the Parallelogram AD is equal to EH. 
But, BC FG; and conſ. their Altitudes are equal - 22 
Therefore, the Parallelopiped ACD is equal to EGH. 
For they have equal Baſes, and equal Altitudes. 


— 
6 


Alſo, let EGH be a Parallelopiped equi- 


— 


In thoſe Caſes, the Figures being but repreſentations of 
Solids, on a Plane; if the Lines, BD, and FH, were made equal 
to Z, and Y, reſpectively, they could not poſſibly have that ap- 
pearance, but they would appear much greater; becauſe they arc 
ſuppoſed to recede, from the Planes of the Faces; AC and EG. 

Therefore, they are ſuppoſed to be equal, only; which is the 
ſame thing, and holds equally true, in the Demonſtration, If one 
be, the other is a neceſſary Conſequence, © £ 


Note. As the Ratio, between two ſimilar Plane Figures, is 
diſcovered by a third Proportional, ſo between Solids, a fourth 
determines it. 3. | h 5 

Alſo, to deſcribe plane Figures, in any given Ratio, a Mean 
Proportional is found; ſo in reſpect of Solids, two Means are 
requiſite (ſee Prob. 33. or P. 3 32. B. 6.) | 
For, ſince the Ratio — ſimilar Solids is triplicate of their 
correſponding Sides; conſequently, fince AB: DH: BF: AD; 
and, 1f the Ratio of two fimilar Solids be as AB to AD, 
AB and DH are in the Ratio of their correſponding Sides. 

Hence, fimilar Solids may be conſtructed in any Ratio to 
one another, 3 | | 
r THE O- 


Bo 


If 
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THEOREM XXIV. 37 Eucld. 


If four Right Lines are Proportionals ; ſimilar Pa- 
rallelopipeds, and ſimilarly conſtructed on each 
Line, are alſo Proportionals. | 


= 
Let A, B, C, and D be Propor- * * 7 
tionals; as A is to B, ſo let C be to D. | 
And let the Parallelopipeds V, X, 
V, and 2, be ſimilarly conſtructed, 
on A, B, C, and D. 14 


I ſay, Wat, as V isto X,foisY to Z. 


Dem. Let E and F be ſo taken, as A: B: E: F 
And, let G and H be taken, as C: D: G: H 
Then, the Parallelopiped V: X:: A: F Th. 18 
And the Parallelopiped V: Z:: C: H DOE 
But, as A: B:: C: D; wherefore, as B: E:: D: G; and, 
as E: F:: G: H; (Ax. 13.5) conſ. as A: F:: C: H- Th. 9. 5. 
Therefore, as the Parallelopiped V: X:: V: Z. Q. E. D. 


It is not neceſſary that the Parallelopipeds V and Z ſhould 
be ſimilar to V and X; for, if V be ſimilar to X, and Y to Z, 
the Demonſtration is evidently the ſame. 
| Or, if V be not ſimilar to X, nor Y to Z; 

but, let V be ſimilar to V, and X to Z; it ſtill holds true. 

For, ſince A: B:: C: D, ſo A:C::B:D - - Th. 4. 5. 
conſequently, fimilar Parallelopipeds, conſtructed onA and C, 
and others, not ſimilar to them, on B and D, will ſtill be 
Proportionals. | 

For, ſince the Parallelopipeds, on A and C, Band D z are, 
as V: X:: V:. Z, fimilar; fo V: V:: X: Z, not ſimilar, 

The ſame holds true, in fimilar Solids of any kind. 


(Prob. 31) 
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= 
BOOK VIII. The XII. of Euclid. 
ARES - EI | 
A” the laſt Book, or Section, treats only of Plane Solids, 
iand determines their Proportions, their Properties 
and Relation to each other; ſo, in this, the Doctrine of 
Solids, bounded by regular curved Surfaces, as the Cylinder, 


Cone, and Sphere, are conſidered ; z the nen of which is 
truely admirable. 


It muſt appear, to all who confider it, before- they have 
gone through this Book (or ſome other on the Subject), 
a matter not merely of difficulty, but of abſolute impoſſibility, 
to aſcertain the true Meaſure or Area of the Surface, much 
leſs of the ſolid Contents of a Sphete ; to reduce ſuch a 


Solid to right angled and cubical Meaſure, with any degree 


of certainty, ſeems to be beyond the power of Art, or the 
reach of finite knowledge. 

And yet, nothing more is requiſite thereto, than the true 
meaſure of its Diameter, which may be acquired; at leaſt of 


any Sphere formed or conſtructed by Man, In reſpe& of 
the Earth itſelf, its Diameter can only be obtained by its 
Circumference. It is poſſible, by various means, to come 


ſomewhat near the truth, but it is beyond human abilities to 
aſcertain it, with any degree of abſolute certainty. 

How much leſs, then, are we able to come at the true 
Diſtances, by which, the magnitudes of diſtant Planets are 


reduced to the ſame Scale of Proportion; viz. by the known 
meaſure 
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meaſure of the Earth. For, if the one cannot be had, with 
certainty, how much more incorrect muſt be the other, 
having no other Data to build on ? 

Although the many ingenious contrivances, by Inſtru- 
ments curiouſly conſtructed for that purpoſe, are worthy of 
the greateſt praiſe, and redound highly to the Fame of their 
ſeveral Inventors; and notwithſtanding all other means, 
by Tranſits, &c. may ſtill approch nearer to the truth, or, 
at leaſt, evince and prove the imperfections of all human 
Inventions, for the purpoſe; we muſt (or may as well) 
remain ſatisfied, that we have acquired ſo much, as to an- 
ſwer various great and notable purpoſes, in Trigonometry, 
Navigation, &c; but, that we ſhall never be able, by any 
means, to come at the Truth is moſt certain. 
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The Affinity between the Pyramid and the Priſm, and“. 
the Proportion one bears to the other, are, in the firſt 
place, determined; by means of which, the Proportion. 
between the Cone and Cylinder, is alſo determined. 

Laſtly, of the Sphere; ſhewing the Proportion it alſo 

has to a Cylinder and Cone; as given by Archimedes; "yy 
for, on that Head, Euclid. is totally ſilent; the 12th Book 
only determines the Ratio one Sphere has to another, in 
the laſt Theorem. To obtain which, he has two Problems, 
17th and 18th; the latter, the moſt prolix of the whole; | 
containing, in four or five full Pages, the moſt tedious de- n= 
ſcription of the Conſtruction of a Solid, which is not of any ' 
other uſe, whatever; and previous to it, Profeſſor Simſon 
alſo gives a preparatory Lemma, 

The manner, in which the Ratio of one les to auncber 

is here inveſtigated, and deduced from the gth, is, at once, 
the moſt ſolid and convincing; and alſo ſhews how the 
quantity of every Sphere is aſcertained, which the other does 
not; and therefore, what it does is of little uſe. 


N. 
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DEFINITIONS. 


For the Definition of a Pyramid, ſee Def. 7th of the 7th; 
which, notwithſtanding it is not uſed there, is the firſt of 
Plane Solids (having the leaſt number of Faces) and as a 
Priſm (Def. 8th) includes all Parallelopipeds whatever, it 
could not be diſpenſed with, though but of little uſe in 


that Book. 
It remains, only, to define ſuch Solids as are bounded by 
curved Surfaces. > 


Arg 


moved, parallel to its 


A CYLINDER is a Sol1D, having two pa- 
rallel Plane Surfaces, which are equal Circles; 
and an uniform convex Surface, bounded, in length, 
by the circular Planes, and returning into itſelf in 
width, without bounds. As AB, or AB. 


Dr. II. The Basts, of a CyLinDER, are the 


two circular Planes; A and B. 


Dee. III. The Axe, of a CyLixvR, is a Right 


Line paſſing through the Centers of its Baſes. 
As AB, or AB. | 


N. B. A Cylinder may be conceived to be f enerated 
by the Direct motion of a Cirele (as A, or 4) along its 
Axe, 2 parallel to itſelf. 

Let the Circle A, or A, be ſuppoſed to be applied, at 
its Center, to the 1 Line AB, or AB; and being 

r{t poſition, at A or A, to B or ; 
the Line AB or AB, being always in its Center; it will, 
in that motion, have deſcribed the Cylinder AB or AB. 


If any Right Line as ab, or 33, be drawn in the Circle, 
* Circumference, at a, or b, a or þ; and, whilſt the Circle 


deſeri 


d the Cylinder (the Right Line a b, or a ůù, being always 


parallel to its firſt poſition) the Point a or b, @ or 5, will deſcribe 
a Right Line, ac, or bd, which is a Side of the Cylinder. 


Pn 
* 


4 ho Dex.IV. 
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Der. Iv. A Riohr CyLinDER is one, whoſe 


Axe, AB, is perpendicular to the Planes of its 
Baſes,” A and B. | 


A Right Cylinder may be 3 to be 
rated by the revolution of a right angled Parallelo- 
gram, or Rectangle (CABD) on one Side (BD) 
which remains fixed; and is therefore called its Axe; 
or Axis; on which the Rectangle revolves, and on 
which the Solid, revolving, would appear at reſt, | 
The two Sides; AB and CD, being equ; qual, deſcribe - _ 
; the equal Baſes, whilſt AC deſcribe ts Surface, | 


Dex. V. An OBLIQUE CyIIx DER, is when its 
Axe, is inclined to the Baſes, (ſee Fig. 2) 


| DsF. VI. A CONE is a SOLID, having but 
one Plane Surface, which is a Circlez and a 
convex Surface, returning into itſelf; conti- 
nually varying, in convexity, from the Circle. G. 4 
which bounds it, till it terminates in a Point, | 
As ACD, or 40 D. = 


Dey. VII. The Bas; of a Cons, i is the circu- 
lar Plane CD, or C D. | 


Dex. VIII. The vnn, of a nh is the 
Point A or A. 


RE IX. The Axx, of a Cons, is the Riche A E 
Line AB, or AB; from the Vertex A, or 4. 'S 
to the ret B, or B, of its Baſe. 


N. B. A Cone may be conceived to be general s 


If CD or C'D be a Circle, and any Point, A, 4 be mobo. 


out of its Planez then, if a Right Line hn. be applied 
from the Point A, or A, to any Point C, or C; and bein 4d, at 
A, or A, let it be revolved around the circumference of the Circle; 
in which revolution, it will deſcribe the Cone A C P, or 4 CD. 
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Dex. X. A RicnT Cont is when the Axe ( AB,) is 
perpendicular to the Plane of its Baſe. 


A Right Cone may be conceived :o be generated 
by the revolution of a right angled Triangle, AB C, 
on either Side containing the Right Angle, as AB, 
Which remains fixed; and is therefore called its Axe 
or Axis, on which it revolves. 4 
The other Side, BC, deſcribes the Baſe, in its re- 
volution; whilſt the Hypothenuſe, AC, deſcribes 
4 the Surface of the Cone, and preſcribes its Bounds. 


Every Section, by a Plane, through the Axe of a 

Ri * Gras, is an Iſoſceles Triangle, as CAD; 

Cb is its Baſe; and a Right Line, AC, or AE, 

from the Vertex to any Point in the Circumference 
of its Baſe, is a Side of the Cone. 


Der, XI. A SCALENE or OBLIQUE Cox is 
hen the Axe, AB, inclines to the Baſe, CD. 


Section of an oblique Cone, through its Axe, 
is a Scalene Triangle; except in one poſition, when 
the Axe is at right angles with the Line of Section 
with the Baſe; and is, therefore, called a ScaleneCone. 

When the Diameter of its Baſe, CD, is equal to 
the ſhorteſt Side AD ; the Section, CAD, through 
that Side, perpendicular to the Baſe, is an Iſoſceles 


. Fa a Triangle, and AC, the longeſt Side, is its Baſe; 
15 FS . _ nevertheleſs CAD is called a Scalene Cone. 
128 W- - 4 


per. XII. A SPHERE is a SoL1D, bounded 
buy one uniform convex Surface, which has no 
Bounds. | 


* 


| As the Circle is bounded by one Line, its 
Circumference, ſo the Sphere is bounded by 
one Surface. | | | 


Dar. XIII. The CENTER of a SyHERE is the 
miaiddle Point of the Solid; which is equally 
diſtant, every way, from its Surface. As C. 


* | DEF, XIV. 
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Der. XIV. The DiaMETER, of a SPHERE, is 
any Right Line paſſing through its Center, and 
terminated by its Surface, As AB. 


N. B. A Sphere may be conceived to be ge- 
nerated, by the revolution of a Semicircle ; as ADB, 
on its Diameter AB, which remains fixed whilſt the 
Semicircumference revolves; and, in its revolution, 
deſcribes, or rather preſcribes, the Bounds of the 
Sphere. | | 

The Diameter, AB, being at reſt, on which if 
the Sphere revolved, it would appear at reſt, is 
therefore called an Axe, or Axis of the Sphere, 


— — _R__}"OYY_”, NN CER — - 


Dr. XV. A SECMENT, of a SPHERE, is any 
portion, cut off by a Plane. As AC Z. 
Its Baſe, AB, is a Cirele, made by the Section. 


— = — 
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Der. XVI. A HEMISPHERE is a Segment of a 
Sphere. When the Plane of the ſection paſſes . 
through itsCenter, each Segment is a Hemiſphere, | 
As ADB, and AEB, made by the Plane AB, 


Dr. XVII. SimILAar CyLinDERs, and Coxxs, 
are ſuch as have their Axes, and the Diameters 
of their Baſes Proportionals. 

If they are ſcalene or oblique; Sections 
through the Axes of Cylinders, perpendicular 
to their Baſes, or equally inclined to their Baſes, 
are ſimilar Parallelograms; as AB CD, a be d 
and, in Cones, they are ſimilar Triangles; % 
as AB C, abe. | a4 — 

All Spheres are ſimilar to one another, 


—— — 


- 
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8 THEOREM I. 


& | . a Pyramid be cut in two parts, by a Plane Parallel 
3 : to its Baſe; the leſſer Pyramid, made by that Section, 
3 will be fimilar to the whole Pyramid. 


Pirſt; let A be the Wüllen and, BCD 
the Baſe of a triangular Pyramid; ABCD. 
Let FGH be a Section made by a Plane, 
_ to BCN, 


I ay, the Pyramid, AFGH, is ſimilar 
W.. to the Pyramid AB CD. & 


: Dru. Becauſe the Planes BCD, FGH are parallel, and they 
/ are both cut by the Plane BAC, the Sections, FG and 
9 . are parallel; for the ſame reaſbus the Sections GH 
* | and CD, FH and BD are parallel. Th. 8. 7. 
Wh. AF: FB; AG: GC, and as AH; HD — - 2.6. 
2, eonf. AF: AB:: AG: AC, &c. (6. 5. ) i. e. as FG: BC, &c- 4. 6. 
and conſequently, the Triangle AF G is ſimilar to ABC, 
1 AGH to ACD, and AF H to ABD; . 
; alſo, the Baſe, FG H, to the Baſe, BCD; 
n Therefore, the Pyramid AF G H is ſimilar to AB CD. 
A Aﬀer the ſame manner, the Pyramid Af gh. may be 
proved ſimilar to either of the other, 


| Again, Let CBDE be the Baſe of a quadrangular Py- 
f Tamid, and, let GFHI be a Section, parallel to the Baſe, 
te may be demonſtrated, in the ſame manner, that each 
Triangle AFG, AGI, &c. is ſimilar to ABC, ACE, bee. 
_ alſo, FG H is ſimilar to BCD, and GHI to CDE; 
conſequently, GF HI is fimilar to CBDE. 1. 


' Wherefore, ſince a Pyramid, whoſe Baſe is a Poligon of 


any number of Sides, may be divided, by diagonal Sections, 
into triangular Pyramids, the ſame Demonſtration will 
hold true in every Pyramid v auer. e 


„ 3 , «4» 
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THEO RE M II. 


Pyramids, having oa Baſes and equal Altitudes, 
. are equal, (See the laſt Figure.) 


Firſt; let the Pyramids AB CP 2 

C ADE have triangular Baſes, BC D 

and CD E, and a common Vertex, Az | 
conſequently, they have equal Altitude, 

I ſay, they are equal Pyramids. - 

Let there be made ſeveral Sections, 

8 HI, 'gfhi, parallel to the Baſes, 

BCD, C DE, which are in one Plane. 


— 


— — 
— 
— 


EM. Then, becauſe they are both cut by a 2 parallel 
to their Baſes, and the Baſe BCD CDE; FGH = Gl. 
For, F GH is ſimilar to BCD, and GH to CDE; -Th. 1. 
and each has that Ratio to the other, reſpectiyely, which 
is duplicate of AC to AG; i. e. of CDtoGH 12. 6. 
' Aſter the ſame manner, the Section f g h, may be proved 
equal to gh i; and conf. every Section, made by Planes 
par. to CB DE, will be equal, each to the other, reſpectively. 
Therefore, the Priſm BAC D is equal to CADE, 


For, the Sections being equal, every where; conf. if each Py- 
ramid-be conceived to be compoſed of an infinite number of Tri- 
angular Priſms, whoſe height (or thickneſs) are all equal, andthe 
leaſt that can be conceived, laid on one another, as at CD, CDE, 
dein ge each * to the contiguous one, the whole i is eq. to the — 


Again. Suppoſe the Baſes of the ppm to be different 
in Figure, as ABC and DEF G; their Vertices, H and I, 
being equally diſtant from the Plane of their Baſes (AK F) 
conſequently, every Section, abc, or abc, and def g or deſę 
(made by the Planes X and Z, parallel to AK F) being in the 
ſame Ratio, each to the other, reſpectively, as the Baſes, are equal. 
Therefore, the 4 A HB Ci is 118 to DEI FG. 


= 
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THEOREM III. 


Every Priſm, having a triangular Baſe, may be divided, 
into three Pyramids, having triangular Baſes, which 
are ec val to one another. B 2 


r 0] 


1 » Fut; T ACF be a | Prifim whole Baſe AB F, and 
© "conſequently CED, are right angled Iſoſceles Triangles. 
l Let the Planes, AB CD and ADEF, be Squares, and 
BAF, CDE, Right Angles; conf. BCEF is a Rectangle, 
under the Side of a Square and its Diagonal (BC and CE). 
Draw, AE, BE, and BD (Diagonals in each Face) and 
. * Imagine Planes to paſs thro', AE & BE, BD&BE-Ax.4.7. 
i The Pyramids, ABEF, AEDB, and BCED, made by | 
the Sections of thoſe Planes, are equal and ſimilar. 


Dau. The Triangle ADE —AEF, and ADB BCD. 15. 1 
But, ABCD and ADE F are Squares (by Suppoſition) 
and, they have a com. Side, AD; wh. they are equal-Ax. B. 2 
Alſo, BAF is aR. Angle (Sup. ) conſ. CDE is a Rt one; -5.7. 
Wh. the Tri's. AFB, CED, ADB, BCD, ADE, and AEF 
are all equal, and ſimijar to one another - . 1, 
4 But, AEB and BED (the Planes of the Sections) are each 
common to two Pyramids; and they are equal and ſimilar 
to each other, and alſo to CEB, BEF. 7. I. 
For, AE and BD are each equal to CE and BF; val all 
| \  Diagonals ; alſo, AB, DE, CB, and EF are Sides of equal 
| Squares, therefore equalʒ and BE is common to them all. 
3g . Wherefore, each Pyramid, ABEF, AEDB, and BCED, 
| deing contained by an equal number of Planes, equal and 
fimilar to each other, reſpectively, are equal. Ax. 5. 7. 
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For two Angles in each nin at A, C, D, and F, are contained 
by two R. Angles each, and half a R. angle; as AFE, BFE, & AFB. 
The remaining two, in each, meeting at B and E, are each con- 
tained by two hal Hard Angle. Ax, BEF, &c.) and an Angle AER, 
Equal DBE, (each common to two Pyramids) each equal CEB, 
or EBF; being contained by the Diagonal of a Square, (C E) and 


the Hypothepy ſe (BE) of a right 5 TRE le, under the Side 
and n "BC, 72 CE. 8 


2nd. Let ABCE be a triangular Priſin; 301 e. mak Baſes, 
ADE and BCF, are Triangles 5 ſuppoſe them Scalene, 
and the, Sides AB, &c. of the other Faces, not perpendi- 
cular to them ; the Priſm i is conſ. oblique i in every reſpect. 
The Priſm a ABCE , may be divided i into three eq. Pyramids. 
Draw 85 Diagogals, BE, BD, & EC; and ſuppoſe a Plane 
to paſs thro'. BE& BP, and, another, thro'. BE& EC-Ax. 4.7 
The Priſm will be divided into three Pyramids; 
AB DE, BC EF, and BEC D. | 
I ſay, thoſe Pyramids are equal to one another, 


Dem, The Pyramids, ABDE and BCEF, have equal and 
ſimilar Baſes, ADE & BCF, and equal Altitudes; Def.8. 7. 
Conſequently,everySection,made by parallel Planes, at equal 
diſtances from their Baſes, are equal, and alſo ſimilar; 
Therefore, the Pyramids are equal, - - Ph. 2. 


Again. Suppoſethe Pyr. BCEF (eq. AB DE) taken away; 
the Face BCE is common to the Pyramid BEC D (ſee Fig. 3) 
Then, in the Pyramids AB DE, BEC D; becauſe ABCD is 
a Parallelogram (Def. 7.) it is divided by the Diagonal, BD, 
into congruous Triangles, ABD and BCD. - 15.1. 
Let them be conſidered as the Baſes of the two Pyramids ; 

E being their com. Vertex, they have, conf. equal Altitude; 
h. every Section, parallel to ABCD, will be equal, and alſo 
ſimilar; and conſequently, the Pyramids are equal -Th.2. 


If ABDE be ſuppoſed removed (Fig.2.) then the Pyra- 


mids BCEF, & BECD are equal; for their Baſes CEF, & 
CED are equal (15.1.) and B is their common Vertex; 
Therefore, they are all equal to one another. Q E. D. 
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THEOREM Iv. 


Every Priſm is triple of a Pyramid, having equal 
Baſes, and ** Ammer. a F 


„ dj. 
"MP 
Firſt—Let the Priſm ACHF be à Cube: — 
Then, a Plane drawn through the oppoſite Diagonals 
CE and BF, will cut the Cube into two equal triangular 
Priſms; whoſe Faces FD and AC, &c. are Squares, and 
the Angles BAF, CDE, CHE, and BGF, are R. Angles. 
Draw, AE, EB, and DB; dividing the hither Priſm, 
ABCEF, into three equal and ſimilar Pyramids AB EP, 
EDB and BC ED, (as in Caſe iſt of the 3rd.) 
Alfo, draw EG. BEFG is a Pyramid, equal and 


fimilar to ABEF; and the Priſm ACHF is * of the 
Pyramid AB EF G. 


_ Dew, For, the Baſe BFG is equal and ſimilar to ABF-15.1, 
and the Face BEG is congruous with AEB; - Ax.7.1. 
(for EG biſects the Square FH, and AE biſects FD) 

But, BEF is common; and BEG, AEB are congruous - 7.1. 
(for, BG is equal to AB, EG=AE, and BE is common) 

wh. the Solid, BEFG, is contained within four triangular 
Planes, equal and ſimilar to thoſe of AEB F; 
and conſequently, they are equal Pyramids. Ax. 5. 7. 

But, the triangular Pyramid, AE BF, is equal one third 

ol the Priſm, ABCEF; and BEFG is equal one third 
of BHF, EI =; wi „ . 3. 


_ . Therefore, 
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Therefore, the quadrangular Pyramid, ABEFG, is equal 
one third of the Cube ACE; or, the Cube triple of the 
Pyramid, on the fame Baſe, ABGF, and having the 
ſame Altitude, EF. 


2nd. After the ſame manner, as in Caſe II. of the laſt, 
every triangular Priſm may be proved triple of a Pyramid, 
having the ſame, or an equal Baſe and Altitude.” 

Wherefore, ſinee every, Priſm, haviog a quadrangular 

Baſe, may be divided! into two triangular Priſms; and each 
triangular Priſm, into, three equal Pyramids having trian- 
gular-Baſesz conſ. a Pyramid on the whole quadrangular 
Baſe of the Priſm, and having equal Altitude, is equal one 
third of the Priſm, or the Priſm triple of the Pyramid. 


3rd. Let the Baſe, AIHED, of the Priſm, ARFD, be a Pen- 
tagon; and let the Diagonals, CG, CK. DH, Dl, be drawn. 

Then, becauſe CD is parallel to AB and EF; and, GH 
is parallel to EF, and IK to AB Def. 33. 
DC is parallel to IK and GH, - - +5 
wh. Planes may paſs through DC & GH, DC&IK » Ax.2, 
and conf. the Priſm, AK FD, will be divided into three 
triangular Priſms, by the Planes, DC NI and DCGH; 
viz. AK D, K DG, and DGE. 

Draw the Diagonals BD, DF, DG, and DK; 
BDF GK is a Pyramid having the ſame Baſe, BCF GK, 
and Altitude as the Priſm. 

But, BDCK is a Pyramid, having the ſame Baſe, 
BCK, and Altitude, as the Priſm AK D; 

AK D is therefore triple of the Pyramid, BDCK. 
For, the ſame reaſon, KI DH is triple of the Pyr. EKDGC; 
and the Priſm DG E is triple of the Pyramid CD FG. 
But, the Pyramid BDFGK is cqual to the three Pyramids 
BDCK, KDGC, and CDFG ; and the Priſm AKFD is 
equal to the three Priſms A K D, EIDHG, and DGE. 


Th. the Priſm AKFD is triple the Pyr. BDFG K. Q. P 
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& -'V 


THEOREM V. 


Every Cone is equal to the third part of a Cylinder; 
* 0 Baſes and equal Altitudes. 


+ J Wo 
WT, * 

Let the Circle A C E be conſidered as the Baſe of a 
Cylinder or Cone; and, let a regular Poligon, ABCDEF, 
of any number of Sides be inſcribed ; it is manifeſt, that 
the Poligon is leſs than the Circle. 

Let the Arks, AGB, &c. be biſeQted, as at G; and 
draw AG and BG, &c. This Poligon will be greater than 
the firſt, but it is alſo leſs than the Circle, 

W herefore, it is evident, that, the more the Sides of the 
Poligon are multiplied, the nearer it approaches to the 
Circle, till the difference is leſs than any aſſignable Quan - 
tity whatever. The difference is the Segments AG,GB,&c. 

And, by the ſame reaſoning, every Poligon, circum- 
ſcribed, will be greater than the Circle; conſequently, 
they will at laſt end in the Circle; i. e. the Perimeter of 
the Poligon, in the Circumference of the Circle, and their 
Areas will be equal, or the difference will be leſs than 
any other Quantity, | 


Let AGED be a Cylinder whoſe Baſe is AD; and 
agd a Cone, whoſe Baſe, ad, is equal to the Baſe AD, 
of the Cylinder; and let them alſo have equal Altitudes. 

I fay, the Cylinder AGED, is triple of the Cone, agd. 

Dem: 
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Du. Let there be regular Poligons, of any number of Sides, 


inſcribed; as ABC DEF, and abcdef, whoſe Sides 


AB, BC, &c. ab, bc, &c. are equal ; 
conſequently, they are equal Peligons. 

Let a Priſm be conſtructed on the Poligon, ABCDEF, 
whoſe Sides AG, BH, Cl, &c. are in the Surface of the 
Cylinder; and from every Angle of the Poligon, a b d, 
let there be drawn Right Lines ag, bg, &c. 

Then, abgde is a Pyramid, whoſe Baſe is equal to 
the Baſe of the Priſm (by Conſtruction); and, having equal 
Altitudes, the Priſm, AMKC, inſcribed in the Cylinder, 
is triple of the Pyramid, inſcribed in the Cone. Th. 4. 


Again. Let the Arks AB, BC, &c. be biſected, at N 
and O; and let a Priſm be inſcribed, having twice the 
number of Sides. 

Alſo, let the Pyramid, inſcribed in the Cone, have the 
ſame number of Sides, as the Priſm; their Baſes are equal; 
and, conſequently, the Priſm is triple of the Pyramid - 4. 

And ſo it muſt always be; till, by multiplying the Sides 
of the Priſm, its Surface will be the ſame as the Surface of 
the Cylinder, and the Surface of the Pyramid as the Cone; 


the Baſes of the Priſm and my id will)be the ſame as 


the Baſes of the Cylinder and Ys 
But, they are equal, and they have equal Altitudes, 


: 4 * v i { 
. 1 ” 

«Al 
Mk. ; 


Therefore, the Cylinder is triple of the Cone; or, the 
Cone equal to one third of the Cylinder. Q. E. D. 
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0 4 
THEOREM VI. ; A 
| | | al 
Priſms, or Pyramids, having equal Altitudes, have. V 
that Ratio to each other, as their Baſes, { 
£ i . TE i. 
Firſt. Let the Priſms have quadrangular Baſes. c 
Tc q | | 2nd 
It they are Parallelopipeds, it is already proved - Cor.1.17.7. 
For, every Parallelopiped (is a Priſm ; Def. g. 7.) may be di- A 
vided, by a Plane paſſing through its oppoſite Diagonals, into two f 
equal and fimilar triangular Priſms; conſequently their Baſes and © 
Altitudes are equal. „ - Th. 16. 7. 
And it is manifeſt, that if the Baſe of one be double, or triple, Ca 


of the other, ſeeing they have equal Altitudes, they are as their 
Baſes; i. e. the Priſm, whole Baſe is double or triple of the others P 
Baſe, is double or triple of the other Priſm; and conſequently, 


whatever ratio one Baſe has to the other, the Priſms have ne- 5 
ceſſarily the ſame. (For, whether the Baſes be ſimilar Figures | y 
or not, being equal, it is the ſame; as it is proved, in Cafe the zrd 
of the 17th, being Parallelopipeds.) On 
Alſo, if their Baſes be equa:, they are as theirAltitudes-Cor.2.17. 
and, if the Priſms are equal, their Baſes and Altitudes reciprocate, 
(Th. 19.) Conſequently, every triangular Priſm is to another, of Sy 
equal Altitude, in the ſame ratio as their Baſes; ſeeing, they are in | 
each half a Parallelopiped or Priſm, whoſe Baſe is double the Baſe — : 
. of the triangular Priſm, and having equal Altitudes. 5 wy” 
: Let the Priſms AFD and oy 
; . | 
| EGEM have equal Altitudes; 

LEW | the one on a triangular Baſe, the p K 
5 Mal other pentagonal. . 
Loet the Diagonals GL, GO, 
_ HM, and HN be drawn, between Co 
SP oppoſite Angles in the equal ; 
1 Pentagons; and imagine Planes * 
BT” | .. — OGHN, and GL MH, drawn — 

through thoſe Diagonals, dividing the Priſm, EG KM, i 
into three triangular Priſms, EGN, NG M, and MGl. Co 
| 0 
Dem. Then; becauſe the triangular Priſms, AFD and, f 
EGN, have equal Altitudes, they have that Ratio to each as b 


other, as their Baſes ADE to EHN. - proved above. 
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j. e. the Priſm AFD:EGN:: ADE: EHN 

And, the Priſm AFD:NGM:: ADE: NHM & their Baſes. 
alſo, the Priſm AFD:MGI :: ADE:MHI 
Wh. as the Baſe ADE: EHN +NAHM + MHI | 

ſo is the Priſm AFD:EGN + NGM-+ MGLF © © 37 
i. e. as theBaſe ADE: EHIMN : : thePriſm AFD: EGKM. 


2nd. Becauſe the Priſm AF is triple the Pyramid ACED; 

and thePriſmEGREM is triple of the Pyramid NEGIM-4, 
Alfo, as Baſe ADE: EHIMN,: : thePriſmAFD:EGEKEM 
conſ. as Baſe ADE: EHIMN, : ;the Pyr. ACED:NEGIM 


Con, 1. Cylindgrs; having-equal Altitudes, have the fame 


Ratio td each other as their Baſes, |, | 1 
For, ſimilar Poligons, inſcribed in Circles, are, to each other, as 
the Squares of their Diameters. - le We. Th. 14. 6. 


And it has been proved, that al Priſms, having equal Altitudes, 
are in the Ratip*pf their Baſes, to each other; conſequently, 
Cylinders are tq euch atber in the ſame'Ratio. ve 

Becauſe, every Cylinder, whether it be right or oblique, 5s 
equal: to a Priſm, whoſe- Baſe: is the ſame, dt equal to the 
Baſe of the Cylindef; 1. e. having its Siges multiplied contigually 
till jt ends in the Surface of the Cylinder ; and 1ts Baſe, q the 
Baſe of the Cylinder, | 


Cox. 2. Cones, having equal Altitudes, are to each other, 
in the Ratio of their Baſes. . 


Becauſe, a Cone 1s equal to one third of a Cylinder, having 
equal Baſes and Altitudes; and Cylinders are in that Ratio to each 
other ; therefore Cones have the ſame Ratio as Cylinders. 


Cor. 3. Priſms and Pyramids, having equal Baſes, are to 
each other as their Altitudes, | } 
Becauſe Parallelopipeds are Priſms; and it has been proved, 


that Parallelopipeds are to each other in that Ratio; and conſe- 
quently, all Priſms, having equal Baſes, are as their Altitudes, 


Cor. 4. Cylinders and Cones, having equal Baſes, are to 
each other as their Altitudes. 


Becauſe, there is the ſame Ratio between Cylinders and Cones, 
as between Priſms and Pyramids, having equal Bales, Therefore, &c. 
| 2 
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THEOREM VIL 


Similar Prifms and Pyramids are, to one another, in the 
triplicate Ratio of their correſponding Sides. * 


In reſpect of Priſms (being alſo Parallelopipeds) this property 
is already proved (in Theo. 18th of the 7th) and conſequently, 
in Priſms having triangular Baſes; ſeeing, every ſuch Priſm is half 
2 Parallelopiped whot: Baſe is double of the Priſm and having 
equal Altitudes, | | 


Let the Pentagonal Priſms AK D, ak d be fimilar. 
Take any Right Line, V; and as ab is to AB, &c. 

make X to V; and as X is to V, ſo make Y to X; 

alſo, as V is to X, or X to V, make ZtoY, 


-1 ſay, that, asV is to Z, ſo is the Priſm AK D to akd. 


Let them be divided by diagonal Planes, BK, KC, bk, 
ke, paſſing through the oppoſite Diagonals; dividing the 
Priſms into three triangular Priſms, each. 


W 


oe” — - LA) 


— — 
7 


el cannot conceive the reaſon, why Euclid confines this pro- 
portion, and the following, to Pyramids only ; and, to ſuch, only, 
as have triangular Baſes; ſeeing that, it holds equally true in 
Priſms; and alſo in Pyramids, having poligonal Baſes, of any kind. 


DEu. 


| 
{ 
| 
; 
1 
| 


an 
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Dem. The Poligons ABCDE, abcde, are ſimilar - Hyp. 
wh. the Triangles ABE, a be, &c. are ſimilar. - 13. 6. | 
and conf, the Priſms AKB, ak b, &c. are fimilar-Ax.11.7 
(For, as AB: a b, or as BC: be,: : BG: b g, and GK: gk; | 
conſequently, the diagonal Planes, BK and bk, K C M1. 
and kc, are ſimilar) | 140 
Wherefore, ſince each triangular Priſm is equal to half | 7 
a Parallelopiped, whoſe Baſe is double of the triangular | 11; 1 


Priſm, and Altitudes equal (above) they have that ratio to 6 
each other, which is triplicate of their correſponding Sides, | | I 
Le u te Z. (Ar 8.6) - . ng J. 


But the Priſm AKB: ak b:: BK C: bke, and as CK D: ck d. 
wh. as AKB: akb:: AKB+BKEC+CED: akb+bkc+ckd.* 
i. e. as the Priſm AK B: ak b:: the Priſm AK D: akd. 
But, AK B: akd: :V:Z, Th. the Priſm AKD :akd::V:Z.+ T 


i 
| 
kl 
2nd. Let the Pyramids ABCD, abcd be ſimilar. (Fi ig. 2.) i 1 
lj 
k 


The Pyramids ABCD, abcd, being ſimilar, are each _ 
to the third part of a Priſm on the ſame Baſe and Altitude, | 
But, Quantities are in the ſame Ratio, to each other, i | 

as their Equimultiples or equal Parts. - Ax.8.5, 4 
and the triples of the Pyramids ABCD, abcd, are as V to Z. 
therefore, the Pyramid AB CD: abed: : V: Z. QE. D. 


Cox. Similar Cylinders are, to one another, in the triplicate 
Ratio of their Diameters or Sides. 


For, they are in the ſame Ratio, to each other, as ſimilar Priſms 
inſcribed; or, as Priſms, whoſe Baſes are equal to the Baſes of the 
Cylinders, and having qual Altitudes. 


Cor, 2. Similar Cones are, to each other, in the triplicate 
Ratio of the Diameters of their Baſes, or of their Axes. 


Becauſe a Cone is equal to the third part of a Cylinder, on equal 
Baſes and Altitudes, | 


—_ 


5 S Theo. 2nd of the 5th, + By Axiom 13 of the 5th, 
h | THE O- 
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THEOREM VIII. 


Equal Priſms, or Pyramids, have their Baſes and 
i Altitudes reciprocally proportional. 


If the Priſms are Parallelopipeds 
it is already proved, - 197. 
Let the triangular Priſm AK C 
be equal to the quadrangular Priſm 
FG; whoſe Baſes, ACD, FGHI, 
\ wo are in the ſame Plane; to which, 
e Draw the Perpendicular BF. 
B F and EF are their Altitudes. 


I fay,. the Baſe, ADC, is to the Baſe, FG HI, as 


EF is to BF. | 
Let the Plane of the Top, LE, be produced, og 
the triangular Priſm, at EMN. 


Dem. The Piiſm AMC: AKC: :EF:BF, their Altitudes. 

And - AMC:FLG:: ADC: FGHl, their Baſes, 
But, the Priſm FLG is equal to AKC; by Hypotheſis, 
conſequently, AMC: FLG: : EF: BF, i.e.as ADC: FGHIL 
Therefore, as ADC :FGHI :: EF: BF. Q. E. D. 


2nd., Draw the Diagonals AB, DB; EG, EH, and El. 


'The Pyramid ABCD is equal to one third of AKC - - 4+ 
And, the Pyramid FGEHI= one third part of FLG. 
But,Quantities are in the ſameRatio as their Equimultiples; 
wherefore, the the Pyramid ABCD is equal to FGE HI. 

But, they have the ſame Baſes and Altitudes, as. the 
Priſms, AKC and FLG. 


Th. their Baſes and Altitudes are reciprocally proportional. 
| . CoR. 
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Cor. Equal Cylinders, or Cones, have their Baſes and Al- 
titudes reciprocally Proportional. 
Becauſe, Cylinders are equal to Priſms whoſe Baſes 
and Altitudes are equal ; and Cones to Pyramids. 


In theſe eight Theorems, and their Corollaries, with the 
Corollary to the next, is contained the whole of Euclid's 
12th Book; thoſe which follow, are ſele& Theorems from 
Archimedes ; which ſhews how the ſurface of the Sphere may 
be aſcertained: alſo, of any Segment, or Portion of its Surface, 
intercepted between parallel Circles, with great accuracy, 


The next Theorem, which is not from Archimedes, 
ſhews, in a brief and elegant manner, the Ratio between 
the Sphere and a circumſcribing Cylinder ; and conſequently, 
if the quantity of the Cylinder be known, or attainable, the 
quantity of the Sphere may alſo be obtained, ; According to 
Archimedes, it is determined by the Cone, in the 17th of 
this Book; which, though perfectly true, is not ſo brief; and 
"though perhaps more geometrical, yet not more convictive 
and ſatis factory. 

In the following is contained all that is really uſeful or 
valuable, in reſpect of the Cylinder, Cone, and Sphere, nor 
is it poſſible, I think, to obtain the Area of the Surface of 
a Sphere in a more conciſe manner. 

In ſhort, without the following Theory, I cannot but 
think the Doctrine of Solids imperfect; ſeeing. that, the 
Quantity of a Sphere, the moſt perfect Solid, cannot, by 
Euclid, be obtained, in reſpect either of its Superficies or 
ſolid Contents ; for want of which, Artificers are frequently 
at a loſs, in meaſuring a Dome or other ſpherical Object. 


3E THE O- 
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Boc 
THEOREM IX. ba 
| v 
Every Sphere is equal to two thirds of a circum- , 
ſcribing Cylinder; 1. e. of a Cylinder whoſe Dia- | 
meter and Altitude are equal, each to the Diameter 5 
of the Sphere. ( 
M Let AB e Diameter of a Sphere; biſect AB, at C. 
On C, deſcribe the Semicirele AKB; 
and, on A B, conſtruct the Rectangle 0 
\ le AEDB, circumſeribing it, and draw AD. b 
L AR Then (AB remaining fixed) imagine ( 
N them all revolved about AB, as an Axis; t 
His the Semicircle, AK B will defcribe a . 
.. Sphere, AK BL, (Def. 14.) ( 
2 p be Rectangle, AE DB, will deſcribe t 
YL St =” „% a Right Cylinder, DE MN, containing 6 

D 7 i the Sphere (Def. 4.) and, the right- 
A —_ Triangle ADB, will generate a Right Cane, c 

| DAN, (Def. 10) whoſe Baſe, DN, is the ſame as the 
Cylinder, and equal to the Diameter of the Sphere. c 

The Cone, DAN, is _ to one third part of 0 
the Cylinder. = - F ( 

I fay, that the Sphere, AKBL, is equal to the re- 0 
maining two thirds, 

Draw CD; and FG (at pleaſure) parallel to C K; ( 
cuting C D at H, and the Circumference of the Sphere 
at I; and draw CI. ; 

Dem. In the Rt. angledTri. CFI, ClIm=CFo+Fln- 20.1 x 
and, the Areas of Circles are as the Squares of their 
— % TCT. Ce 


wherefore, a Circle, deſcribed on CI, is equal to two 
Circles, on CF and Fl, 


8 | 
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Now, in the revolution of the Square CKDB, there 
will be deſcribed the Cylinder KD NL; the Ark BIK 
will deſcribe a Hemiſphere; and, C D will deſcribe the 
Surface of a Right Cone, DCN; alſo, the Points G, 


H, and I, will deſcribe Circles, with the ſeveral Radii 


FG, FH, and FI; FG is equal to CI (equal CK) 
and FH is equal to C F. 91. 
(for, the Angle CF H is Right, and the Angles FCH, 
FH C, are half Right; ſeeing that, the Diagonal, CD, 
biſects the Angles B CK, K DB) 

| Wherefore, the Circle deſcribed by F H (equal CF) 


is equal to the difference between the Circles deſcribed 


by FG (equal Cl) and FI. | 
Conſequently, the Circle, deſcribed by FH, is equal to 
the Annulus or Ring, deſcribed by GI; 


and, conſequently, every Section (F G or f g) of the 
Cone DCN, by a Plane parallel to its Baſe, is equal 


to a Section of the concave Solid, remaining when the | 


Sphere is ſuppoſed to be taken out of the Cylinder, 


Wherefore, the Cone, DCN, is equal to the Solid | 


deſcribed by the mixed Triangle KiIBD. | 
But, the Cone, DCN Sone third of the Cylinder KDNL 


conſ. the concave Solid (taking away the Hemiſphere, KBL, 
out of the Cylinder, EDNL) is equal to one third of that 


Cylinder ; and conſequently, the Hemiſphere, KBL, is 
equal to two thirds of the Cylinder, 


But, the Cone, DCN, is half the Cone DAN; and, the 


Cylinder, DKLN, is half the Cylinder DEMN ; C. 4. 6. 
alſo, the Sphere, AK BL, is double the Hemiſphere, KBL. 
Therefore, the Sphere AK BL, whoſe Diameter, AB or KL, 
is equal to the Diameter and Altitude of the Cylinder, 
DEMN, is equal to two thirds of the Cylinder. Q. E. D. 


CoRoLLARY, The 18th Propoſition, of Euclid. 


Spheres have that Proportion to one another, which 


is triplicate of their Diameters; 
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For, all Cylinders, being ſimilar, are in that Ratio to one an- 
other ; and conſequently, Spheres, inſcribed in Right Cylinders 
whoſe Diameters and Altitudes are equal, reſpectively, to the Dia- 
meter of the Spheres, being two thirds of ſuch Cylinders, are in 
the ſame Ratio to each other as the Cylinders; i. e. in the tripli- 
cate Ratio of their Diameters. 


THEOREM X. 


A Circle, whoſe Radius is a mean Proportional be- 
tween the. Diameter of the Baſe, and the Side of a 
Right Cylinder, is equal to the cylindrical Surface. 


Let AB be the Diameter of the Baſe of 
the Cylinder AD, and let BD, be its Side. 


Take FG a mean Proportional, between 
AB and BD, (Prob. 30) and on. FG, de- 
ſcribe a Circle; let C be the Center of 
/ the, Baſe of the Cylinder; produce BD, 

and make DE equal to BD. 
— -_*,_ Then, CB, FG, & BE are Proportionals; 
for, CB: AB:: BD: BE, - Ax. 8. 5. 
wherefore, CB X BE AB x BD < 9.6. 
i.e. to FG. N; for AB BD = FG ©. - Cor. to 9. 6. 
Leet ſimilar Poligons (X and Z) be circumſcribed about 
_ theBaſe of the Cylinder, and the Circle whoſe Radius is FG; 
and let a Priſm, be ſuppoſed to eireumſcribe the Cylinder. 


Du. A Triangle, whoſe Baſe is equal to the Perimeter of 
the Poligon, and its Altitude equal CB, is equal to the 
Poligon ;* and aReQangle under the Perimeter and BD, a 
Side of the Priſm, is equal to the Superfices of the Priſm-1.2 
Alſo, a Triangle under the Perimeter and BE is equal to 
a Rectangle under the Perimeter and BD, half BE. 


— 


— 


* This follows from the 18th of che firit. For, all the Sides of 
the Poligon are equal; andall Triangles having equal Baſes and 
Altitudes are equal. (See Art. 7. P. 7+ in the Appendix). 


* 
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But, a Triangle, under the Perimeter and CB, is to a 
Triangle under the ſame Perimeter &BE, as CB is toBE-1.6 
con. the Poligon is to the Surface of the Priſm, as CB: BE. 
But, CB to BE is duplicate of CB to FG - Def. 12.5. 
wherefore, the Poligon & is to the Superficies of the Priſm, 
in the Duplicate ratio of CB to FG. 

But, the Poligon X is to Z in the Duplicate ratio of their 
Sides, or Perpendiculars, CB to FG, i. e. as CB to BE. 
wh. the Poligon X has the ſame Ratio to Z, as X has to the 
Superficies of the Priſm, AD; conf, they are equal-Ax. 5.5 

After the ſame manner, it may be proved that the Super- 


ficies of any other Priſm, whoſe Faces being multiplied 
infinitely, till they end in the Surface of the Cylinder, AD, 


is equal to the Poligon circumſcribing the Circle, Z, whoſe - i 75 


Sides being multiplied, end at laſt in the Circle. 


Therefore, the Circle, Z, whoſe Radius is a Mean, „ 


tween AB & BD, is equal to the Surface of the Cylinder, AD. 


Cor. 1. The Superficies of a Right Cylinder is to its Baſe, 
as the Side of the Cylinder to the fourth part of the 
Diameter of the Baſe, 


For the Superficies of che Cylinder is equal to the Circle, 
whoſe Radius is FG; and that Circle, is to the Baſe of the 
Cylinder in the duplicate ratio of F G to CB; i. e. of BE 
to CB; i. e. of BD to half CB, 


Cor. 2. The Superficies of a Cylinder whoſe Side is equal to 
the Diameter of its Baſe, is equal to four times the Area of 
the Baſe; conſ. if the Side be a fourth part of the Dia- 
meter the cylindrical Superficies, and the Baſe are equal. 


Cor. 3. The Superficies of a Right Cylinder is equal to 


a ReQangle, under its Circumference and Side. 


Cor. 4. Cylindrical Surfaces, of equal height, are to each 
other as the Diameters of their Baſes; and, having equal 
Baſes, they are as their Altitudes, 


Cor. 5. The Surfaces of ſimilar Cylinders have that Ratio 
between them ; z Which | is duplicate of their Diameters. 
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THEOREM XI. 


A Circle, whoſe Radius is a mean Proportional 
between the Side of a Right Cone and the Radius 
of the Baſe, is equal to the Superficies of the Cone. 


Let ABD hea Right Cone, the Diameter 
of whoſe Baſe is AD, and C its Center. 


Take FG, a mean Proportional between | 
the Side, BD, and the Radius CD (equal | 
BE and CE) and on FG deſcribe a Circle. 

Let regular Poligons (X and Z) be cir- 
cnnſeribed about the Baſe of the Cone 

* and the Circle, whoſe Radius is FG, of 
the ſame kind; and ſuppoſe a Pyramid, on the Poligon X 
circumſcribing the Circle, 


Dem. Becauſe CE: FG :: FG: BE; by Hypotheſis. 
CE to BE is duplicate of CE to FGG. Def. 12. 5. 
But, as CE is to B E, fo is the Triangle, whoſe Altitude 
is CE, and its Baſe, the Perimeter of the Poligon X, to 
the Triangle under B E and the ſame Perimeter, -Th.1.6, 
Alſo, as CE is to BE fo is the Triangle under CE and 
the Perimeter of the Poligon X, to a Triangle, under FG 
and the Perimeter of Z—. h. 6. and 12. 6. 
But, a Triangle, under CE and the Perimeter of X, is 
equal to the Poligon X; and, the Triangle under FG and 
the Perimeter of Z is equal to that Poligon; alſo, the 
Triangle under BE and the Perimeter of X, is equal to 
the Superficies of the Pyramid.“ 


W 1 


* This alſo follows from the 18th of the ſirſt Book of Elements, 
and Ax. 1. 1. (See the Reference to the laſt). 
. Wherefore, 
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Wherefore, the Poligon X has the ſame Ratio to the 
Poligon Z, and to the Superficies of the Pyramid; conſe- 
quently, the Poligon Z is equal to the Superficies of the 
„„ r ASS 

After the ſame manner it may be proved, that the Su- 
perficies of any other Pyramid (whoſe Baſe is a regular 
Poligon, ſimilar, to one circumſcribing the Circle, whoſe 
Radius is F G, till by multiplying the Sides, equally, the 
Perimeters, of both, fall into the Circumferences of the 

Circles, and the Superficies of the Pyramid into the Cone) 
is equal to the Poligon Z; conſequently, the Superficies 
of the Cone 13 equal to the Circle whoſe Radius is FG, a 
mean Proportional between the Side BD & the Radius CD. 


Cor. 1. The Superficies of a Right Cone is to its Baſe, as 
the Side of the Cone to the Radius of the Baſe. 


For, they are, reſpectively, = ual to Triangles, whoſe Baſes 
are equal to the Circumference of the Baſe, and Altitudes equal 
to BD and CD reſpectively ; ny they are to each 
_ as BE to CE. - eo 


Con. 2. The Superficies of a Right Cone is equal to a 
Triangle, whoſe Baſe is equal to the Circumference of 
the Baſe of the Cone, and its Altitude 2 to a Side of 
the Cone. 


Hence it is manifeſt, that the Surfaces of Right Cones 
have all the ſame Properties as Triangles. ety 

If their Sides be equal, they are, to each other, as the 
Diameters of their Baſes; and having * * they are 
as their Sides; or as their Axes. 

If they are ſimilar, the Ratio between ole Surfaces is 
duplicate of their Sides, or Diameters of their Baſes. 

If they are equal, their Sides and Diameters are reci- 
procally Proportional, 


Cor. 3, 
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Cor. 3. The Superficies of a Right Cylinder, is to a Right 
Cone, having equal Baſes and Altitudes, as the Side of 
the Cylinder, to half the Side of the Cone. 


For, the Superficies of the Cone is to its Baſe, as the Side to 
the Radius; or, as half the Side to half the Radius. And the 
Superficies of the Cylinder, to its Baſe, is as the Side to half 
the Radius ; therefore, the Surface of the Cone is to the Surface 
of the Cylinder, as the Side of the Cylinder to half the Side of 


the Cone. 

Cor. 4. An Equilateral Cone, i. e. whoſe Side is equal to the 
Diameter of its Baſe, has it Superficies double of its Baſe; 
and if the Vertex be right angled, the Ratio is as the 
Diagonal of a Square to its Side, 


THEOREM XII. 


If a Right Cone be cut by a Plane, parallel to 
its Baſe; a Circle whoſe Radius is a mean Pro- 
portional, between part of the Side (betwixt the 
Baſe and the Section) and the Radius of that Section 
added to the Radius of the Baſe, is equal to the 
conical Superficies, which is between the Section 
and the Baſe. | 25 55 


— — — 


—— — 


— — 


Let BAF be a Right Cone; and let DJ be T Section, 
parallel to the Baſe, BF. A 

Take GH a mean Proportional, between AB, and BC; 
and GI a Mean between AD and DE; on which, 
deſcribe Circles, X and Z. 
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The Circle X, on GH, is equal to the whole Superficies; 
and, that on Gi = to the Surface of the Cone, DA] - 1. 
and, AB x BC = AD x DE,-+DBXBC, + DB x DE. 
Take GK a Mean, between DB and DE + BC; on 
which, deſcribe a Circle; let it be called Y. 
I fay, that Circle (V) is equal to the conical Super- 
fices BD JF; between the parallel Circles, 


Dem. Becauſe GH is a Mean, between AB, & BC - by Con. 
the Square of G HAB KBC; i e. to the Rect. AB cd: 
For the ſame reaſon, GIM ADN DE; i. e. to AD ea g 
And, becauſe GK is a Mean, betwixt BD and DE+BC; 
GKN BD NBC, +BDx DE; (equal Bf ＋ Ee) 
i. e. to a Rectangle under B D and DE + BC. 
Conſequently, GHO =Gla +GErgo. : 
(Becauſe, the Rectangle equal to GH Square, is equal to 
two Rectangles, which are reſpectively equal | to the two 
Squares, of GI and GK) 

But, Circles are to each other, as the Squares of their 
Diameters, and conſequently as their Radii - C. 1. 14. on 
And the Circle X is equal to the whole conical Surface; 
alſo, the Circle Z is equal to the Surface DA]. 
Therefore, the Circle Y (being equal to the Difference 
between the two, X and Z) is equal to. the Superficies 
BDF; between the Section, DJ, and the Baſe. 


— 


— — ——— — 
ts — — . — 
* Þ 
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* This is deducible from the ſecond Book of Elements; having 


formed a Conſtruction. 
Let ABcd be a Rectangle, under AB and BC; Ac being 


drawn, and Df parallel to Bc, cuting it at e; and a b (through e) 


parallel to AB. 
Then, the whole, Bd (equal AB x BC)=D a (equal AD x DE) 


+BF (equal BD x BC) + ed (equal BDxDE, 1. e, Be, 19. 1.) 


1 T 11 E- 
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THEOREM XIII. 


Tf a regular Poligon, having an equal number of Sides, 
be inſcribed 1n a Circle, and if a Diameter (which 
is alſo a Diagonal of the Poligon) be drawn, and 
another Diagonal, from either extreme of the Dia- 
meter to the adjacent Angle; the Rectangle, under 
the Diameter and that Chord, is equal to a Rcct- 
angle under a Side of the Poligon and all the 
parallel Chords, joining two and two contiguous 
Angles. 


In the Circle AGF, deſcribe a regular 
Octagon, ACEGBHF D; draw the Dia- 
meter AB, and the Diagonal BC; alſo, 
1 draw CD, EF, and GH. 

I. fay, the Rectangle, under AB and BC, 
is equal to a Rectangle under AN (or AD) 

and CD, added to EF, added to G. 
Join DE and F G. 


Du. 3 2 DF, and EG to FH, the Chords 
CD, EF, and GH, are all parallel - Cor. to 10. 3. 
And, for the ſame reaſon, AC, DE, FG, & HB are parallel; 
conſ. the Triangles ACT, IDK, KEL, &c. are ſimilar. 
Wh. Al:IC::IK:ID,::KL:LE,::LM:LF, &c.-Th.4.6. 
i. e. as AI:IC::AB:CD+EF + GH, - 2.5. 
for, the Diameter, AB, = AI+IK + EL, &c. 

and CD +EF+ GH = CI + ID+EL, &c.- Ax. 1.1, 
But, as Al:IC: : AC: CB (7.6) for AC His a R. Angle -12.3. 
Conſequently, AC: CB:: AB:CD+EF+GH - Ax. 13.5. 
Therefore, ACXCD+EF+GH=CBXAB - Th. g. 6. 
Con. Hence it is manifeſt, that if in any Segment of a Circle, 
as GAH, a Poligon be inſcribed, on GH, whoſe Sides are 
equal, and equal in Number; a Rectangle, under the 
Chord CB a * AN (part of a Diameter, perpendicular to 


GH) is equal to a Rectangle under a Side AC, and the 
Chords, CN + EF + GN, half the Baſe. 
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THEOREM XIV. 


If a regular Poligon be inſcribed in a Circle, (as in 
the foregoing Theorem) and Chord Lines be drawn, 
(as there deſcribed); a Circle, whoſe Radius is a 
mean Proportional between the Diameter (AB) and 
the Chord CB, is equal to all the conical Superficics 
deſcribed by the revolution of the Poligon, on the 
Diameter or Axis, AB. 


The ſame Conſtruction remaining, as in the former Figure, 
Find X a mean Proportional between AC and CI; 
alſo Y, a Mean, between CE and CI added to E L. 


Dzm. Now, AC, CE, EG, & GB are equal, by Conſtruction. 
And, ABXBC = ACXCD+EF-+GH (Th. 13.) i. e. to 
ACXCI,+CExCI+EL,+EGXEL+GN,+GBxGN 

Find Z, a mean Proportional between AB and BC; 
the Square of Z is equal to the Squares of X and V, taken 
twice; i. e. to AC CD, +CEXEF, +EGxGH -< 13. 
On X and Y deſcribe Circles; the Circle X is equa] 99 the 


Surface of the Cone DAC, — EE ii 
and, the Circle V is equal to the conical Surface ECDF-12. 

But, Circles are in the ſame Ratio as the Squares of 
their Diameters, (C. 1. 14. 6.) wherefore, a Circle, de- 
ſcribed on Z, is equal to & and V, taken twice. 

But, the Cone DAC GBH; and ECDF =EGHF ; 
for, CD is equal to GH, and CE to EG, &c. 
Therefore, a Circle {Z) whoſe Radius is a mean Propor- 
tional between AB and BC, is equal to all the conical 
Superficies, deſcribed by the revolution of ACEGB, on AB, 


Cor. After the ſame manner it may be proved. tha: a Circle, 
whoſe Radius is a mean Proportional between CB & AN, 
is equal to all the conical Superficies deſeribed by ACEG 


on AN, in the Segment GAA. 
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— AB); CD and DE will alto deſcribe equal 


THEOREM XV. 


The Surface of a Sphere is quadruple of the greateſt 


Circle, made by a Section through its Center 
i. e. to a Circle whoſe Radius is equal to the Dia- 
meter of the Sphere. 


Let ADB K be a Circle, the Section of a Sphere 
through its Center, 


Let there be inſcribed a regular Poligon, 
having an even number of Sides; draw the 
Diameter, AB, and the Diagonal BC, to the 
adjacent Angle, 

Imagine the Circle ADBK, with the Po- 
Iigon, revolved on AB; the Circle will gene- 
rate a Sphere (NB. Def. 14.) and the Sides of 
the Poligon AC, CD, &c. will generate Right 
conical Surfaces, inſcribed in the Sphere. 

AC and EB will deſcribe equal Concs (for 
they are equal,and equally inclined to the Axe 


die D 
eee ee 
W l | 

an {41 | 1 | 


my 


Surfaces; for they are equal, and CH is equal to El. 

The whole conical Superficies, is lefs than the Superficies of 
the Sphere; for the Arks, AFC, CGD, &c. are greater than 
the Chords AC, CD, &c; alſo, a mean Proportional, between 
AB and BC, is leſs than the Diameter, AB. | 

Let the Arks, AC, CD, &c. be biſected, at Fand G; an 
draw AF, FC, &c. 

It is maniteſt, that the conical Surfaces, deſcribed by the 
revolution of AFCGD, will be greater than thofe deſcribed by 
AC, CD; but they are leſs than the Surface of a Hemiſphere, 
deſcribed by the Ark ACD; and, a mean Proportional between 
AB and BF, is greater than a Mean, between AB and BC, 
but it is alſo leſs than the Diameter AB. 

By the ſame — 1. e. by multiplying the Sides of the 
inſcribed Poligon, the Superficies of Cones, inſcribed in the. 


Sphere, will, at laſt, end in the Surface of the Sphere; when 


the Sides, of the Poligon end in the Circumference of the Circle, 
For, if AF be biſected, at O, the Chords AO, OF diviate but 
very little from the Arks they ſubtend ; and a mean Proportional 
between AB and BO, will differ very little from the Diameter 
AB; and conſequently, it will at laſt be the ſame as the Diameter, 
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Dem. But, a Circle, whoſe Radius is equal to a Mean, 
between AB and BF, or between AB and BO, is equal 
to all the conical Superficies, deſcribed by the revolution 
of the Poligon, whoſe Sides are equal to AF or AO-Th. 14. 

Conſequently, a Circle whoſe Radius is equal to the Dia- 
meter, AB, is equal to the Surface of a Sphere, deſcribed 
by the revolution of the Semicircle ADB. 

But, Circles are to each other, or amongſt themſelves, 2s 
Squares of their Diameters, = - - Cor. 1. 14. 6. 
and the Square of any Right Line is equal to four times 
the Square of half that Line, = - .. OQpr.to4. 2. 
Conf. a Circle whoſe Radius is equal to the Diameter of 
another, is quadruple, i. e. equal to four times that Circle. 

Th. the Superficies of a Sphere is equal to four great 
CircleFFequal, in Diameter, to the Diameter of the Sphere. 


Cox. The Superficies of the Segment of a Sphere is equal to 
four Circles, whoſe Diameter is a Right Line drawn from 
the middle Point in its Surface (i. e. the Point where a 
Perpendicular, from the Center of its Baſe, cuts it) to'the 
Circumference of its Baſe. 

For, by the preceding, it is proved, that the conical Super- 
ficies, in every Segment, is equal to a Circle, whoſe Radius is 
equal to a mean Proportional, between the Chords CB, FB, or 
OB and AI, the Altitude of'the Segment EAL, 


Let DAE be a Segment, and AG its Axis, Draw AE. 


Then, becauſe all the conical Surfaces, de- | 
ſcribed by AF, FC, &c. is equal to a Circle, 
whoſe Radius 1s a mean Proportional be- 
tween AG and BF; conf, by multiplying the 
Sides of thePoligon, BF will coincide withAB. 


* 


But, AE is a Mean Proportional between 


AB and AG, + - - Cor. 2.7. 6. 


Conſequently, a Circle, whoſe Radius is AE, 
is equal to the ſphericalSurface, deſcribed by 
the revolution of DAE, 


Cor. 2. TheSuperficies of a Right Cylinder,whoſe Diameter 
and Altitude are equa), each to the Diameter of a Sphere, 
is equato the Superficies of the Sphere. 


Fof, the cylindrical Surface, being equal to a Circle whoſe 
Radius is a mean Proportional between its Side and Diameter, 
which are in this Caſe equal (Theo. 10.) is equal to four times 
its Baſe, i. e. to a great Circle of the Sphere. 

But, the Surface of the Sphere is alſo equal to four ſuch Circles. 
Therefore, the cylindrical Surface is equal to the ſpherical-Ax. 3. r 


4.3. - : * 
- 
4a 


406 ELEMENTS or GEOMETRY: 


REM XVI. 


I a Sphere be inſcribed in a Cylinder, and being both 


cut by Planes, parallel to the Baſes of the Cylinder; 
each Segment of the ſpherical Surface will be equal 
to the portion of the cylindrical, intercepted be- 


tween the ſame parallel Planes, 


— — 
— ——YY_— 
— — 


Let the Sphere, AE BF, be circum ſeribed 
by the Cylinder GIKH, and let them be 
both cut by the Planes CD, EF, parallel to 
the Baſes, GH, IK, of the Cylinder. 

I fay, the ſpherical Surface NAO, or 
ENAQF, is equal to the cylindrical Surface 
ICD, or IE K; alſo, the ſpherical Surface 
NEFO. is equal to the cyl. Surface, CEFD. 

Let AB, be the Axe of the Cylinder, and 
- Sphere; and let the Diameters CD, EF, of 
Cylinder, be-drawn, cuting the Axe perpendicularly, 
at L and M, and the Surface of the Sphere at N and O, 
E and F. Draw AN, NB, and AE, EB. 


Dem. Then becauſe ANB is a Right Angle (12. 3.) AN is 


a mean Proportional between AL and AB; i. e. between 


RSS... en 
Alſo, becauſe AEB is a Right Angle, AE is a Mean, be- 


- tween AM and AB, i. e. between El and EF. ſame, 


But, the Circle, whoſe Radius (AN) is a mean Propor- 
tional, between Cl and CD, is equal to the cylindrical 
Superficies, IC DK. (10.) And, it is equal to the Superficies 
of the ſpherical Segment NAO. Therefore, the Superficics 


of the two Segments, of the Cylinder and Sphere, are equal. 


After the ſame manner it may be proved, that the Su- 
perficies IEFK, of the Cylinder, is equal to the Surface of 
the Segment, ENAOF. 

Conſ. the Surface of the Cylinder, CEF D, between the 
parallel Circles, CD and EF, is equal to the Segment of the 
ſpherical Surface, NE FO, between the ſame parallel Planes. 

And, it is alſo manifeſt, that the remaining Superficies, 
EGQHEF, of the Cylinder, is equal to EBF of the Sphere. 


From this and the foregoing moſt excellent Theorems, is de- 
duced a certain Rule for aſcertaining the true Area of the Sur- 
face of any Segment of a Sphere or other Portion, contained 
between parallel Circles, 2 2 


p wa 
1 - 
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Cor. The Segments of a ſpherical Surface, intercepted be- 
tween parallel Circles, have the ſame Ratio, between them- 
ſelves, as the Segments of the Axe, or Diameter (AB) 
cut by theſe Planes, CE | 


For, each Segment, or portion of the ſpherical Surface, NAO, |, 
NEFO, and EBF, 1s reſpectively equal to the correſponding 
portion of the Cylinder, I D, CF, and EH; and thoſe Portions 
are, to cach other, as IC to CE, to EG, i. e. as AL: LM: MB; 
conſequently, the Surfaces, NAO, NEFO, and EBF, are to 
each other, as AL, LM, and MB. 


THEOREM XVII. 


A Sphere is equal, in its ſolid Contents, to a Cone, 
whoſe Baſe is equal to the Surface of the Sphere 
and its Altitude to the Radius. - | 


Imagine the Sphere ADF circumſcribed 
by any regular Body whatever ; and, from 
every Angle of the circumſcribing ſolid ſup- 
pole Right Lines, AC, EC, &c. drawn to 
the Center, C; there will be formed as many 
Pyramids, as the Solid has Faces, whoſe com- 
mon Vertex is at the Center of the Sphere; 
which, together, is greater than the Sphere, 

Imagine further, that every Angle, A, B, 
E, &c. of this Solid, be cut off by a Plane, 
touching the Sphere, and perpendicular to | 
the Right Line from the Angle cut off. It is evident, that there 
will be formed another regular ſolid, containing the Sphere, 
touching every Face; which Solid is leſs than the firſt, but it 
1s greater than the Sphere ; and, by drawing Lines from every 
Angle, as before, there will be formed as many Pyramids as 
this Solid has Faces, b | 

By proceeding thus, ad inſiuitum, it is manifeſt that the ex- 
terior Surfaces of this Solid, which conſtitute all the Baſes of 
the innumerable Pyramids, muſt, at laſt, end in the Surface of 
the Sphere; and conſequently, the Pyramids, or whole Solid, is 
the-ſame as the Sphere; or, the difference leſs than any given 


Quantity. | 
Then, let B EF be a Circle, and C its Center. If the 

Radius BC be equal to the Diameter of the Sphere, the 

Cirele BEF is equal to the Surface of the Sphere - Th. 15. 


* 
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Makey\C (perpendicular) equal to 
its Radius, and imagine the Right 

angled TriangleABC revolved around; 
the Hypothenuſe, AB, will deſcribe 
the Surface of a Cone, BADF, + 


I ay, the Cone is equal to the Sphere, 


val For, woes the Baſe of the Cone is equal to the 
Surface of the Sphere, it may be divided into as many 

plane Figures, as the. circumſeribing Solid has Faces; 
each equal, reſpectively, to the other. 

Conſequently, if Right Lines be drawn from every Angle 
of thoſe Figures, to the Vertex (as at G) there will be 
formed as many Pyramids, as the Solid has Faces. 

But, they are, reſpectively, equal to them, by Hypo- 
theſis; and they have, alſo, equal Altitudes; 1. e. the Ra- 
dius of the Sphere, Conf. each Pyramid is equal to its 

, correſponding one in the Solid; and, con. all the Pyramids 
contained in the one are equal to the other. But, Cones 
and Pyramids, whoſe Baſes are equal to one another, are 


equal. Th. the Cone, BADF, is equal to the Sphere ADF. 


Con. 1. Sectors of Spheres, * are equal to Cones, whoſe 
+\ Baſes are equal to the ſpherical Superficies of the Sectors, 
and the Altitude of the Cone to the Radius of the Sphere, 


For, ſince the whole Sphere 1 is equal to a Cone, whoſe Baſe 
is equal to the whole Surface, and Altitude to the Radius; conſ. 
a Cone having the ſame Altitude will be to the other, as the Baſe 
of one to the Baſe of the other; i. e. as the portion of the ſpherical 
Sutface to the whole; and, conf. the Sector is equal to ſuch a Cone. 


Con. 2. A Hemiſphere is double of a Cone, Having the 
"Fame Baſe and Altitude. 


For, becauſe the Surface of a Sphere i is equal to four large 
Circles; the Surface of the Hemiſphere is double its Baſe. 

But, a Cone whoſe- Baſe is equal to the ſpherical Superficies 
of the Hemiſphere, and equal Miese. is equal to the Hemi- 
ſphere ; conſequently, if the g of the Cone be equal to the 

- Baſe of the Hemiſphere, it will Half the Hemiſphere, 


Cor. 3. A Segment of a Sphere is equal to the Difference 


between a Sector, whoſe ſpherical Superficies is the Surface 
ol the Segment, and a Right Cone, whoſe Baſe is equal to 
the Baſe of thedegment, & itsSide,totheRadius gf the Sphere, 


* By Sector of a Sphere is to be underſtogd, © 
ing a Segment, and a Right Cone on the Bae of 
whoſe Sice is the Radius of the Sphere, ES 
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MENSURATION or SUPERFICIES. 


HE whole Theory of Menſuration of Superficies, conſiſts 
in finding a Rectangle equal to the given Figure. 

In Theo. 17, Book 1ſt. it is demonſtrated, that every Triangle 
is equal to half a Parallelogram, on the ſame Baſe and Altitude ; 
and, in Theo. 18th. is ſhewn and demonſtrated, that, all Paral- 
lelograms or Triangles, having the ſame or equal Baſes and the 
ſame Altitude, are equal. Conſequently, ſince Rectangles are 
Parallelograms (Def. 33 and 44) and it is, there, fully demon- 
ſtrated that they are all equal, having equal Baſes (i. e. having 
any two Sides equal) and the perpendicular diſtance between thoſe 
Sides and the oppoſite alſo equal, it is evident, that the mea- 
ſure of one is alſo the meaſure of the other. And, becauſe 'Tri- 
angles on equal Baſes with Parallelograms, and being of equal 
height are equal half ſuch Parallelograms, the Area of a Triangle 
is readily obtained. 

Hence is deduced the general Rule (well known to all Surveyors 
or Artificets, concerned in meaſuring ſuperficies) for finding the 
Area of any triangular plane Figure; which is, to multiply che 
Baſe, i. e. any one Side, by half its height, from that Side, or 

half its Baſe by the whole height; the reaſon for which is, in 
thoſe Theorems, clearly accounted for; and, in that conſiſts the 
* of ſuperficial Menſuration. 
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In Prot. 20th is ſhewn how to conſtruct a Rectangle, equal to a 


Triangle, on thoſe Principles; and in the 22nd it is further ex- 
tended to a Trapezium; or to any Quadrilateral, whatever, re- 
gular or irregular, 

The 21ſt ſhews how to conſtruct a Parallelogram, under any 
Angle, equal to a Rectangle, on the ſame Baſe; and conſequent- 
ly, by changing the Premiſes, a Rectangle may be formed en 
to any Parallelogram whatever. 

If the conſtruction of thoſe Figures be well underſtood; pal. 
cal menſuration is eaſily attained ; which conſiſts (as I have ob- 
ferved above) in finding a Rectangle, i. e. in knowing how to 
take the dimenſions of the two Sides of a Rectangle, equal to 
any given Figure; for, the multiplication of any two Numbers 
being applied to meaſure, always denotes, or produces the Area 
of, a Rectangle under ſuch dimenſions; which I ſhall, in the firſt 
place, endeavour to make clear and intelligible. 


Moft People, at the firſt thought on theſe matters, imagine, 
that if two Figures (of any ſpecies whatever) kave equal Circuit, 
i. e. if the meaſure of all the fides, of each Figure, in one ſum, 
be the ſame, they have equal Areas ; than which, nothing is more 
falſe, as will be made appear. 

A Circle contains the greateſt Area of any Plane Figure, hav- 

ing an equal Circumference or Perimeter. If a Circle be depreſ- 
fed, though ever ſo little, it becomes elliptical ; in which Caſe, 
it loſes of its dimenſions ; and the more it is depreſſed, i. e. the 
more excentric an Ellipſis, having an equal Periphery, or Cir- 
cumference with a Circle, the leſs is its Area to that of the 
Circle, Conſequently, if a cylindrical Veſſel be bulged, or j 
its Sides are depreſſed till it becomes elliptical, it loſes of its mea- 
ſure; and'the more the Sides are depreſſed, the more it-loſes ; be- 


cauſe it is evident, that, if they are preſſed quite flat, it loſes the 
whole internal Area, 


80 likewiſe, of right lined Figures; the more the Sides are 


multiplied, and the nearer it approachcs, in figure, to a Circle, 


the greater area it contains. Conſequently, regular Poligons, of 


a greater number of Sides, contain a greater Area, than thoſe of 
fever Sides and having equal Perimeters: 


Hence 


/ 
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Hence it is plain, that a Rectangle contains a greater Area than 

any other Q 1adrilateral whatever; if the meaſure of their Sides, 
in one Sum, be equal. But,, a Square, which 1s the moſt perfect 
Rectangle, contains a leſs Area than a regular Pentagon; and a 
Pentagon contains leſs than a Hexagon ; a Hexagon leſs than a 
Heptagon, and fo on to a Circle, whoſe Perinieters are all equal ; 
ſo that the Square and Circle, whoſe Perimeter and Circumference 
are equal, differ greatly in Area, as ſhall be illuſtrated hereafter to 
demonſtration, 
Nou ſince, in Menſuration, a Rectangle is the ſtandard or cri- 
terion, by which the Area of all Plane Figures, as well as all 
other ſuperficial Contents, are aſcertained ; I ſhall, in the firſt 
place, ſhew, and account for, the methods of taking the dimen- 
ſions of various Figures; which meaſures, being multiplied into 
each other, will give the true Area; each Figure being equal to a 
Rectangle under thoſe Dimenſions. 


1. The area of a Square is obtained, by multiplying the meaſure 
of one Side into itſelf. e. g- 


Let the Side of the Square ABCD be five 3 
feet; the meaſure of a Foot being repreſented 4 


by each ſmall diviſion on its Side, as 1, 2, 3, 4 5+ 3 $ 


Now, if from theſe diviſions, lines are drawn, 


both ways, parallel to the Sides; it will be ? 


divided into as many leſs Squares, as the Side , 
multiplied by itſelf produces; viz. g times 5, abe 


equal 25; which, is the number of ſmall & 7 7 
Squares contained in the large Square, ABCD; each ſmall ſquare 
a, b, c, &c. being ſuppoſed one Foot, on each Side, is, therefore, 
called a ſquare Foot. So, the Square AE, containing three feet 
on each Side, is a Square Yard; its Area 1s nine quare Feet. 

But, when a Rectangle meaſures more, or e p one 
Side than the other; then, either Side multi d_ by the other, 
not oppoſite, gives its Area or ſuperficial Meafure. Whereas, „ in 
a Square, the Sides are all equal; and W the meaſure 1 
of one is alſo the meaſure of any other; therefore; the Side is k 
ſaid to be multiplied into itſelf, to produce i its Area, N 


a 2 | 2. If 
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C2. If the Rectangle AB CD meaſures 8 Feet 
| on one Side (AD) and 5 Feet on the other 
(AB) the oppoſite Sides are the ſame (15.1.) 
- i and if Lines are drawn through the divi- 
F\ | fions (as in the Square) parallel to the Sides, 
Th it will be divided into 5 times 8, equal 40; 
2 the number of ſquare Feet, contained 1 in the 

* Rectangle. 

Hence, it is evident, that, in Menſuration, any two Numbers 
denoting Meaſure, in Inches, Feet, Vards, &c. being multiplied 
into each other, gives the area of a Rectangle under theſe Dimen- 
fions, in ſquare Inches, Feet, &c. and conſequently, all multi- 
plication of Meaſure, denotes the Fi igure, under ſuch dimenkions, 
to be right angled. Wherefore, the multiplication of Lines, in 
Geometry, implies a Rectangle conſtructed on two Lines. 


3 To any Point, E (in BC) let AF, DE be drawn, forming Fl 
: Triangle, AEP. i 
ie is obvious, that the Triangle AED contains ſeveral whole 
; OL and entire Squares, F, F, &c. and ſome Pentagons, as a, a; ſome 
Ih Trapezia, as bb, and ſome Triangles, as CC, &c. 
. Now, it would be no eaſy matter to aſcertain how many entire 
ares all thoſe- irregular Figures are equal to; for there are but 
| _ 12, entire, 4 Pentagons, 3 Trapezia, and 7 Triangles. 
But, ſince (by Th. 17) we have ful] conviction, that the Triangle 
4 , AED is equal to half the Rectangle ABCD; and the Rectangle 
. ABCD contains, 40 ſmall Squares; conſequently, all thoſe i irregu- 
| lar Figures are equal to 8 Squares; ; which, added to the 12 entire 
ones, make 20, the true Area of the Triangle AED. 


4s Next, I will ſhew, that two Parallelograms, may have the Sum 


B | of all tir Sides equal, and differ greatly in Area, h 
e The Rc. ABCD, and Par. AEFD, 
1 : & have their Sides, AD, BC, and EF, equal; j 


for, AD is common to both; conſequently, 
| BC and EF, being both equal to AD 

q (15. 1.) are equal to each other - Ax. z. 

| AB=AE, andDC= =DF(N. B.1 Def. 20.] 
„ and conf, AB+BC+CD+AD is equal 
A to AE+EF+FD+4D. 


| i Perimeter is 8þ 8+ 6+6=28;: 47 
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But, the Area of the Par. AEFD is not equal to the Area of 
the Ret. ABCD. For, if AE be multiphed into AD, it will pro- 
duce an Area equal to the Ret. ABCD, becauſe, AB=AE, 

But, the Par. AEF is equal to the Rect. AGHD only. 

For, it is demonſtrable, that, the Triangle AGE=DHF. - 5. 1. 
Conſequently, if DHF be taken away, and its equal, AGE, be 
added, the Rectangle AGHD is equal to AEFD, 

Again, if AE be produced to I, and DF to K (in BC produced) 
Then, the Parallelogram AIKD is equal to the Ret. ABCD. 
For, the Triangle ABL=DCK; wherefore, taking away DCK, 
and adding an equal, ABI, the thing is manifeſt. 

Now, if the Rectangle ABCD be ſuppoſed to be depreſſed; # "*8 
AEFD, it is evident that it has loſt of its dimenſi bps, conſiderably; | 
and if it- be depreſſed lower, to ef, it ſtill loſes more; not with- N 
ſtanding the Perimeter, Ae fD, remains the ſame} equal ABCD, 
Conſequently, ABCD, contains a greater Area thay any other 
Parallelogram, having an equal Baſe, and equal Perimeter; . & 

Therefore, if ABCD be depreſſed, 1. e, if the Angles fe 1 not 
Right ones, it will contain a leſs Area; for, if AB and OD de- 
viate ever ſo little from a Perpendicular, BC muſt neceſſarily fall 
lower. Conſequently, its Altitude being leſs, and the Baſe re- 
maining the fame, its Area is EEE > os Cor. 1. 6. 


56. It may ſeem ſtrange, to ſome, that Aa Square ſhould contain a 
greater Area than any other Rectangle, having equal Perimeters. 


Suppoſe the Rectangle AB CD to meaſure, . 
on one Side (AD) 8 feet, and on the other, B 8 


Side (AH) 6 feet; its Area is 8 x 648; and 


Let a Square, AEFH, be deſcribed on AH, 


equal 7 ſegt. Then, the meaſure of its Sides, 2 a 


1 


in one ſum, is 7 x 4, or 4 times 7=28, the T5 


ſame as the Rectangle, i AE 
Now, the Rectangle. ABG H is common to both . Shred 

AEFH, and the Rectangle ABCD. | i 
But the Rectangle, BEFG, which is the remaining part of the 

Square, contains 7 ſmall ſquares ; whereas, the Rectafigle DCGH, 


the reaiaioing part of the Rectangle, ABCD, contains but ſix. - 
2 Lhe 
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The area of the Square is 7x7; or 5 times 7249, whereas 
the area of the Rectangle is but 8 & 6=48 ; one 49th part leſs, in 
its Area, than the Square; which is accounted for by the Fi- 
gure; and from the 11th Aan. Book 5th. 


Hence, it is plain, that a Square is the moſt perfect of Rect- 
angles, or other Parallelograms; as a Circle, of all Plane Figures. 
And, fince no other Figure, but Rectangles, can anſwer the pur- 
poſes of Menſuration, in producing the true Area; it is certainly 
moſt conſiſtent, that all ſuperficial Meaſure ſhould be reduced to a 
ſtandard meaſure by the molt perfect of Rectangles, a Square. 


Q 


t 
F 
7 


/ 


* 3 6. In the Parallelogram AEFD, let AE be di- 
. vided into the ſame equal parts as AB or 
| Ab; and if, through thoſe diviſions, Lines 
are drawn parallel to the Sides, AD and 

— N AE, it will be divided into as many leſſer 
£2 A, Parallelograms as the Rectangle, ABCD, 


/ 
/ 
/ 


Ul 


U 
3 1 „ 
N / 
ji * 
- 


"Iu 


A 


1 
1 
' 


4 / 2 + 2 contains Squares. 


„ 

But, thoſe leſſer Paraltelograms are Rhombuſes (Def. 16) each 
being i in the ſame Ratio to a Square, of an equal Perimeter, as 
the whole Parallelogram AEFD to the Rectangle ABCD; conſe- 
quently, they do not aſcertain its Area. 

The Area, therefore, of a Parallelogram (except it be a ReQ- 

angle) is not obtained by the meaſure of its two Sides, AD, AE, 

= — or DF, but by fle meaſure of one Side, as AD, only, and its 

— perpendicular Atude, DH; which, being multiplied together, 

f produce the Ar of a Rea. AGHD; to which, the Par. AEFD, 
is equal; as it iderident from the Figure. 

The Par. AEED=AGHD, and is deficient of the Rect. ABCD, 

th the Rectangl *GBCH, equal one ſixth part of ABCD (x. 6.) 


73 being one va part of AB, 


N. B. Either Side of a Parallelogram may be taken, in order to 
obtain its Area, but not both; unleſs it be a Rectangle. TR 
If DF be taken, then, the perpendicular diſtance between 

that Side and i its oppoſi te, AE, will alfo giye the true Area. 
: 7. The 


5 


— 
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7. The Area of regular Poligons is readily obtained. 
The general Rule for meaſuring Poligons is, to multiply half 
the Perimeter, i. e. half the Sum of all the Sides, by a Perpen- 
dicular from the Center to any Side; which implies, that a 
Rectangle of thoſe Dimenſions is equal to the Poligon ; the truth 
of which I ſhall endeavour to make appear; as follow- um. 


Py hs 


F _ 
Let ABDEFGII be a regular Hepta- Of 
gon, whoſe Center is C. / | 


Draw AC, BC, &c. dividing it into 
ſeven equal, Iſoſceles Triangles. \ f 
Draw a Right Line, af, indefinite; in N 7. 
which, take a b, bd, &c. each equal to ©C 12 — 8 
2 Side of the Poligon; and, on the Baſes | 
ab, bd, &c. conſtruct the Triangles, / | 17 5 A q 
acb, bld, dke, and ehf, equal and bas 2 
ſimilar to the Triangle Acg̃ in the Poligon; by Prob. 12. os 
And, if a Right Line, ch, be drawn through their Vertices, it 

will be parallel to af (C.18.1.) and, there will be conſtructed three 
more Triangles c b], &c. equal and ſimilar to the other; and con- / 
ſequently, the Trapezium, achf, is equal to the Heptagon AGEB: 
for, it contains ſeven Triangles, equal to thoſe in the Poligon. 


Draw ei perpendicular to ab; the Triangle ac b being Iſo- 
ſceles, the Baſe, ab, and conſequently, the Triangle, acb, 1s 
biſected, by the Perpendicular o. C. 3.9.1. 

Produce chz and, make hg equal ai and draw f g, which 
will be parallel to e i, and alſo equal. - - 156. 1. 
wherefore, the Tri. f gb, is equal to the Tri. acl. - 7.1. 
conſequently, the Rectangle ic g t is equal to the Trap. achf; 
(which was made equal to the Poligon.) - - Ax.6and 5. 

But, the Side if, equal cg, of the Rect. icgf, is equal to 
IBDEF, half the Perimeter of the Poligon; and ci; equal gf, 
the other Side of the Rectangle, is equal to CI, a Perpendicular 
of the Poligon ; by Conſtruction, 

Conſequently, half the Sum of the Sides, AB, BD, &c. * 
if) multiplied by the Perpendicular CI (equal ci) gives the Area 
of the Heptagon ABDEFGH, 


Which, Rule, holds good for all regular Poligons whatever. 
8. From 
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8. From what has been advanced, concerning Poligons, we do 
with certainty infer, that a Triangle whoſe Baſe is equal to the 
Circumference of a Circle, and its Altitude equal to the Ra- 

dius, is equal to that Circle; and conſequently, half the Cir- 
cumference multiplied by the Radius gives the Area of a Circle; 
for it is equal to a Rectangle, under the ſemi-Circumference 
and the Radius. 

Alſo, every Poligon, circumſcribing a Circle, is equal to a 
Triabgle, whoſe Baſe is equal to the meaſure of all the Sides, 

7 in ons i Sum, and its Altitude equal to the Radius of the in- 
= ſcribed Circle, 


2» The Pentagon ABDEF; f i is ; evident, is 
/ leſs, in its Area, than the Circumſcribing 
Lircle; by the five Segments AGB, BD, &c. 

Biſect the Ark AGB and draw CG, which 
: "ill be perpendicular to AB; and draw the 
Chords AG, GB, which are the Sides of a 


the Side AG be biſected, and CK drawn, it 
will be perpendicular to AG. Cor. 3. 9. 1. 
The two Sides AG, GB, of the Decagon, are greater than the 
Side AB, of the Pentagon (13. 1.) and, the Perpendicular CK, of 
the Decagon, is greater than the Perpendicular CH, of the Penta- 
gon; for, CN is longer than CL! C. 2. 12. 1. 

And CK is longer than CN; conſequently, the Area of the 
Decagon, whoſe Perimeter is ten times AG or GB, and its Per- 
pendicular i is CK, muſt be greater than the Pentagon, whoſe Pe- 
rimeter is five times AB, and its Perpendicular is CH, 

The difference is five Iſoſceles Triangles, equal ABG; whoſe 
Baſe is AB, the Side of the Pentagon, and the equal Legs or 
Sides, AG, and GB, are the Sides of the Decagon, 


Again, the Area of the Decagop is leſs than the Circle, by the 
ten Segments AIG, GB, &c, 

CE, produced, biſects the Ark AIG at I; draw the Chords 
Al and IG; which are the Sides of a . of twenty Sides, 


whoſe ee 1s Co, 
Th is 


Decagon, inſcribed in the ſame Circle; and, if 
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| This Poligon is greater than the Decagon, by ten Iſoſceles 
Triangles, equal AGF, in the Segment AG or GB; and it is ſtill 
leſs than the Circle by twenty Segments AI or IG. 


9. From all which, it is clear, that every Poligon, inſcribed in a 
Circle, i is leſs than the Circle, by as many Segments as the Po- 
ligon has Sides and conſequently, every Poligon, circum 
ſcribed, is greater than the Circle. 


Bur, the greater the number of Sides of the Poligon, the nearer 
It is to the Area of the Circle, i. e. to the Circle itſelf; and con- 
ſequently, it muſt at laſt end in the Circle; that is, the Perimeter 
of the Poligon, will be equal to the Circumference of the Circle, 
and the Perpendicular (from the Center) to the Radius, 

For, if AI be again biſected in L; the Sides AL, LI, of a 
Triangle, in the Segment Al, are greater than the Chord AI, 
which is the Baſe of that Triangle; yet, they are leſs than the 
Arks of the Segments AL, LI; but they muſt, at laſt, by mul- 

tiplying them, end in the Circumference. | 

So likewile, the Perpendicular CH, of the Ws is leſs 
than CK, the Perpendicular of the Decagon, which is alſo leſs 
than the Perpendicular CO, of the Vigintagon, And, if AL is 
again biſected, and a Perpendicular drawn to the Chord AL, it 
will be greater than the Perpendicular CO; and will at laſt be 
equal to the Radius of the Circle. 

Wherefore, the Circle being conceived to be formed of an inſi- 
nite number of Iſoſceles Triangles, whoſe common Vertex is the 
Center, and whoſe Baſes are in the Circumference, and which 
are, altogether, equal to it; conſequently, a ReQangle under the 
Semi-circumference and the radius of the Circle ; or, under half 
the Perimeter of the innumerable ſided Poligon (equal to the Cir- 
cumference) ard its Perpendicular (equal the Radius) is equal | to 
the Circle. 

And conſequently, a Triangle whoſe Baſe is equal to the Cir- 
cumference, and its Altitude equal to the Radius, is alſo equal 
to the Circle; for every Triangle is equal to half a Rectangle of 
the ſame Baſe and Altitude (17. 1.) Therefore the Triangle, is 

b equal 


8 * 


— 
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equal to a Rectangle under half its Baſe, and tlie Altitude. Hence, 
the Rule for meaſuring a Cirele is, to multiply half the Circum- 
ference by the Radius. | 
From hence it is clear, that, of all Figures which have an equal 
Perimeter or Circumference; 1. e. whoſe Bounds art equal to the 
* ſame Right Line; a Circle contains the greateſt Area. 


10. I have already ſhewn, that a Square contains a greater Area 
than any other Rectangle, having an equal Perimeter, or the 
meaſure of all their Sides equal. I will next ſhew, how much 
It 1s leſs than a'Circle, having equal circuit. 

Suppoſe the Sides of the Square; ABCD, be each equal to a 
fourth part of the Circumference of the Circle, GH; then the 
four Sides are equal to the whole Circumference. 

The Area of the Circle is greater than the Area of the Square. 

1 en From what has been ſaid, concern- 

2 ing Poligons and Circles, it is evident, 

that the Circle, GH, is equal to a 
Rectangle; two oppoſite Sides of which, 
| | are equal to the Circumference ; the 
| D C other are each equal to the Radius EG. 


* But, the Square is equal to a Rec- 
q 8 1 angle, two oppoſite Sides being equal, 
— 
. 


6 
o * 


each to two ſides of the Square, i. e. 
— ̃ A equal half the circumference of the 
. | & Circle; and the other two Sides; each 
equal to the Perpendicular,” EF, only; which, being conſiderably 
leſs than the Radius EG; conſequently, a Rectangle, a e g d, whoſe 
Sides ae, d g, are each equal half the Circumference, GH (equal 
ae, cf, of the Rectangle aefc) and the Side eg (equal a d) 
1s equal the Radius, EG (but, the Sides ac, ef, each equal the 
Perpendicular EF, only) will have a greater Area than the Rect- 
angle acfc; and the difference is the Rectangle cfgd. 
The Circumference of a Circle is to its Diameter, nearly, as 
22 is to 7; which, is near enough, for meaſuring any Circle that 
can be formed. But more exact, the Diameter being 113, the 
Circumference will be 355. In both, the Circumference is too 


much; the laſt, by little more than one five millionth * of the 
Diameter. 
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Suppoſe then, by the laſt, the Diameter, GH, to be 17, the 
Circumterence will be 53,4, very near. The Side of the Square, 
ABCD, being a fourth part of the Circumference, is 13,35, the 
Perpendicular, EF, half the Side, 1s 6,675; and the Radius of 
the Circle EG, is 8,5 ; the Area of each is as follows, 


AB +BC= 26, 7 half the Circumference 26,7 
x by EF= 6,675 | x by the Radius, EG, = 8,5 
1335 1335 
1869 2130 
1602 | 
1602 Area of the 226,95 Circle 
— 178, 2229 


Area 178, 2225 of the Square | 
; difference 48,7275 


A regular Pentagon, having the ſame Perimeter as the Square, 
is greater than the Square, but it is leſs than the Circle; alſo a 
Hexagon, is ſtill greater than a Pentagon, of equal Perimeter. A 
Heptagon, is ſtill greater than a Hexagon; and an Octagon, 
greater than a Heptagon ; ſo that, the more the Sides are multi- 
plied, the nearer it approaches to the Circle; for, the Perimeter 
of the Poligon, by multiplying, will end, or fall, at laſt, into the 
Circumference of the Circle, 


11. From what has been advanced, it is manifeſt that the whole 
theory of Menſuration, of Superficies, conſiſts in finding the 
ſides of a Rectangle, equal to the given Figure; ſince the 
Multiplication of any two meaſures (into each other, or one by 
the other) denotes a Rectangle of thoſe dimenſions, 


Having ſhewn how the meaſures of Plane Figures, from a 
Square to a Circle, are taken, ſo as to produce their Areas; I 
ſhall, in the next place, account for the multiplication itſelf, by 
which, the true Area is aſcertained, 

Suppoſe, then, a Rectangle ABCD, whoſe Sides, AB and CD, 
meaſure, by ſome Scale of equal Parts, 5 and g twelths, each; 
and the other Sides, AD and BC, each 8 and 6 twelths, 

Through the Diviſions 1, 2, 3, 4, &c. on the Sides AB and 
AD, which may repreſcnt the meaſure of a Foot or 12 Inches, 
each (for, you may ſuppoſe any meaſure whatever, to be repre- 
ſented by them) if Lines be drawn, parallel to the Sides of the 
Rectangle, as in the Figure, it will be divided into as many whole 
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and entire Squares, as the whole numbers produce; viz. the Rect- 


angle AE, whoſe Sides, A8, As, being multiplied, 5 times 8, is 


equal to 40. The fractional parts a, b, c; d, e, f, &c. produce 


8 more Integers or Squares, and 7 eighths of another; for, the 8 


ſmall Rectangles a, b, C, &c. to E, are each 3 fourths of a Square; 
being the full meaſure on one Side, and but 9 twelths on the 
other ; and are, altogether, equal to 6 entire Squares. 


The 5 ſmaller Rectangles d, e, f, &c. 


E to E, being but 6 twelths (half the Inte- 


ger) on one, ſide, are each equal to half a 


Square; and make, together, two and a 


| half; and the ſmall Rectangle EC, be- 
ing 3-fourths of one of theſe, or half one 


of the other, is equal z eighths of a Square. 


af — 40 8 The large Rectangle, AE, is equal to 40 
BE = 6 Squares; to which, if the Rectangles BE, DE, 

DE = 2-6 and EC be added ; BE= 6, DE=2 4; 2, and 
CE = O 4! EC of a Square; together, they are equal 


to 8, and 7 eighths ; which, added to 40, 
ABCD 48-10% makes 48 and 7 eighths; the ſum total of the 
Area of the Rectangle ABCD, in ſquare meaſure, by that Scale. 


12. Next, I will ſhew how the Product ariſes, by multiplying Feet 
and Inches, together; commonly called Croſs Multiplication. 


The meaſures of the two Sides of the Rectangle, AB and AND, 
8-6, and 5 - 9, being placed one under the other (tis not mate- 
rial which is firſt, or uppermoſt) as in the margin, we begin with 
the Feet, in the multiplier, and ſay, 5 times 6 is 30. 


$-6 Now, it 1s evident, from the Figure, that this 

5 9 js Feet, one way, and Inches, the other; and is the 
— Rectangle DE, 5 feet long, E 8, by 6 Inches, 8D. 
42 - 6 5 multiplied by Inches, or Inches multiplied 


6- 4 6 by Feet, produce Inches; i. e. the twelfth part of 
— a ſquare Foot; 30 Inches i is, therefore, equal to 
48 - 10 - 6 2 feet and 6 Inches. 

"Tis the ſame, if you begin 1 with the 9 inches, firſt, 


vet 
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Sct down the 6 Inches, under Inches, and carry the two Feet 
forward to the whole Numbers, and ſay, 5 times 8 is 40; which 
being Feet both ways, they conſequently produce ſquare Feet, 
and is the large Rectangle, AE. The two Feet, ariſing from 
the Rectangle BE, bing added, make 42 Feet; which, ſet down 
under the Feet. 

Next, take the Inches, in the multipher, 1 ſay, q times 61s 54. 

Now, theſe are Inches both ways (the ſmall Rectangle EC) and 
produce only Parts, or ſquare Inches, i. e. the 144th part of a 
ſquare Foot. For if the Rectangle EC be divided, on each Side, 
into Inches (viz, 9 and 6) and lines be drawn through them, as in 
the large Rectangle AE, it will contain 54 ſquare Inches, which | 
are called Parts; twelve of which are called an Inch; for, it mutt 
be obſerved, that what is here meant by an Inch, is not a ſquare 
Inch, as by a Foot is underſtood a ſquare Foot; but it 1s the 12th | 
part of a Square Foot, equal 12 ſquare Inches, or Parts, 
| Wherefore, the ſmall Rectangle EC, which contains 54 ſquare 
Inches, it 1s evident, is equal to 4 Inches and 6 Parts only ; 
ſince twelve of theſe Parts are but one Inch, and 4 times 12 is 48, 
there remains 6 Parts, or half an Inch; which, ſet down, one 
place to the right hand of Inches, and carry forward the Inches 
to the next place, 

L: ſly, ſay 9 times 8 is 72, which is the Rectangle BE, 8 
Feet ove way (s E) by 9 Inches the other (5 B) and produces 
Inches; to which, add the 4 Inches from the laſt place, it makes 
76 Inches, equal 6 Feet 4 Inches; ſet them down, as above, Feet 
under Feet, and Inches under Inches; which, added into one Sum, 
makes 48 Feet, 10 Inches, and 6 Parts (equal balf an Inch) the Area 
of the whole Rectangle ABCD, in ſquare Feet, Inches, and Parts. 
Thus, multiplying Feet and Inches rogether, the Area of a 
Rectangle is obtained, whoſe Sides are equal to ſuch Dimenſions. 
'Tis needleſs to proceed further; as it is evident, if Parts were 
taken, they would be accounted for, after the ſame manner. | 


13- As there are many Perſons, who meaſure accurately by Feet 
and Inches, yet are unacquainted with Decimals ; I ſhall, brief Y, 
explain the manner of multiplying Decimals; which is much 


eaſier, and better adapted to any Quantity whatever. 
- „ 


Multiplication, 
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Maltiplication, by Feet and Inches, denotes the fraction of a 
Feat to be in twelfth parts, which are called Inches ; and theſe 
are again divided into twelve, called parts, and ſo on to Seconds 
and Thirds; each of which is a twelfth part of the foregoing, 
Whereas, the Decimal Fraction implies the Integer, whatever it 
be, to be divided into tenths, hundredths, and thouſandth Parts, 
and ſo on, by tens, ad infinitum, as the other by twelves, and are 
therefore called Duodecimals. | 

Multiplication, in Decimals, is performed in the ſame manner 
as whole Numbers; ſeeing, that the places increaſe regularly, by 
tens, from the Decimal to the Integer, as in whole Numbers. 

Obſerve the following Example; by which, the Area of the 
Rectangle ABCD is produced, the ſame as by Feet and Inches. 


6.75 The meaſures of the Sides of the Rectangle, in 
8,5 Decimals, are as in the margin. AB, 5 feet ꝙ Inches, 
;, in Decimals, 5 Feet and 75 hundredth parts of a 
2875 Foot, equal 9 Inches; and AD, 8 Feet and 6 Inches, 
4600 is 8 feet, and 5 tenths of a Fuot, equal 6 twelſths. 
I place the leaſt Side, AB, firſt, becauſe it has more 
43,875 places of Figures, and would occaſion another Line, 
— i placed otherwiſe, the Product would be the ſame, 


In the operation, the Figures are myltiplied together, as in 
common Arithmetic, without any regard to the places of Deci- 
mals or Integers; and, when added together, as many places of 
Decimals as there are in both the Multiplicand and Multiplier, 
viz. three, are taken from the right hand of the Product; the re- 
maining two are Integers, or Feet; which produces 48 Feet, and 
875 thouſandth parts of a Foot, equal ) eighths of a Foot, equal 
10 Inches and a half. For, 500 is half a Thouſand, therefore equal 
to 6 Inches; and the remaining 375 is 3 eighth parts of a Thou- 
ſand, therefore equal to 4 Inches and a half, which is 3 eighth 
parts of a Foot. 

The value of a Decimal F raflion i is eaſily obtained, as follows. 

Let the Integer be whatever it may; multiply the Decimal by 
the number of parts of the next inferior denomination of the In- 
teger; which, in this Caſe, is Inches, or the twelfth part of a 
ſquare Foot, to which I would reduce the Decimal 875. 

| | Multiply ' 
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Multiply it by 12, and take away from the Pro- $75 
duct, as many places as you had at firſt, there is left I2 
10 Inches; and the Decimal, Foo, are now thou- — 
ſandth parts of an Inch; conſequently, equal to half 10,500 
an Inch, or 6 Parts, as a ſecond operation evinces ; 12 
12 being, again, the next inferior Denomination, as — 
twelve Parts are equal to one Inch. 6, ooo 


If the original ſtandard meaſure of a Foot was, inſtead of 
Inches, divided into tenth parts of a Foot; or, which is the ſame 
thing, if an Inch had been made a tenth part of a Foot, inſtead 
of a twelfth part, and the Inches ſubdivided into tenths inſtead of 
eighth parts, Menſuration would have heen greatly facilitated, by 
decimal Parts inſtead of Duodecimals, or multiplication of Feet 
and Inches. The meaſures being taken, at once, in Decimals 
(which, by a common Rule, is difficult to do, accurately, and 
loſs of time to reduce ſome meaſures to a Decimal) would be more 
uſeful in all Caſes whatever. | 

I am not a little ſurprized, that there has been no attempt to 
make it univerſal, as every Perſon, who has experienced it, muſt 

give the preference to Decimals, which is infinitely n 9 
any other manner of 3 8 


14. I ſhall, here, ſhew how to als a Scale, and divide it into De- 8 
cimal Parts, which may, I preſume, be uſeful in delineating - : 


2 2 1 : 
Let AB be a determined üer f + H— AF 5 


ſure repreſenting one Foot, or any A 
ft 
other meaſure required. 1 js 7 


Produce AB, and repeat J E 
meaſure of AB, to C and D, 57] af y6u flekie, | 
Draw AF and DE perpendicular to AD; on either of which, "1 
make, at pleaſure (i. e. with any opening of the Compaſſes) ten = | 
equal diviſions, as on AF; and, through them, draw lines parallel J 
to AD, as 1, 1 and 2, 2, &c. in all, eleven lines. 
Divide AB and FG into ten equal parts (Prob. 36) and 45 
Ar, 12, &c. diagonal-wiſe, as in the Figure, and proceed in 


the ſame manner, to 9G, parallel to each other. \ 
4 By 


4 


| 


ee 


* 


* 
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By which means, the length or meaſure given, AB, is divided 


info a hundred equal parts; each interval, from AF to A1, the 
firſt Diagonal, at 1, 2, 3, &c. expreſſing all the Units from 1 to 10. 


Between each of the Diagonals, as Al, and 1 2, &c. the in- 


tervals are ten of thoſe hundredth parts, being every where equal 
to the Diviſions on AB. 


In the ſame manner, any Meaſure whatever, either greater 0 or 


leſs than AB; may be accurately divided into Decimal Parts, - 


After ſuch plain directions, i in the Conſtr uCtion, the epplication 


of it, in Practice, would be i and unneceſſary; 


15. In the ſame manner, a tub may be divided into Duodeci- 


mals; by 1 taking 12 Diviſions on AF, and dividing the given 
' Meafire, AB, into twelve, and proceeding as direted 125 


| Duodecimals is ſeldom practiſed, further than the divifiod of a 


Foot into Inches, which are the ſtandard Meaſure, on all common 
Rules; therefore, to make a Scale of Feet and Inches; to any de- 
terminate meaſ ure, obſerve the * directions. \ 


_—y 


| © == Let AB be the determinate 0 
A ure of a Foot, according to the 
| roomy — proportion you -intend to make a 


. Drawing, or Deſign. 


] | 
: ----- 1 , Produce AB, and repeat the 


x” 


Like of AB is cfdai ox you lak neceiiry, as C, D, E, F. 


Draw AG and FH, at right angles to AF, and make fix equal | 


Girifions on AG, at diſctetion; through which, draw 1a and 2b, 
&c. parallel to AF, and alſo BI and CK, &c. parallel to AG. 


Biſect GI, or AB, and draw the Diagonals, A6 and-B6; and 


the given Meaſure, AB, is divided into twelve equal parts, as 
they are numbered from the Perpendicular AG, on the Diagonals. 


N. B. It may be done with only four, or three Spaces, as be- 


tween IK and KL; but I think it more applicable, in Prac- 


| tice, with fix; which is left to every Perſon's own diſcretion ; 


che Diviſions are the ſame in them all. 


_. Having 
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Having illuſtrated and explained the whole rationale of menſu- * 
ration of plane Superficies, and ſhewn, how the Dimenſions of all 
regular Figures are taken, in order to find Rectangles equal to 
them; I ſhall juſt give one ſpecimen of irregular Figures; for, 
I do not intend this as a Treatiſe on Menſuration, but only a brief 
Theory, to ſhew how it is founded in Geometry; which, being 
well underſtood and digeſted, it is eaſy to be applied in all Caſes 
whatever, which may occur, in Practice. 

Menſuration of Superficies, applied to various kinds of Artificers 
Work, is ſtill the ſame in Theory, but much eaſier, in Practice, 
than Surveying Land; on account of the irregularity of its 
Figure, and uneveneſs of its Surface, The former depends, 
chiefly, on the mode, or cuſtom of taking their dimenſions, in 
order to reduce the Work to ſquare meaſure; which is not ſo eaſy 

to deſcribe, but requires very little application under a Proficient, 
For, a Perſon ever ſo well verſed in Theory, being a ſtranger to 
practice, would diſſer in his eſtimate, for no other reaſon but taking 
his dimenſions different; in which they are not ſo very exact, but 
give and take all reaſonable allowances; inſomuch, that two 
Meaſurers, of long practice, taking their dimenſions, ſeparately, 
would differ conſiderably in their Sums total. 


16. ABCDEFG is an irregular Heptagon; having 7 Sides, 


Me — 


Draw the Diagonals BG, CG, GD and Ws 
GE, or otherwiſe, at diſcretion, dividing the 
given Figure into Triangles, as ABG, BCG, &c. C 
in each Triangle, draw Perpendiculars, as 
AH, CI, &e. The meaſure of a Perpendicular 
and half the Baſe on which it falls, in Feet and | 
_ Inches, or Decimal Parts, being multiplied into hi 
one another, gives the Area of each Triangle 
ſeparately; which, added into one Sum, is the | 
Contents of the whole Figure (Ax. 2. 1.) 4 
Or it may be done ſomewhat readier, by taking any two centi- 
guous Triangles, as ABG, BCG, which together, make a Tra- S 
pez um, AB CG; unleſs it ſhould happen to be a Parallelogram. 
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The Diagonal, BG, is then a common Baſe to the two Triangles 
and the Area, of both, is obtained at once, by multiplying the 
Diagonal, BG, by half the Sum of the two Perpendiculars(Prob. 22.) 

The Area of any other two contiguous Triangles, as GDE, GEF, 
forming a Trapezium, is had after the ſame manner; and if an- 
other Triangle remains, as GCb, its Area, being obtained, muſt 
be added to the Areas of the two Trapeziums, into one Sum; 
which is the true Area of the Heptagon ACDF. 

In this Proceſs it may be obſerved, that not one Side of the 
Figure is meaſured, but only the Diagonals and Perpendiculars, 
all which fall within the Figure. The reaſon is obvious ; becauſe 
the Sides are not at right angles with each other; or if ſome of 
them were, it would be of no uſe, ur leſs they formed a Rectangle, 
or other Parallelogram, with the adjacent Diagonal, which is 
ſeldom the Caſe, Whereas, the Perpendiculars making Right 
Angles with the Diagonals, it is eaſy to account for the true Area 
being obtained by them; from 17 and 18th of the iſt of Elements. 


N. B. If the Figure to be meaſured be a large Field, the mea- 
ſures are taken in Chains and Links, &c. 


As it muſt be obvious to every one, who has gone thus far, that 
to reduce any irregular Figure to a Triangle, having an equal 
Area to the Figure, 1s the principal buſineſs of Menſuration of 
Superficies; I would adviſe the learner to be clear in the Con- 
ſtruction, and alſo in the Demonſtrations, of the 20, 21, 22, and 
24th Problems, In reſpect of the 26th and 27th, I ſhall add further; 
that not only a Triangle, or Trapezium, but almoſt any right 
lined Figure may be divided into two equal parts -by a Right 
Line, from any determined Teint, in any Side; as follows. 


17. ABCDEF | is a Hexagon, OY an internal Angle, at D. 


— the Diagonal AD, dividing 1 it into two Trapeziums, 

Biſect AD, and divide each Trapezium, AC and AE, into two 
equal parts, by the Right Lines GH and GI, (Prob. 27.) 

The whole Figure is divided into equal parts; HAI = CGE. 

Draw HI, and GB parallel to it; then, a Right Line, BI, divides 
the. whole Figure equally.“ 


Now, 
1 
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Now, BI biſects the hexagonal Figure ACF; 
but, the Points B and I are accidentally obtained, 


Fig. 2. Let K be the given Point, from which 
a Right Line is required to be drawn, biſecting 
the given Figure, 
Draw BF, and IH parallel to it, and draw FH; 
which alſo biſects the Figure. 
Draw KH, and FL parallel to it, and join KL. 
Ifay, KL divides the whole Figure equallyin two. 


The proof is in the18th of the 1| of Elements, 
the ſame as in the 27th Problem; for, the Tri- 
angle BHF =BIF, and HLK = HFKE. 

After the ſame manner it may be done from 
any Point whatever, in any Side. : 


If the Figure had more Angles, as BJC (Fig. 1.) ; a Right Line 
may be drawn, after the ſame manner as BI, dividing the whole 
Figure equally; having perhaps two or three more operations. 
For, by biſecting BC, and drawing JL, the Point, where BI 

cuts BC, may, by one more operation, be brought to L (as KL) 
and then by joining K] and drawing LM parallel, KM, will 
biſect the whole Figure. 


18, Now, ſeeing that all irregular Figures are reduced, to Tri- 


angles, in order to obtain their Areas; I will ſhew how the 
Area of any right-lined Triangle may be obtained without 
having a Perpendicular, by the meaſures of its Sides only. 


In ſurveying Land, it may ſo happen, that, on account of Bogs, 
Water, Trees, &c. it would be very difficult, if not impoſſible, 


- * . . . . ' 4 * Sv 
to obtain a Perpendicular, within the Figure, when its Sides are 


acceſſible. In ſuch Caſe, the Perpendicular may be found arith- 


metically, deduced from the 1 3th of the 2nd Book; or, the Area 


may be had without the Perpendicular, by the following Rule. 


* Let it be obſerved, that if GB had fallen on this Side of the 
Angle (which is very probable) it would then be neceſſary 
to have recourſe to the third operation (Fig. 3.) in the 27th Pro- 
blem; by which, the Line, Bl, biſecting the Figure, would be ob- 
tained on this Side of the Angle B. 


C 2 From 


* 
— 
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From half the Sum of all the Sides of the Triangle, ſubtract 
each Side ſeverally; multiply the half Sum by the three 
Differences, continually; out of which Product, extract the 
Square Root; which is the Area of the Triangle, e. g. 


Let the Sides of the Triangle ADB, be, AB-9, 8; AD-8, 5; 
and BD-6, 7. The half of which Sum is 12, 5; and the 
Differences, ſubtracting each Side, ſeverally, are, A B-2, 7; 
AD-4; and BD=5, 8. See the whole Operation, as follows. 


AB—9,8 | 12 783 (27,98 
HOES 5 | n , — 
— 47) 383 
f f 25,0 a 329 
| 12,5 half the Sum 549) | 5400 
—— of the Sides. 4941 
Dif- $7 —— 
feren- 1+ 1 © " "PB 5588) 45900 
CES, 5,8 | 44704 
4 1080 1196 


The half Sum, 783, multiplied into the Differences, 


In the Triangle ADB, biſe& every Angle 
by Right Lines, meeting at C; which is the 
G Center of a Circle inſcribed. - —- 4.4. 
The Triangle ABD is thus divided into 
three Triangles ACR, BCD and ACD ; the 
Perpendiculars of all which, CE, CI, and CK, 
are equal; and confequently, AE, is equal to 

AI; BE= BE, and DI=DK - C. 2. 16. 3. 


1 | : 
Hence it is manifeſt, that AE x CE is equal to the Trap. AECT. 
(For, CE and CI are, reſpectively, perpendicular to AB and AD) 
Alſo, BEXCE =Trapezium BECK, and DIxCI=DICK. 
Produce AB; make B F equal to DI, equal DK. ] 
Conſ. AFXCE is equal to them all, i. . to the Triangle ABD. 


I ſay, the Square Root, of AF x AEXEBxBF, is alfo equal 
to the Triangle. 


DEM. 
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Deu. Becauſe AE=AI; BE = BK; and BF equal DK - Con. 


AF is equal to half the ſum of the Sides, AB, BBD, and AD. 
Alſo, AE, EB, and BF, are reſpectively, the Diffsrences of thoſe 
Sides, ſubtracted from the half of their Sum; 
(for, AE = AF BD; EB SAP- Ab; and, BF=AF—AB.) 
Draw FG perpendicular to AF, produce AC to G, and drawGB. 
GB will biſect the external Angle, DBF, of the Triangle. 
Draw GH perp. to BD; the Trap. FGHB is ſimilar toEBKC, 
For, theAngles at Fand H, E and K are Right; by Conſtru&ion; 
wh. the Angle FRH+FGH= to two Right Angles-Th. 1. 10. 1. 
and, FRH+HBE are equal to two Right Angles - — 1. 1, 
conſ. ECK=FBH (tor, HBE+ECK=2 Right Angles) Ax. 7. 1. 
But, BC biſe&s theAngle ECK, by Conſtruction ; & CE=CK 
wherefore, BG biſects the Angle FBH; and BH is equal to BF; 
and, conſequently, the Triangles CBE, BGF are fimilar -1 3.6. 
Alſo, becauſe FG is parallel to CE, the Triangles ACE, AGF 
are ſimilar; (2. 6.) and therefore, CE: AE: : FG: AF. 4.6. 
Alfo, becauſe BCE, BGF are ſimilar, CE: EB: : BF; FG. 
and conſequently, CE x CE x AF x FG=AE x EB xXx BF x FG. 


Now, becauſe FG is on both Sides, let it be rejected, and 
ſubſtitute AF, on both Sides; and conſequently, it will be 
CExCExAFxAF,ie.CE ox AF d is equal to 
AEXEBxXBFxXAF;1i.e. to AF, the half Sum of the 
Sides, multiplied into the three Differences AE, EB, and BF. 

But, AF multiplied by CE is equal to theArea of the Triangle; 
conf. it is the ſquare Root of CEQ x AF; which is equal to 
AF, multiplied into the three Differences, Q. E. D. 


Menſuration of curved Surfaces, convex or concave. 


18. The Areas of the Superficies of regular curved Surfaces, are 
eaſily deduced from the 1oth, 11th, 12th, the 15th and 16th 
Theorems, Book the 8th. 


By the 10th, the curved Superficies of a Cylinder is equal to 
a Circle, whoſe Radius is a mean Proportional between its Side 


and Diameter, 


Or, it is obvious, from the 5th, that it is equal to a Rectangle, 
whoſe Sides are its Circumference and Height, 


- * 
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19. By the 11th it appears, that the conical Superficies of a Right 
Cone, is equal to a Circle, whoſe Radius is a mean Proportional 
between its Side and the Radius of its Baſe, 

Or, it is equal to a Triangle, whoſe Baſe is equal to the Cir- 

cumterence of the Baſe of the Cone, and its Altitude, to thc 

Side of the Cone. 


20. By the 12th it is manifeſt, that the conical Superficies, of the 
Fruſtum of any Right Cone, is equal to a Circle, whoſe Radius 
is a mean Proportional between the Side of the Fruſtum, and 
the Radius of the Baſe, added to the Radius of the oppoſite Circle. 


And every Circle is equal to a Triangle, whoſe Baſe is equal to 
its Circumference, and its Altitude to the Radius. Art. Sth. 

Or, the conical Superficies is equal to a Rectangle, whoſe Sides 
are equal to'the Side of the Fruſtum, and half the Sum of the 
Circumference of the Baſe, added to half the Circumference of 
the oppoſite Circle. | 


21. The Area of the Surface of a Sphere is equal to a Circle, 
whoſe Radius is equal to the Diameter of the Sphere. 15.8. 


And the Area of any ſpherical Segment is equal to a Rectangle, 
one Side of which is equal to the Circumference of the Sphere, 
the other to the height of the Segment. | 

For, it is equa! to a cylindrical Surface of thoſe Dimenſions-16.8. 

The ſame holds true of any portion of the Surface of a Sphere, 
intercepted between parallel Planes. 

The ſpherical Surface, intercepted between parallel Planes, 1s 
therefore equal to a Rectangle, whoſe Sides are the Circumference 
of a large Circle of the Sphere, and the perpendicular diſtance 
between the parallel Circles, 


Theſe Rules, reſpecting curved Surfaces, being clearly under- 
flood, will be found extremely uſeful to Artificers, in meaſuring 
circular Halls, or Rotundas of any kind ; and Domes, entire; or 
where a part is deficient by means of a Lanthorn, or otherwiſe, at 
the Top; the Surface between any two parallel Circles being de- 
termined by the laſt. | 
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MENSURATION or SOLIDS, 


AS, in Menſuration of Superficies, the whole Buſineſs is to 
find a Rectangle equal to the Figure propoſed ; and to de- 
termine how many Squares of a certain Dimenſion, the Figure 
is equal to; ſo, Menſuration of Solids conſiſts in determining 
how many cubical Feet, &c. are contained in the propoſed Solid. 
In order to which, it is neceſſary to know the affinity and pro- 
portion between one Solid and another, as contained in the 7th and 
8th Books of theſe Elements ; and particularly Parallelqpipeds, to 
which all other Solids mult neceſſarily be reduced, in Menſuration 7 
a right angled Parallelopiped being of the ſame importance, in 
reſpect of Solids, as the Rectangle amongſt Plane Figures. Alſo, 
as a Square is the Criterion of ſuperficial meaſure, ſo a Cube, 
being the moſt perfect Parallelopiped, is the ſtandard, by which the 
Quantities of Solids are compared and eſtimated. 1 —= 


G 
For, the Definition of a Cube, ſee Def. 10. 5. 110 | 
1. Let AGE be a Cube, whoſe Sides, AB, &. Bf f | ff — 
are each equal to 3 fcet; alſo, let ac d be an Mu 1114 
a Cube, whoſe Side is one foot, or inch, &c. AA 
Now, ſuppoſe the Cube acd to be the Unit h Null 10 | 
of meaſure ; it is required to know, how oft the | 3 — | | 
Unit, a cd, is contained in AGE. | altf A TILIHI 


It is evident, ſeeing, the Meaſure of AB, BG, &c. are each 
equal to three times ab, bc, &c. that the Face AB CD, contains 
the Square bd, g times ; every other Face, BCF G, or CDE FE, 
the ſame ; therefore, each ſmall Cube abc, def, ef g, &c. made 
by Sections of Planes through ag, gl, &c. as in the F igure, are 
equal toacd, Wheretore, ſince each Surface contains 9 Squares, 
as BF; anditB a, Cg, &c. be one foot in thickneſs, conſequently, 
the Solid @ G /, contains the ſmall Cube, acd, 9 times. 

But, AB is equal to three times ab; wherefore, the whole 
Cube AGE contains the ſmall one 27 times. 

For, if it be ſuppoſed to be cut, by parallel Planes, through 
agland 51, parallel to the Top and Baſe, the Parts aG /, 
ail, and bD & are equal, ſeeing that their Surfaces are equal; 

| and 


& 
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and being alſo of equal thickneſs, Cg, gi, 1D; conſequently, 
Bg F, ail, and h D & are equal (15. 7.) But, BgFG is equal 
to 9 times a eb; therefore, AGE is equal to three times 9, 9. 


C 2. It is manifeſt, that if the Solid ACE 


= = === (being a Parallelopiped) was longer, equal 


> 


== == 05 times ab, having equal thickneſs, it would 


| | 4 WIE contain the ſmall Cube, a c b, 45 times, 


1.e. five times 9; and thus it will increaſe, as 
| 0 often as the meaſure a b is added in length. 


> > 
: ” 


1 3 


I 


| Suppoſe half a b be added; it wi!l contain 

lll | [lll half 9 Cubes, i. e. 42; ſeeing that the 

Surface of the End, or Section through 

cf, contains 9 Squares, and the Solid C E has but half a 

Cube, i. e. half ab in thickneſs. Therefore, the whole Solid 
ACE contains, the Cube ac b 49 times ard a half. 

10 Hence, the meaſure of a right-angled Parallelopiped is to mul- 


tiply the Side AD by AB, which gives the Area of one Surface 


(the Top, on Baſe) and, that Product being multiplied by its height 


or thickneſs, AF, i. e. by the number of times it contains 
ab (as, in this Caſe, three times) the Product of that multiplica- 


tion is the Solid Contents of the Parallelopiped AFH. 

But, all Parallelopipeds, having equal Baſes and Altitudes, are 
equal (17. 7.) Therefore, whether it be right or acute angled, 
having obtained the Area of any one Face, in ſquare meaſure 
(Art. 12.) that Product being multiplied by the perpendicular 
Diſtance, between that Face and its oppoſite, gives the ſolid 
Contents of the Parallelopiped. e. g. | 


3. Let ABCD be an acute angled Parallelopiped whoſe Baſe AD 


7-9 is 7 Feet, 9 Inches, on one Side, AE; the other, 

L. ED, 5 Feet, 4 Inches, its Area in ſquare meaſure, 
30-9 Feet, 4 Inch 

we is 41 Feet, 4, Inches. 


41-4 The height of the Parallelopiped, BF, being 3 Feet, 
3-0 8 Inches, it is obvious, that the whole Solid contains 
124-0 z times 41-4, and 3; i.e. as often as the meaſure of 
— a Foot js contained in the height, BF, ſo often the Solid 


151-6-8 f i ; ; 
21 — contains cubical Feet, as its Baſe contains ſquare Feet. 


OF MENSURATI O N, 25 


But, the Perpendicular BF, is 3 Feet and 8 Inches; 
conſequently, the Solid will contain 41-4, 3 times 
and two thirds, (8 Inches, being two thirds of a Foot.) 
Wherefore, 41 Feet, 4 Inches multiplied 3 times, and 
two thirds, equal 15 1 Feet, g Inches, and 8 Parts, is the 
true Area, or ſolid Contents of the Parallelopd. ABCD. 


Note. What i is here meant by an Inch, in ſolid 3 is the 
twelfth part of a Cube Foot; viz. a Foot ſquare, and one Inch 
in thickneſs; or, that Quantity in any other Figure. And the 
Part, in Solid meaſure, is 12 cubical Inches; or 12 Inches in 
length, and one Inch in breadth and thickneſs: a cubical Inch 
1s, conſequently, a Second of a cubical Foot. 


It is obvious, that the Side BG, being inclined to the Baſe AD, 
is longer, than the Perpendicular BF, and conſequently cannot 
give its true Area, for (joining GF) BFG is a right angled 
Triangle, of which BG is the Hypothenuſe, therefore it is longer 


than B F (12. 1.) 
Hence it is manifeſt, that all Parallelopipeds, or Priſms what. 


ever, {tor Parallelopipeds are Priſms) having equal height, have 


that Proportion to each other, which is between their Baſes, 
And, having equal Baſes, they are conſequently, as their Altitudes. 


The Rule, therefore, for meaſuring any Priſm whatever, is to 
multiply the ſuperficial Area of its Baſe, by its perpendicular height. 
And conſequently, the ſame Rule is applicable for Cylinders- 5.8, 


4. Every Pyramid is equal to the third part of a Priſm having equal 
Baſes and equal Altitude. * Tb. 


Alſo, every Cone is equal to the third part of a Cylinder - 5.8, 


And conſequently, Pyramids and _—_ having equal Baſes 
and Altitudes, are equal. 

Hence the Contents of Pyramids and Cones are obtained; 
viz, by multiplying 0 Areas of their Baſes by one third of 
their height. 

Or, if multiplied by the whole height, it gives the Contents 
of a Priſm or Cylinder, of equal height; conſequently, a Pyra- 
mid, or Cone, is one third part of ſuch a Priſm, or Cylinder. 

d 5. To 
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5. To find the ſolid Contents of a Sphere. 


trig 3 its Diameter; find the Area of a Circle of 
that Diameter (Art. 8.) which being multiphed, by the Diameter, 
gives the Contents of a Cylinder, whoſe height and Diameter 
are equal, 

The Sphere is equal to two thirds of ſuch a Cylinder-Th. 9. 8. 
Or, having obtained the Area of a large Circle, of the Diameter 
of the Sphere; multiply the Product by two thirds of the Diameter. 


Otherwiſe. Every Sphere is equal to a Cone, whoſe Baſe is equal 
to the Surface of the Sphere, and its Altitude to theRadius-17.8. 

Therefore, having obtained the Area of its Surface, * 
that Area by one ſixth part of the Diameter. 

See an Example, in each, in the Margin. 


Let the Diameter of a Sphere be 15; the Circumference of a | 
Circle, of that Diameter, is 47,14, nearly; by the Ratio of 7 to 22. 


Then, by Art. 8.* the Semicircumference (23, 57) being mul- 
23,57 tiplied by the Radius ( 7,5, half 15) gives the Area 
7,5 of a great Circle of that Sphere, equal 176,775 ; 
which multiphed by 10 (two thirds of the Diameter) 
117 85 gives 1767, 75, or three fourths of the Integer. 
16499 Multiplying by 10, is only giving one place more of 
| Integers ; ſceing that, a Cypher, being added, makes 
176,775 no difference in the Decimal ; 750 thouſandth parts, 


 ———— being equal to 75 hundreth parts; i. e. equal to 
1767,75 3 fourths. 


Secondly. 15 being the Diameter of the Sphere, find the 
Area of its Surface (Art. 21.) which is equal to a Circle whoſe 
Radius is equal to the Diameter of the Sphere. 

The Circumference of every Circle has the ſame Ratio to its 
Diameter (Cor. 1. 14. 6. El.) conſequently, the Circumference 
of a Circle, whoſe Area is equal to the Surface of the Sphere, 
is double the Circumference of the Sphere; half of which, is 
equal to the whole of the other, e 14. 


Multiply 
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Multiply 47,14 by 15, the Diameter of the Sphere, 471+ 
the Product is the Area of the Surſace of the Sphere. I 5, 

Now, ſince the Contents of the Sphere is equal ũ — 
to a Cone, the Area of whoſe Baſe is 507,1; 707,1 
and its Altitude equal to-its Radius, viz. 7,5; 2,5 
and a Cone is equal to one third of a Cylinder of —— 
the ſame Baſe and Altitude, therefore, 707,1, mul- 35355 
tiplied by 2,5, one third of 7,5, will produce the 14142 
ſame Contents, as before, viz. 1767,75; as in 
the Margin. 1767,75 


6. The ſolid Contents of a Segment of a Sphere is obtained from 
the 17th of the 8th, Cor. 3rd. 


The ſolid Contents of the Sphere being equal to a Cone, whoſe 
Baſe is equal to the Surface of the Sphere, and its Altitude to the 
Radius, as above; and conſequently, the Contents of any 
Sector of a Sphere, being equal to a Cone whoſe Baſe is equal to 
the ſpherical Surface, and its Altitude to the Radius; (Cor. 1:) 
it is manifeſt, that a Segment of the Sphere having the ſame portion 
of the Spheres Surface, as a Sector, is equal to the Difference 
between the Sector and a Right Cone on the Baſe of the Segment, 
and, its Side equal to the Radius of the Sphere, 


Thus, having ſhewn how the ſolid Contents of regular geometri- 
cal Solids are obtained, the application of it, in complex ones, 
will not be difficult; being well verſed in the Theory, and having 
a ſolid foundation, for the whole, in Geometry. 


7. In reſpect of Guaging ; are not almoſt all large Veſſels, either 
Cylinders or Fruſtrums of Cones? and conſequently they are 
meaſured on that Principle; allowing ſo many Gallons, 
Quarts, &c. to a cubical Foot, as it is eaſily known to contain. 


Barrels, of all kinds, are meaſured as two Fruſtrums, whoſe 
common Baſe is the Diameter at the Bung; hut being almoſt 
wholly curved, from the Head to the middle, it will be truer to 
conſider it as four, or fix Fruſtrums, two and two, of which, are 
equal; or the middle part as a Cylinder, 

0 
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b. The true lie Contents of irregular Solids cannot be obtained, 
' otherwiſe than by covering them with Water, or other Fluid, 
in ſome regular Veſſel; and by taking it out, the Difference, 
in the fulneſs of the Veſſel, is its Contents. 


In meaſuring the Trunks of Trees, &c. which are, generally / 
conical, it is uſual to take the Girt in the middle, in order to "ng 
teduce them to right angled Parallelopipeds ; 3 which, if the 
intention be to produce the real ſolid Contents, is very erroneus. 
It is well known, that a Circle contains the greateſt Area of any 
other plane Figure, having an equal Perimeter; and in Art. 10. 
is ſhewn the great difference between a Circle and a Square, 
of equal circuit, Conſequently, a Cylinder would be to a right 
angled Parallelopiped, of equal length, and two of its oppoſite 
Faces, (i. e. its Ends) Squares, whoſe Sides are, each, a fourth 
part of the Circumference of the Baſe, of the Cylinder, as the 
Circle is to the Square; the difference of which is very conſi- 
derable. (See Art. 10. of Superficies.) 


And alſo (being the Fruſtrum of a Cone) if the Girt be taken 
in the middle, in order to reduce it to a Cylinder, it is alſo erroneous; 
ſeeing, it is obvious, that the Fruſtrum of the Cone is more than 
ſuch a Cylinder; the exceſs of the greater End being conſiderably 
more than the deficiency of the other. But, -as I do not intend 
to treat at large on thoſe matters, and having gone beyond my 
firſt deſign, I ſhall only obſerve, that, in this Caſe, the Fruſtrum of 
a Cone is equal to the Difference, between the whole Cone and 
the leſſer Cone, ſuppoſed to be cut off, from the Vertex. 
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A mechanical and wks Demonſtration of the 
20th Theorem, Book 1ſt. 


In Theo. 20. of the firſt Book of Elements, it is demonſtrated, 
that the Square of the Hypothenuſe, of every right-angled 
Triangle, is equal to both the Squares of the two Sides, con- 
taining the Right Angle. It may be entertaining to ſome, and 


conviction to others, to give ocular Demonſtration of it; by cuting 


the two Squares of the Sides, in ſuch wiſe, that they ſhall exactly 
cover the Square conſtructed on the Hypothenuſe. 


= eh 


On the right-angled angle 2 = 


ABC, deſcribe the three Squares, | f 
ACD E, AF GB, and BHIC. F 
Let the Square A E DC, of the V W 
Hypothenuſe, be ſuppoſed to be 7 J|- 
turned over, on AC, in the inverted gr 
poſition AEDC, cuting the two 
other Squares; BF, in AE, EK, AR 
and, the Square BI, in CL. - 
The two Trapeziums, W and Zz, | | 


and the three TrianglesV, X, and V, Þ XM 
will exactly coincide with the ſame O | 
Figures, as they are deſcribed on the =. | o 

| M 


Square ACDE. 


Or, having drawn the Squares as directed, produce E A to E, 
and DC to L; and draw EK, perpendicular to AE. Alſo, pro- 
duce FA to M, and IC to N; draw E O perpendicular to AM, 
make OP equal BC, (equal EO) and draw P Q parallel to EO. 


The Lines being drawn on the three Squares, as they are de- 


N 


ſcribed, in the Figure annexed, on ſtrong Paper or Paſteboard, and 


the two Squares, FB and BI, being cut, carefully, with a fine 
thin edged knife, or otherwiſe, into five pieces, as in the Figure, 


they will, each, coincide with the corre; pany Figures in the 


Square ACDE, 

If the poſition of the Letters, V, W, X, &c. be regarded, 
chere needs no other directions in reſpect of placing them, 
The 
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The Line of Chords, and its Uſe, explained. 


As the Line of Chords, and its Uſe, is better known than un- 
derſtood, I preſume, a Deſcription of it may not be unneceſſary. 
And firſt, I will ſhew how to conſtruc a Line of Chords. 


Wich any Radius, at Diſcretion, as AC, 
on C deſcribe the Ark ADB, of go 


Degrees; i. e. make ACB a Right Angle; 
and on the Center, C, with any Radius, AC, 
draw ADB; which will be a fourth part 
of the circumference of a Circle. 


ee 
a \ 2 N f 

— Divide the Ark ADB into g equal Parts. 
| : ET Firſt, make AD equal AC and divide 


* 


DB into three equal parts, and AD will 

be equal ſix of thoſe diviſions, each of 
Which will be 10 Degrees of that Circle, 
Draw the Chord Line AB; and, from the extreme A, as a 

Center, trans fer all the Meaſures on the Ark, to the Chord A B, 
as in the Figure. Each Diviſion being ſubdivided, into ten, and 
transfered in the ſame manher, AB will then be a Scale for any 
number of Degrees, from one to ninety ; which gives a Right 
Angle at C, che Center of the Circle, of which, AC 1s the Radius, 


N. B. T bis Line of Chords is upon every common Scale, in a 
Caſe of Inſtruments, for drawing; the Uſe, of which, is the 
ſame as the Protractor, deſcribed in the Theory of Plane Arigles; 
viz. to meaſure any Plane Angle; or, to lie down any Angle 
required, on a Plane, the meaſure of the Angle, that is; the 
number of Degrees it contains, being known. 


In applying the Line of Chords to uſe, take bo Deg. from A, 
on the Line AB, with your Compaſſes ; and, with that Radius, 
on any Point, C, of the Line AC (at which Point an Angle is 
required, with that Line, of ſome known meaſure) deſcribe the Ark 
AEB, cuting AC in A; from which Point, ſet off the number of 
Degrees, on the Ark, which is the Meaſure of the Angle required. 

e. g. Suppoſe an Angle of 35 Degrees is wanted, take 35 Deg. 
from the Point A on the Line of Chords, and ſet it off from A 

10 E, draw EC; then, ACE is an Angle of 35 Deg. 
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If an Angle of 60 Degrees was required; make AD equal to 
the Radius, and draw DC; then is ACD an Angle of 60 Degrees. 
For ADC is an Equilateral Triangle, whoſe Angles are all equal, 
and conſequently, the Chord, AD, is equal to the Radius AC-1 1.4. 

If a Right Angle be required; from A make AB, equal to the 
whole Line of Chords of go Degrees, and draw BC, which will 
be perpendicular to AC. 

Thus, may any Angle, leſs than go Degrees be readily obtained. 
But, if an obtuſe Angle is wanted, as 105 Degrees, with the Line 
AC, at the Point C; having firſt ſet of go Degrees, from A to B, 
or 60, to D; take the remainder BF, 15 Degrees or DF 45, and 
draw FC, making the Angle ACF, 105 Degrees. Thus may 
any Angle whatever be deſcribed, 

Or, an obtuſe Angle may be thus taken, at once, if there be 
room on your Paper. 

If an Angle ACF, of 105, or ACH, 12 25, be required ; ſubtract 
the numberof Degrees from 180, the Sum of two * Angles, 
the Difference is 75, or 55. 

Produce A C towards G; with the Radius AC, equal AD, 
(i. e. to 60 ees, on the Line of Chords,) deſcribe the Ark 
GHF, and fetoff GF, 75, or GH 55 Degrees, and draw CF, 
or CH, making the Angle required, | | 


After the ſame manner an Angle may be meaſured ; by de- 8 
ſcribing an Ark, on its Vertex, with the Radius of 60 Degrees, 
cuting both Sides; as AE, cuting AC and CE, of the Angle | 
ACE; then, the meaſure of the Chord Line, AE (applied to AB) | = 
ſhews the number of Degrees that Angle contains. | : [9 


The Reaſon of all which is ſo very obvious, it needs no further | 
explanation ; hut, be ſure that you always take your meaſure, or | | 
number of Degrees on the Line of Chords, hegining at the 
Point A; becauſe it is evident, that they are continually dimi- 
niſhing, from A to B, although they are equal on the Ark; for | 
the Diviſions on AB are the Chords of each Ark, ſet off from 


A towards B; each of which, is till leſs in proportion to ? 
the Ark. | 


8 | The 


S 
* „ 
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anſwer to that Line of Chords. 0 
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The Chord of 10 Degrees, it is evident, deviates very little 
from a Right Line; the Chord of 30 Degrees deviates conſider- 
ably, and AD, the Chord of 60, ſtill more; for the Chord AD, 
of 60, and the two Chords of 30 make a Triangle, AED ; of 
which, it is manifeſt, that, the two Sides AE, ED, each of 30, 
Degrees is greater than AD, the Chord of go. (13. 1. El.) 


If it ſhould be aſked, why 60 Degrees, particularly, is taken for 
Radius, when we begin the Operation of taking or deſcribing an 
Angle, by the Line of Chords? the Reaſon is plain ; becauſe 
the Chord of 6q Degrees is always equal to the Radius; and, the 
Side, AD, of the Equilateral Triangle ADC, is the Side of a 
regular Hexagon inſcribed in a Circle, of that Radius; and 
conſequently, it is equal to a ſixth Part of the Circumference, 
or 60 Degrees. Hence it is clear, that no other Radius can 
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ADVERTISEMENT. 
At the Author's Houſe, in Poland-Street, Oxford-Road, the 


third from Broad-Street on the Left, Youth are taught Geometry 


and Menſuration ; Trigonometry, plane and ſpherical; Projection 
of the Sphere, &c. Architecture and Perſpective; alſo the Uſe of 
the Globes, and Explanation of the Orrery, &c. ' | 
Ladies and Gentlemen taught at their own Home, or as above, 
in the moſt expeditious and familiar manner. | 
He will make any Gentleman (having a Talent for it) a Pro- 
ficient in Geometry, in leſs than half the Time uſually ſpent in 
it; making it, at the ſame time, inſtructive and entertaining. 


Drawings, in Perſpective; Architectural; or of Models, 
Machines, Mathematical Inſtruments, &c. executed with the 
greateſt accuracy. + 

Perſpective Views of Gentlemens Seats, &c. by himſelf 
and Son. | 8 


